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The quantitative investigation of parameters in the renegerator is essential for the optimization of thermoacoustic de-
vices, while the majority of the previous research only considered parameters of the working field, working gas and the
hydraulic radius. Based on the linear thermoacoustic theory, this paper extracts a normalized parameter for low-amplitude
conditions, which is called the regenerator operation factor. By extracting the regenerator operation factor and relative hy-
draulic radius, the influence of frequency on the efficiency can be controlled and offset. It can be found that thermoacoustic
devices with different frequencies can perform the same efficiency by adjusting the radius in proportion to the axial length.
Finally, this paper synthetically optimizes the dimension of the thermoacoustic regenerator by taking the regenerator op-
eration factor, relative hydraulic radius and acoustic field parameter as variables. Conclusions in this paper are of great
significance for explaining the best working conditions of engines and directing the miniaturization and optimal design of
thermoacoustic devices.

Keywords: thermoacoustic, regenerator, hydraulic radius, regenerator length
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1. Introduction
Due to thermoacoustic effects, the thermoacoustic en-

gine (TAE) can convert the heat to the acoustic wave, and the
thermoacoustic cooler (TAC) can also pump heat through the
acoustic wave. The regenerator for thermoacoustic conver-
sions is the core of the thermoacoustic devices. In the TAE,
acoustic waves are triggered when a steep temperature gradi-
ent is established along the regenerator. Acoustic waves cause
gas parcels in the regenerator to go through a thermodynamic
cycle consisting of compression, heating, expansion and cool-
ing processes. As a result, the conversion process from heat
to acoustic energy does not have any moving parts.[1] In the
TAC, when the acoustic wave passes through the regenerator,
a temperature gradient along the regenerator with a certain co-
efficient of performance (COP) is established. Gas parcels af-
fected by acoustic waves in the regenerator undergo the ther-
modynamic cycle consisting of compression, cooling, expan-
sion and heating processes. Thus, moving parts are not re-
quired in the heat pumping process,[2] as well.

In 1962, Carter[3] enhanced the thermoacoustic effects by
inserting a regenerator into the Sondhauss tube[4] and stimu-
lated the investigation of the thermoacoustic regenerator func-
tion. In 1979, Ceperley[5] firstly described the thermoacous-
tic regenerator as an energy conversion apparatus, and ex-
perimentally testified the thermoacoustic conversion function.
Fundamentals of physical principles underlying the regener-
ator were investigated and analyzed in previous papers,[6,7]

while the regenerator’s parameters were optimized by several
researchers.[7–12]

Swift[7] studied the hydraulic radius rh in the thermoa-
coustic system and obtained the empirical values: rh/δk ∼ 1
for standing wave engine and rh/δk� 1 for traveling wave en-
gine, where δk is the thermal penetration depth. Tijani[8] stud-
ied a standing wave thermoacoustic cooler and put forward
that rh = 1.25δk was optimal for the cooling power, rh = 2.0δk

led to the lowest temperature, and the highest efficiency could
be reached when rh = 1.5δk. Yu[9] found that a measured op-
timal value was rh ≈ (0.3 ∼ 0.2)δv for the excitation of the
system with the viscous penetration depth δv in a traveling
wave thermoacoustic engine. Raspet[10] presented the corre-
lation of the coefficient of performance of the thermoacoustic
cooler with the standing wave ratio and optimized the regener-
ator structure by adjusting the standing wave ratio. Tijani[11]

experimentally investigated the effect of Prandtl number on the
performance of a thermoacoustic refrigerator using gas mix-
tures. Kazuto[12] considered correlations of the local Nusselt
number distribution and analyzed heat transfer characteristics
of the oscillatory flow in the engine core via numerical simu-
lations.

However, those publications[7–12] were unilateral to un-
derstand the optimal condition for the thermoacoustic conver-
sion. Most of those regenerator optimizations[7–12] analyzed
parameters of the working field, working gas and the hydraulic
radius, whereas the quantitative investigation of important pa-
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rameters, for example, the length of the regenerator, on the be-
havior of thermoacoustic devices was still lacking. In the pre-
vious design,[13–25] the selection of the regenerator length was
dependent on the experience, which caused the design with
some blindness and results without prescient considerations,
as well as the limited performance rather than the optimal.

