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Optical wavelet-fractional squeezing combinatorial transform
Cui-Hong Lv(吕翠红)†, Ying Cai(蔡莹), Nan Jin(晋楠), and Nan Huang(黄楠)

School of Physics and Electronic Engineering, Jiangsu University, Zhenjiang 212013, China
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By virtue of the method of integration within ordered product (IWOP) of operators we find the normally ordered form
of the optical wavelet-fractional squeezing combinatorial transform (WFrST) operator. The way we successfully combine
them to realize the integration transform kernel of WFrST is making full use of the completeness relation of Dirac’s ket–bra
representation. The WFrST can play role in analyzing and recognizing quantum states, for instance, we apply this new
transform to identify the vacuum state, the single-particle state, and their superposition state.

Keywords: wavelet transform, fractional squeezing transform, combinatorial transform, IWOP technique
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1. Introduction
In Fourier optics and information optics, the fractional

Fourier transform (FrFT) is a very useful tool.[1] The con-
cept of the FrFT was originally introduced for signal process-
ing in 1980 by Namias[2,3] as a Fourier transform of frac-
tional order. However, the FrFT did not have a significant im-
pact on optics until it was defined physically based on prop-
agation in quadratic graded-index media (GRIN media)[4,5]

by Mendlovic, Ozaktas, and Lohmann. The one-dimensional
FrFT of the α-th order (for a real α angle) is defined as

Fα [ f ] (p) =
∫

∞

−∞

Kα (p,x) f (x) dx, (1)

where

Kα (p,x)≡ ei(α/2−π/4)
√

2π sinα
exp

[
i
(
x2 + p2

)
2tanα

− ixp
sinα

]
(2)

is the transform integration kernel. It can be described in the
text of quantum mechanics,

Kα (p,x) = 〈p|exp
[

i
(

π

2
−α

)
a†a
]
|x〉 , (3)

where ket |x〉 and bra 〈p| are Dirac’s coordinate and mo-
mentum eigenstates, respectively, they are mutually con-
jugate, when α = π/2, equation (3) = (1/

√
2π)〈p| x〉 =

(1/
√

2π)e−ixp reduces to the usual Fourier transform, from
coordinate representation to momentum representation. Due
to this, FrFT is characteristic of additive property, i.e.,
Fβ Fα [ f (x)] = Fβ+α [ f (x)]. Nowadays, the FrFT has been
widely employed in optical communication, image manipu-
lation, and signal analysis.[6,7]

By converting the triangular functions in the integration
kernel Kα(p,x) of the FrFT to the hyperbolic functions, equa-
tion (1) becomes

Fα [g(x)] =
1√

2π i sinhα

×
∫

∞

−∞

exp
[

i(x2 + p2)

2tanhα
− ixp

sinhα

]
g(x) dx

=
∫

∞

−∞

Kα (p,x)g(x) dx

= G(p). (4)

By using the properties of the hyperbolic function, one
can prove that this kind of integration transform is also
additive,[8] that is, FβFα [g(x)] = Fβ+α [g(x)]. As will be
shown shortly later that the quantum-mechanical unitary oper-
ator for generating transform (4) involves a squeezing operator
exp
[
−(iα/2)

(
a2 +a†2

)]
and α embodies fractionality. The

squeezing transform has been a major topic in quantum optics
because it produces squeezed state which exhibits less quan-
tum fluctuation than a coherent state in one quadrature at the
expense of more fluctuation in another quadrature.[9–11] Thus
we name Fα [g(x)] the fractional squeezing transform (FrST).

On the other hand, the wavelet transform (WT) is pow-
erful for signal analysis and Fourier optics.[12,13] It is a local
wave about time and frequency. Since the WT can overcome
some shortcomings of classical Fourier analysis, it has been
widely used for many signal processing applications, such as
wavelet-based denoising and image compression.[14–16] The
continuous WT of a wave function f (x) ∈ L2(R) by a mother
wavelet is defined by the integral

Wψ f (µ,s) =
1
√

µ

∫
∞

−∞

f (x)ψ∗
(

x− s
µ

)
dx, (5)

where the mother wavelet ψ generates other wavelets of the
family (µ is a scaling parameter, µ > 0, and s is a real trans-
lation parameter for generating wavelet family) by change of
scale and the translation in x,

