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Teleportation is a quantum information process without classical counterparts, in which the sender can disembodiedly
transfer unknown quantum states to the receiver. In probabilistic teleportation through a partial entangled quantum channel,
the transmission is exact (with fidelity 1), but may fail in a probability and the initial state is destroyed simultaneously.
We propose a scheme for nondestructive probabilistic teleportation of high-dimensional quantum states. With the aid of an
ancilla in the hands of the sender, the initial quantum information can be recovered when teleportation fails. The ancilla
acts as a quantum apparatus to measure the sender’s subsystem. Erasing the information recorded in it can resume the initial

state.

Keywords: probabilistic teleportation, entanglement, successful probability

PACS: 03.65.Ud, 03.67.—a, 03.65.-w

1. Introduction

Quantum teleportation is one of the processes unique to
the quantum information, which serves as an important ex-
ample for the most intriguing uses of entanglement.!'=# Tt
has been widely studied both theoretically and experimentally

3-241 One reason for it gains so much

since it was put forwards. !
attraction is that, the original scheme and its various exten-
sions play key roles in several contexts in quantum commu-
nication, including quantum repeaters, quantum networks and
cryptographic conferences. >3-2°]

In the original and also the simplest version of
teleportation,?! Alice (the sender) can transfer an unknown
state from a qubit to Bob (the receiver), with fidelity 1 and
successful probability 1, without physical transmission of the
qubit itself. The key ingredient in the protocol is a two-qubit
Bell state shared by them as a quantum channel. Alice makes
a joint measurement on the two qubits in her hands, projecting
them onto one of the four Bell states with equal probability.
Through a classical channel, Alice sends Bob two classical
bits to inform him of her outcome. According to the classical
information, Bob can perform appropriate unitary operations
on his qubit to rebuild Alice’s initial state, and thereby accom-
plishes the teleportation.

A variant of the process called probabilistic teleporta-
tion was proposed based on the consideration that a quantum
channel may be prepared in a partially entangled pure state
in practice.’=®! Such teleportation is exact (with fidelity 1),
but may sometimes fail as the price to pay for the fidelity. In
principle, Alice’s joint measurement is destructive, and it is
generally assumed that the information encoded in the state
to be teleported is lost when the teleportation fails. In their
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recent work,!” Roa and Groiseau presented a nondestructive
scheme for probabilistic teleportation by introducing an an-
cillary qubit. This avoids losing the initial information and
offers the chance to repeat the teleportion process. The non-
destructive scheme has been extended in many branches, in-
cluding bidirectional teleportation, ! teleportation of an en-
tangled state’3!! and multihop scenario. 3233

In this work, we present a general protocol for nonde-
structive probabilistic teleportation of high-dimensional quan-
tum states, in which Alice can resume her initial state when the
teleportation fails. The motivation for this work is not only to
extend the study of Roa and Groiseau to high-dimensional sys-
tems, but also based on the following considerations. In the-
ory, high-dimensional channels, especially the partially entan-
gled ones, have more rich entanglement properties. Our pro-
tocol provides a sample to study the cooperative relationship
among the entanglement, joint measurement and classical in-
formation in a quantum information process. In practice, tele-
porting high-dimensional states is required in the task to com-
pletely rebuild the quantum states of a real particle remotely.
And, recent experiment progresses!!®!7l show the possibility
of implementing our present protocol in optical systems. We

32331 give a version

make a remark here that, although Fu ez al.
of nondestructive probabilistic teleportation in high dimension
using an auxiliary particle in Bob’s hand, we maintain the ap-
proach in Ref. [9] with an ancilla belonging to Alice. In this
case, only the sender, Alice, is required to have the ability of
bipartite operations, such as generation and measurement of
entangled states.

In addition, one can notice the similarity of our proto-

col and the quantum two-path interference experiments.** In
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the latter, interference fringes vanish when the which-path in-
formation is acquired by a detector, while reappear when the
detector returns the information to the particle. The ancilla in
our protocol can be regarded as a quantum apparatus to mea-
sure Alice’s system. The initial state is recovered by erasing
the information recorded after an unambiguous quantum state
discrimination.