Thus, this paper presents a normalized parameter, the re-
generator operation factor, based on the linear thermoacoustic
theory for the small-amplitude condition without the nonlinear
linearity involved. The influence of frequency on efficiency
can be controlled and offset manually, while the thermoacous-
tic devices with various frequencies can perform the same ef-
ficiency. This is of significance to guide the miniaturization
design of the thermoacoustic device. Moreover, by extract-
ing and analyzing the regenerator operation factor in the basic
thermoacoustic formulas, the parameters relative to the regen-
erator length are obtained and can be used to optimize the re-
generator length. Finally, this paper synthetically optimizes
the structure dimension of the thermoacoustic regenerator by
combining the regenerator operation factor, relative hydraulic
radius and acoustic field parameter.

2. Thermoacoustic formula extracting
2.1. Heat flow

In the thermoacoustic regenerator model, ordinary ther-
mal conduction in direction is neglectable. The time-averaged
heat flow generated across regenerator due to the hydrodynam-
ics transport is[26,27]

Q̇ =
∫ [

ρmcp Re[T1ũ1]−Re[p1ũ1]
]
dA, (1)

where Re[ ] indicates the real part, the tilde indicates complex
conjugation, A is the cross area of fluid, ρm is the mean den-
sity of the working gas, cp is the isobaric specific heat per unit
mass, p1 is the oscillating pressure, T1 is the oscillating tem-
perature, u1 is the oscillating velocity, and the expressions of
T1 and u1 are as follows:[21]

T1 =
1

ρmcp
(1−hk) p1−

1
iω

dTm

dx
(1−hk)−σ (1−hv)

(1−σ)(1− fv)
u1, (2)

u1 =
i

ωρm

dTm

dx
(1−hk)

d p1

dx
, (3)

while Tm is the mean temperature, ω is the angular frequency,
σ is the Prandtl number, and hv and hk are the Rott’s func-
tions, which depend on the specific channel geometry under
consideration.

According to Eqs. (1)–(3), the expression of the time-
averaged heat flow can be yielded

Q̇ =
|U1|2 ρmcp

2Aω (1−σ2) |1− fv|2
dTm

dx
Im
(

fk +σ f̃v
)

− 1
2

Re

[
p1Ũ1

(
fk− f̃v

(1+σ)
(
1− f̃v

))] , (4)

where Im[ ] indicates the image part, U1 is the volume flow
rate, fv and fk are the spatially averaged Rott’s functions,
which also depend on the specific channel geometry under
consideration.

Expressions of fv and fk are known for most
geometries[26] and the solutions for most of these geometries
are actually very similar. Therefore, this paper only takes the
parallel plate-type regenerator as a case, and other types of re-
generators can be analyzed in the similar way. The y = 0 is
defined at the centerline of the spacing between two adjacent
parallel plates

fv =
tanh [(1+ i)y0/δv]

(1+ i)y0/δv
, (5)

fk =
tanh [(1+ i)y0/δk]

(1+ i)y0/δk
, (6)

where 2y0 equals the thickness of each spacing and rh = y0.
The relative hydraulic radius is the ratio of the hydraulic

radius rh to the thermal penetration depth δk, and is defined as
ζ = rh/δk. Expressions of fv and fk can be written as follows:

fv =
tanh

[
(1+ i)ζ

√
1/σ

]
(1+ i)ζ

√
1/σ

, (7)

fk =
tanh [(1+ i)ζ ]

(1+ i)ζ
. (8)

For simple analysis, the time-averaged heat flow can be writ-
ten as

Q̇ =

(
1
2
|p1| |U1|

)[
−ψ

|ZN| |1− fv|2 (1−σ2)(γ−1)

× Im
(

fk +σ f̃v
)

+Re

[
fk− f̃v

(1+σ)
(
1− f̃v

) e iϕZ

]]
, (9)

where γ is the ratio of isobaric specific heat to isochoric spe-
cific heat, ZN is the normalized impedance, ϕZ is the phase of
ZN and represents the leading phase of p1 to u1, and

ZN =
p1/u1

ρmc
= |ZN| e iϕZ . (10)

The ψ is the regenerator operation factor, which is de-
rived from the basic thermoacoustic formulas and reflects the
human-operable factor in the regenerator, including not only
the structure dimension (e.g., lN), but also the operation pa-
rameter (e.g., Th). By extracting and analyzing the regenerator
operation factor in the basic thermoacoustic formulas, the pa-
rameters relative to the regenerator length are obtained, and ψ

is defined as

ψ =
c
ω

1
Tm

dTm

dx
=

λ

2πTm

dTm

dx
≈ 1

πlN

Th−Tc

Th +Tc
, (11)
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where lN is the normalized length of the regenerator and is de-
fined as lN = lreg/λ , the ratio of the length of the regenerator
lreg to the wavelength λ , Th is the temperature of the hot end,
and Tc is the temperature of the cool end.

2.2. Acoustic power

The average acoustic power dĖ2 produced in a length dx
of the regenerator is expressed as[27]

dĖ2

dx
= −1

2
ωρm

A
Im [− fv]

|1− fv|2
|U1|2−

1
2

γ−1
γ

ωA Im [− fk]

pm
|p̃1|2

+
1
2

1
Tm

dTm

dx
Re
[

fk− fv

(1− fv)(1−σ)
p̃1U1

]
, (12)

where pm is the mean pressure of the fluid.
The first two terms in Eq. (12) are always negative be-

cause they have no concern with the temperature gradient
along x and describe the consumption of the acoustic power.
The first term describes the viscous dissipation of the acous-
tic wave. It is proportional to |u1|2 and independent of ther-
mal conductivity. The second term describes the thermal-
relaxation dissipation and is proportional to |p1|2 and inde-
pendent of viscosity. The third term is called the source term

as it describes not only the production but also the consump-
tion of acoustic power. Only if dTm/dx 6= 0 will the last term
exist. As shown in Eq. (12), there are two means to produce
more acoustic power: one is to reduce the viscous and thermal-
relaxation dissipation, while the other is to increase the newly
produced acoustic power.

For simple analysis, the average acoustic power gain can
be written as

dĖ2

dx
=

(
1
2
|p1| |U1|

)(
1

Tm

dTm

dx

)
×
{

1
ψ

[
− Im [− fv]

|1− fv|2
× 1
|ZN|
− (γ−1) Im [− fk]×|ZN|

]

+ Re
[

fk− fv

(1− fv)(1−σ)
e−iϕZ

]}
. (13)

2.3. Second law efficiency of the TAE

The first law efficiency η1 divided by the Carnot effi-
ciency ηc equals the second law efficiency η2, that is,

η2 = η1/ηc. (14)

According to Eqs. (9), (13) and (14), it can be yielded

η2 =
η1

ηc
=

∆Ė2/Q̇h

∆Tm/Tm
=

dĖ2/dx
Q̇h

1
Tm

dTm
dx

=

1
ψ

[
− Im[− fv]
|1− fv|2

× 1
|ZN|
− (γ−1) Im [− fk]×|ZN|

]
+Re

[
fk− fv

(1− fv)(1−σ) e−iϕZ
]

−ψ

|ZN||1− fv|2(1−σ2)(γ−1)
Im
(

fk +σ f̃v
)
+Re

[
fk− f̃v

(1+σ)(1− f̃v)
e iϕZ

] . (15)

2.4. Second law coefficient-of-performance of the TAC

The first law coefficient of performance COP1 divided by the Carnot coefficient of performance COPc equals the second law
coefficient of performance COP2, that is,

COP2 = COP1/COPc. (16)

According to Eqs. (9), (13) and (16), it can be yielded

COP2 =

Q̇c
−∆Ė2

Tm
∆Tm

=

Q̇
−dĖ2/dx

Tm
dTm/dx

=

ψ

|ZN||1− fv|2(1−σ2)(γ−1)
Im
(

fk +σ f̃v
)
−Re

[
fk− f̃v

(1+σ)(1− f̃v)
e iϕZ

]
1
ψ

[
Im[− fv]
|1− fv|2

× 1
|ZN|

+(γ−1) Im [− fk]×|ZN|
]
−Re

[
fk− fv

(1− fv)(1−σ) e−iϕZ

] . (17)

As shown in Eqs. (7), (8), (15), and (17), the thermoa-
coustic conversion efficiency is determined by six parameters:
the working gas parameters γ and σ , the structural parameters
ζ and ψ , and the acoustic field parameters |ZN| and ϕZ .