2. Teleportation of a qutrit

Let us start with the teleportation of a qutrit (a three-level
quantum system) . Suppose Alice wishes to teleport to Bob an
arbitrary qutrit state as

|0), = 0 [0); +ar|1) + a2 2), (D

with |ao|* + |0t |* + |aa|* = 1. The participants share a two-
qutrit entangled state as the quantum channel,

|D)23 = b0 [00) 3 + b1 [11)53 +b2[22) 3, 2

with |bo|? + |b1|* + |b2|* = 1. Without loss of generality, we
assume that the Schmidt coefficients are non-negative real
numbers and by < by < by. Here, the three qutrits are iden-
tified by the subscripts 1,2 and 3, respectively, and qutrits 1
and 2 belong to Alice while qutrit 3 is in the hands of Bob.
The total state of the three-qutrit system can be written as

P)123 = |9); @|P)a3

= 5 yoohua (@]0) + e 1) + a2 2))5
+ [W10) 12 (20 0) + 04 0% |1) + 2@ [2) )3
+[¥20)15 (00 [0) + 011 0[1) + 02 @* [2))3
+ |Wo1) 12 (a1 ]0) + o2 [1) + 0 [2))3
+ 1) 12 (1 [0) + 000* [1) + 2@ [2))3
+ | W21) 12 (041 [0) + 000 |1) + ap0* [2))3
+ [W02) 12 (0210) + a0 [1) + 01 2))3
+ | W12) 12 (02[0) + 00 @* [1) + 041 @ [2))3
+lym) 1 (@]0) + o)+ w®2): ], 3)

j2m . . L
where @ = ¢! is the triple root, and | Wy,) |2 are nine linearly
independent two-qutrit states, equivalent to channel (2) under
local unitary transformations, as follows:

[Woo) 12 = (bo|00) +by1|11) +b2]22))12,
[Wi0) 12 = (bo|00) +b1@|11) +brw?[22))1,
[v20) 1, b |00) + by ®* [11) +brw [22)) 12,

)12 = (bo|00)
) (bo|00)
) (bo|00)
[Wo1)12 = (bo|10) +b1[21) +52(02)) 12,
) (bo|10)
) (bo|10)
) (bo [20)

Wi1) 1, = (bo|10) +bi@[21) +bro? |02)) 12,
[Wa1) 1 = (bo|10) 4+ b1®* |21) + br@[02))12,
|l[/02 o= b0|20 + by |01>—|—b2‘12>)12,

W12) 1, = (b0]20) +b1@[01) +brw? |12)) 12,
[W22) 1, = (bo|20) + b1 @ [01) + b0 [12))12.  (4)

The vector of qutrit 3 in each term (each line) of the total
state (3) is equivalent to the initial state (1) under a unitary
transformation. However, the corresponding states of qutrits 1
and 2 |,,) 1, are not orthogonal to each other. To teleportate
the initial state exactly, an option is that, Alice performs an un-

6,7,12,13] to

ambiguous quantum state discrimination process,|
distinguish the nine states with no error but a probability of
failures. As in the standard teleportation through a maximal
entangled quantum channel,!'®!7l Bob can rebuild the initial
state on his qutrit by performing appropriate unitary operations
according to Alice’s outcome. In another scheme, Alice still
performs a joint measurement in nine maximally entangled ba-
sis, while Bob needs an extracting quantum state process. !
Here, we follow the former scheme, which only requires Al-
ice’s ability to manipulate two or more particles.

2 o
Coy Doy
1 ,.’ ,
ClTO ClO 0
N N A\

Fig. 1. Alice’s sequential operations on her subsystems: (1) The GC-
NOT gate Cy; factorizes the states of 1 and 2 to be discriminated. (2)
The apparatus 0 measures 1 by using CTO. (3) Alice performs a joint
transformation D;; on 1 and 2 to discriminate the states of 2. (4) The
GCNOT gate Cjq erases the information of 1 recorded in 0. (5) Alice
measures 0 to divide the procedure into success and failure parts.

For the sake of brevity, before putting forward our fi-
nal total state in this section, we only show the states in the
hands of Alice. We show the sequential operations of Alice
in Fig. 1. To discriminate the nine two-qutrit states (4), Alice
factorizes the states by applying a generalized controlled-NOT

(GCNOT) gate onto her bipartite system and obtain
Cat [Yam) 12 = ), (bo[0) + 510" [1) +br0™' [2))2,  (5)

withm,n=0,1,2. Here, we define the GCNOT gate C;; acting
on qutrits i and j as

Cij =0); (0l @ L +[1); (1@ V; +[2),2[®V],  (6)

where /; is the identity of j and V; = |0); (1| +[1); (2] +
|2); (0] Tt shifts the target j clockwise or anticlockwise when
the control qutrit i is a |1) or |2).