Due to extracting the factor of ψ and ζ , the frequency
does not exist in the efficiency formula. The effect of the fre-
quency on the efficiency can be transformed into the effect of
the normalized length of the regenerator on the efficiency. It
can be controlled and offset manually, which means that ther-
moacoustic devices with different frequencies can perform the
same efficiency by adjusting the radius dimensions in propor-

tion to the axis dimension to keep ζ and ψ constant. This is
significant to guide the miniaturization design of the thermoa-
coustic device.

For example, there is a high-efficiency thermoacoustic de-
vice with the length of l1, the frequency of f 1 and the hy-
draulic radius of r1

h. For designing a miniature thermoacoustic
device with the same efficiency, ζ and ψ should be kept con-
stant in the structure designing. Consequently, according to
the definitions of ζ and ψ , r2

h, l1 and f 2 can be gotten as fol-
lows:

r1
h/r2

h =
√

l1/l2 =
√

f 2/ f 1. (18)
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3. Results and discussion
Under the condition of helium as the working gas and

|ZN| = 10, the second law efficiency of the engine η2 and the
second law coefficient of performance of cooler COP2 are cal-
culated within certain ranges of operation factor of regenerator
ψ , relative hydraulic radius ζ and leading phase ϕZ .

3.1. Regenerator of TAE

In this section, the regenerator of the thermoacoustic
prime mover is discussed. The case of dĖ2/dx > 0 is of

significance, and elsewhere, the case of dĖ2/dx ≤ 0 is ne-
glected and assumed to be zero in the figures. According to
Ref. [28], this section just discusses the acoustic field with
−90◦ < ϕZ < 0 in which region the TAE can gain a higher
acoustic power and better efficiency.

Figure 1 shows η2 as a function of ζ and ψ with different
ϕZ . Furthermore, the maximum η2, the optimal ζ and the op-
timal ψ with different ϕZ are summarized in Figs. 2 and 3. It
can be found that the maximum η2 = 0.786 operation occurs
when ζ = 0.15, ψ = 42.1 and ϕZ =−9◦.
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Fig. 1. The effect of ζ , ψ and different ϕZ on η2: (a) ϕZ = 0◦, (b) ϕZ =−30◦, (c) ϕZ =−60◦, (d) ϕZ =−90◦.
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0.60
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0.80

η
2

ϕ (Ο)

Fig. 2. The maximum η2 with different ϕZ .

As shown in Fig. 2, the maximum η2 does not appear at
ϕZ = 0◦, but at ϕZ = −9◦. When gas works at the leading
phase ϕZ = 0◦, the regenerator achieves the reversible ther-
moacoustic conversion in theory. The reversible thermoacous-
tic conversion can be realized by the reversible thermal contact
which requires an infinitesimal hydraulic radius of the regen-
erator. However, this will lead to infinite viscous dissipation
which will weaken the thermoacoustic gain and efficiency. So

the finite hydraulic radius is adopted in the real traveling wave
device, which makes the oscillating temperature of gas parcels
lag the oscillating displacement. It indicates that the phase dif-
ference between the oscillating temperature and the oscillating
pressure deviates from 90◦ because of the thermo-relaxation.
Under such condition, for improving the thermoacoustic effi-
ciency and gain, ϕZ =−9◦ 6= 0◦ is of significance to match the
phase deviation resulted by the thermo-relaxation.

As shown in Fig. 3, as ϕZ increases from −90◦ to 0◦, the
optimal ψ increases, and thus the optimal length of regener-
ator decreases because of lN ∝ 1/ψ as shown in Eq. (11). It
indicates that the optimal regenerator length of the standing
wave engine is longer than that of the traveling wave engine.
This property can explain the different lengths of the regener-
ators in the cascade TAE designed by Swift.[13] In 2003, Swift
designed a cascade thermoacoustic engine consisting of three
stages, and the lengths of the regenerator were 0.26 m, 0.031 m
and 0.042 m, separately. It indicates that the regenerator length
of the first stage is much larger than those of the second stage
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and the third stage, because the first stage works in the stand-
ing wave field while the other two stages work in the traveling
wave field.

ζ ψ

ϕ (Ο)
-90 -75 -60 -45 -30 -15 0

0

0.2

0.4

0.6

0.8

1.0

1.2

10

20

30

40

ζ

ψ

Fig. 3. The optimal ζ and the optimal ψ for the maximum η2 versus ϕZ .