To distinct the nine states in Eq. (5), Alice can perform
a von Neumann measurement on qutrit 1 followed by an un-
ambiguous quantum state discrimination on qutrit 2. However,
these operations destroy the initial state of qutrit 1 even though
the discrimination fails. Here, following the protocol of Roa
and Groiseau,®! we introduce an extra auxiliary qutrit 0 which
acts as a quantum apparatus to measure qutrit 1. The key point
is that, when we erase the information of qutrit 1 recorded in
the ancilla, the initial state of qutrit 1 recoveries when discrim-
ination fails. Alice applies the inverse of the GCNOT gate on

030302-2
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the ancilla initial in |0), and qutrit 1, and obtain the nine states
in her hands as

Ciol0)o1m)y 1)y = Im)o m), [T}, 7

where |T,), = bg|0), + b1@" 1), + by®*"|2), and m,n =
0,1,2. Then, qutrit 1 serves as an ancilla in the unambigu-
ous quantum state discrimination of qutrit 2. Let us define two
unitary transformations on qutrit 2 as

bo bo\?
-9 1— (20
U by 1+ <b1> Vi,
bo bo\ >
legll‘i‘ 1- <b2> V17 (8)

and a controlled-unitary operation
Dy1 = |0), (0| @11 + 1), (1| QUL+ [2), 2[@ W1 (9)
Alice performs it on qutrits 1 and 2 and obtains

Day [m)g[m) [Ta),
= |m)o [V/3bo|m), |36}, + Im@32),

< (/B2 — B0 1), + /B3 — g™ [2),)],  (10)

where @3 denotes modulo 3 addition, and |5,) = %(|0>2 +
" [1); + 0 [2),).
|m)q |m), |,), corresponding to successful discrimination are

In the above form, the nine states
orthogonal to each other, and orthogonal to the states with
qutrits 0 and 1 in |m), |m @3 2),.
failure of discrimination as they are not linearly independent.

The latter nine are for the

The final step of Alice’s unitary operations is to erase the
information measured by qutrit 0. Applying the GCNOT gate
C10, Alice can obtain

Cio|m)q m), =10)qm), ,

Cio|m)oIm@32), =[1)gIm®32), . (In
The information recorded on the apparatus qutrit O can be
erased partially, as it returns |0), in the terms corresponding

to successful discrimination but becomes |1), for the case of
failure. This divides the total four-qutrit state into two parts as

|4) = %I% [10)1 (I520) |00} + |3¢1) [910) + |522) [920) )23

+ 1)1 (I290) [§o1) + [31) [911) + |522) [§21) ) 23
+12); (|720) [902) + [51) [$12) + |522) [922) ) 3 |

+ 1o [/ b7 = b5 002) [1)[1)
+ b% *b% |$00) [2) |2>]123' 12)

Here |¢,,) are the states of qutrit 3 multiplied to | W), in
Eq. (3) as

|600) = (%0 ]0) + v [1) +x2]2)),

910) = (20[0) + 10 1) + 0w 0[2)),

020) = (20[0) + 1 @|1) + 0 [2)),

[¢o1) = (a1 ]0) + 0 [1) + 00 [2)),

011) = (1 ]0) + 20 1) + o |2)),

921) = (a1 [0) + 2 0|1) + 2@ [2)),

|902) = (02]0) + a0 [1) + e [2)),

012) = (02|0) + ae?* [1) + a1 2)),

|022) = (020) + o [1) + @ [2)). (13)

Then, the state to be teleported is encoded in qutrit 3 in the
first part of |A), but in qutrit 1 in the second part.

Alice performs a von Neumann measurements on qutrit 0
in the standard basis. It projects qutrit O to |0) in a probability
31bof?
states |0) [m),, and informs Bob to perform appropriate uni-

. Then, she measures the nine orthogonal direct product

tary operations on his qutrit 3 to rebuild the initial state, and
thereby the teleportation succeeds. On the contrary, the qutrit
which
means the failure of the teleportation. Alice can recover the

0 could be projected to | 1), in a probability 1 —3 |b0|2,

state |@), in qutrit 1, by performing a joint unitary transfor-
mation By =1; ® (|0), (0] +|2), (2|) + V1 ®|1), (1| on qutrits
1 and 2. Alternatively, Alice could perform a von Neumann
measurements on qutrit 2 in the standard basis. She obtains the
initial state |@),, by using the operation V; on qutrit 1 when
qutrit 2 was projected to |2),, while I; corresponding to |0),
and |1),.

3. General protocol

Now we turn to the general protocol for teleporting a
quNit (a N-level quantum system) through a partially entan-
gled two-quNit quantum channel. Since it is direct to extend
the above scheme to N-level systems, we present the following
results in compact general formulae in this part. Let an initial
qulVit state to be

N-1
9)1 = ani\iha (14)

where o;—o 1. y—1 are complex numbers satisfying the nor-

malization condition Y’V ! |og]* = 1. Alice and Bob share a
two-quNit entangled state as the quantum channel, which can

be generally written in the form of the Schmidt disposition as
L
|@)p; = ‘Zobj|J>2|]>3, (15)
j=

with the real coefficient 0 < by < b; < --- < by_1 and
ZIJV 01b3 = 1. The total state of the tripartite system is given
by

P 123 = [90)1P)n3

S i S gome T )5, (16
=% Yam) 12 2 Ofeme N 35
N m=0,n=0 f=0
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where @ denotes modulo N addition, and | W), are N? lin-
early independent bipartite states

N=1 - iankn
anm>12 = kgobke N ‘k@m>l |k>2 (17)

In the above form in Eq. (16), the states multiplied to [Wyum) o
are equivalent to the state (14) on quNit 3 under unitary trans-
formations as

N-1 —i2xfn (nm)
f;oaf@me N f) ;3 =U3 7 (9)5 (18)

with

nm
= ):

)i (foml, (19)
and the subscript j denotes the j-th subsystem.

Alice’s first two operations are to disentangle subsystems
1 and 2 in the states |Ypm),, and to measure 2 by using an
auxiliary apparatus, quNit 0 initial in |0),. Here, we define the
N-level GCNOT gate as

Ci='T ) bleu® 20
= L W GleU; . (20
y=
The four-partite state becomes

Q) = c1'0(|o>oc21 |w>m)

lN—l,N—l N—1 i2mjn (n,m)
= — Z [mm) Azobje Vo1 | U (9)s
m=0,n=0 J=

To unambiguously discriminate the states of particle 2,
Alice applies a joint unitary transformation on 1 and 2

b b
2hy /1 ( 0) v,
by by
and obtains the whole system in the state
N-1 imjn
( Let >2> U3 19)s
j:

Z \/ﬁ [m)o Ojem [MBN — 1) j))a3

When Alice erases the information in the auxiliary apparatus,

N—1
Dy =Y [y),(®
y=0

I[') = Dy |Q)
b VLN
= % |mm>o1
Nm Ozr’l 0
I,N—

0, the changes of the quNit 1 are recorded as |1),,, and the total
state becomes

|A) = Cyo|T")
b0N717N*1 —1 iomjn n,m
=100y X lmh Ze T2 ) U ):
m=0,n=0

+|102\/b2 B3UTV10), 1)) s

Obviously, it is divided into two parts of success and failure,
which can be collapsed by Alice’s measurements in the stan-
dard basis. When Alice’s outcome |0), occurs in the proba-
bility Nb3, the teleportation can be accomplished by two local
von Neumann measurement on quiNits 1 and 2. One the other
hand, Alice can recover the initial state by a joint unitary op-
eration, By = ZN 1U(0 JEUT @ 1 j)2(j], on her two systems,
when the task of teleportatlon fails in the probability 1 — Nb%.

4. Summary

We present a scheme for nondestructive probabilistic tele-
portation of high-dimensional quantum states. A partial entan-
gled pure state severs as the quantum channel, whose small-
est coefficient determines the successful probability of exactly
teleporting a state. With the aid of an auxiliary particle, Alice
can recover her initial state to be teleported when teleportation

fails. Compared to the existing results,3%33]

our protocol only
requires the sender, Alice, to have the ability to perform bipar-
tite operations, while the dimension of the ancilla needs to be
the same as the state to be teleported. In addition, the ancilla
acts as a quantum apparatus to measure Alice’s system. The
process of resuming the initial state can be regarded as erasing
information recorded in the ancilla.

As the following research, it is a fundamental problem
to explore the roles of quantum correlations in our four-party
procedure, which is a fundamental problem in quantum in-
formation. In addition, the relation between our protocol and
the theory of extracting information from a quantum system
by multiple observers'>>! would be interesting, since the quan-
tum correlations in the latter are studied in many works.3¢-38]
While we focus here on the teleportation using quantum chan-
nels with the same dimension as the state to be teleported, it is
a natural extension to apply the present ideas in the case with
different dimension.!'*! And finally, we hope that the process
can be implemented in laboratories with the help of the tech-

niques recently developed in optical systems.[!17]
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