Sometimes, the thermoacoustic engine has been designed
without optimizing the regenerator operation factor, while the
regenerator operation factor could be important in the running
process. According to Eq. (11), ψ is determined not only by
the structure dimension (e.g., lN), but also the operation pa-
rameter (e.g., Th). We can choose the appropriate operation pa-

rameter Th to adjust ψ . For example, there is a standing wave
engine with the normalized length of lN = 0.025. As shown in
Fig. 3, the optimal ψ equals to 7.3. According to Eq. (11), we
can choose the hot side temperature Th ≈ Tc

1+πψlN
1−πψlN

= 665 K
to adjust ψ to its optimization, when the ambient side temper-
ature Tc ≈ 300 K is assumed.

3.2. Regenerator of TAC

This section focuses the discussion on the regenerator of
the TAC. The case of Q̇ > 0 is significant, and elsewhere, the
case of Q̇ ≤ 0 is neglected and to be assumed as zero in the
figures. According to Ref. [19], this section just discusses the
acoustic field with−180◦ < ϕZ <−90◦ in which the TAC can
gain a higher cooling power and coefficient of performance.

Figure 4 shows the variation of COP2 with various ζ , ψ

and ϕZ . Furthermore, the maximum COP2, the optimal ζ and
the optimal ψ with different ϕZ are summarized in Figs. 5 and
6. It is quite obvious that the maximum COP2 = 0.786 opera-
tion occurs when ζ = 0.17, ψ = 25.9 and ϕZ =−169◦.
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Fig. 4. The effect of ζ , ψ and ϕZ on COP2: (a) ϕZ =−180◦, (b) ϕZ =−150◦, (c) ϕZ =−120◦, (d) ϕZ =−90◦.
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As shown in Fig. 5, the maximum COP2 does not ap-
pear at ϕZ =−180◦, but at ϕZ =−169◦. Similarly to the phe-
nomenon that appears in η2 optimization, the finite hydraulic
radius value ζ = 0.17 is accepted due to the viscous dissipa-
tion, and then ϕZ =−169◦ 6=−180◦ is important to match the
phase deviation because of the thermo-relaxation.

As shown in Fig. 6, with ϕZ increasing from −180◦ to
−90◦, the optimal ψ decreases, and thus the optimal length
of regenerator increases because of lN ∝ 1/ψ as shown in
Eq. (11). It indicates that the optimal regenerator length of
the standing wave cooler is longer than that of the traveling
wave cooler.

4. Conclusions
Based on the linear thermoacoustic theory, this paper ex-

tracts a normalized parameter named the regenerator operation
factor, and then synthetically optimizes the dimension of the
thermoacoustic regenerator by combining the regenerator op-
eration factor, relative hydraulic radius and acoustic field pa-
rameter.

1) Due to extracting the regenerator operation factor and
relative hydraulic radius, it is found that the influence of the
frequency on the efficiency can be controlled and offset. Ther-
moacoustic devices with different frequencies can perform the
same efficiency by adjusting the radius dimensions in propor-
tion to the axis dimension. This is of significance to guide the
miniaturization design of the thermoacoustic device.

2) The parameters relative to the regenerator length ap-
pear in the basal thermoacoustic formulas by extracting and
analyzing the regenerator operation factor. It can help us opti-
mize the length of the regenerator more easily, and control the
temperature more effectively in the running process.

3) As the leading phase deviates from the traveling wave
phase to the standing wave phase, the optimal length of the
regenerator increases. It indicates that the optimal regenerator
length of the standing wave device is longer than that of the
traveling wave device.

4) Under the condition of helium as the working gas
and |ZN| = 10, the maximum second law efficiency of en-

gine η2 = 0.786 operation happens when ζ = 0.15, ψ = 42.1
and ϕZ = −9◦ 6= 0◦ because of the thermo-relaxation. The
maximum second law coefficient of performance of cooler
COP2 = 0.786 operation happens when ζ = 0.17, ψ = 25.9
and ϕZ =−169◦ because of the thermo-relaxation.

5) The finite hydraulic radius is selected because of vis-
cous dissipation, and the optimization of the leading phase is
not the traveling phase because of the thermo-relaxation.
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