1
√

µ
ψ
∗
(

x− s
µ

)
= ψ

∗
(µ,s) (x) . (6)
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An interesting question thus naturally arises: can we
make up a joint wavelet-fractional squeezing transform
(WFrST)? If yes, how do we build this theory? In the fol-
lowing we shall tackle this problem quantum-mechanically,
i.e., the way we successfully combine them to realize the in-
tegration transform kernel of WFrST is making full use of the
completeness relation of Dirac’s ket-bra representation.[17] We
start with recasting the WT and the FrST into the context of
quantum-mechanics in Sections 2 and 3. In Section 4, by
combining the WT and the FrST quantum mechanically, we
propose the optical wavelet-fractional squeezing combinato-
rial transform and derive its corresponding operator by using
the method of integration within ordered product (IWOP) of
operators.[18,19] The WFrST can play role in analyzing and

recognizing quantum states, so in Section 5, we apply this new
transform to identify the vacuum state, the single-particle state
and their superposition state. Our conclusions and discussions
are involved in Section 6.

2. The quantum optical version of FrST

For combining the wavelet transform and the fractional
squeezing transform as a whole, we appeal to the complete-
ness relation of Dirac’s ket-bra representation. Firstly, we
simply introduce how to obtain the unitary operator respon-
sible for the FrST. Multiplying Kα (p,x) in Eq. (4) by

∣∣x′|x′=p
〉

from the left and 〈x| from the right, we consider the following
integration[12]

Sα ≡
∫∫

∞

−∞

dxd p
∣∣x′|x′=p

〉
Kα (p,x)〈x|

=
1√

2π i sinhα

∫∫
∞

−∞

dxd p
∣∣x′|x′=p

〉
exp
[

i(x2 + p2)

2tanhα
− ixp

sinhα

]
〈x|

=
1√

2π i sinhα

∫∫
∞

−∞

dxd p
π1/2 exp

[
i(x2 + p2)

2tanhα
− ixp

sinhα

]
: exp

(
− p2

2
+
√

2pa†− a†2

2
− x2

2
+
√

2xa− a2

2
−a†a

)
:

=
√

sechα : exp
[

i
a†2

2
tanhα +a†a(sechα−1)+ i

a2

2
tanhα

]
:

= exp
[

i
a†2

2
tanhα

]
exp
[(

a†a+
1
2

)
lnsechα

]
exp
[

i
a2

2
tanhα

]
= exp

[
iα
2
(
a2 +a†2)] . (7)

In the above calculation, we performed the integration within : : (note a† and a are commutable within : : and can be taken as
c-number parameters) by virtue of the IWOP technique.[12] In additon, we also used the normally ordered form of the vacuum
projector |0〉〈0| = : e−a†a : as well as the following formula : ea†a(sechα−1) : = ea†a lnsechα . Sα is Abelian with respect to the
parameter α and is really a squeezing operator. Further, due to

∣∣x′|x′=p
〉
= e−iπa†a/2 |p〉 and 〈p|eiπa†a/2 =

〈
x′|x′=p

∣∣, we can
rewrite Eq. (7) as

Sα =
1√

2π i sinhα
e−iπa†a/2

∫∫
∞

−∞

dxd p |p〉exp
[

i(x2 + p2)

2tanhα
− ixp

sinhα

]
〈x| . (8)

Thus

1√
2π i sinhα

∫∫
∞

−∞

dxd p |p〉exp
[

i(x2 + p2)

2tanhα
− ixp

sinhα

]
〈x|= eiπa†a/2Sα = eiπa†a/2 exp

[
iα
2
(
a2 +a†2)] . (9)

Due to eiπa†a/2ae−iπa†a/2 = ae−iπ/2 =−ia and eiπa†a/2a†e−iπa†a/2 = a†eiπ/2 = ia†, we see

eiπa†a/2 exp
[

iα
2
(
a2 +a†2)]= exp

[
− iα

2
(
a2 +a†2)]eiπa†a/2. (10)

Comparing Eq. (9) with Eq. (10), we can obtain the matrix element

〈p|exp
[
− iα

2
(
a2 +a†2)]eiπa†a/2 |x〉= 1√

2π i sinhα
exp
[

i(x2 + p2)

2tanhα
− ixp

sinhα

]
= Kα (p,x) , (11)

which is just the transform integration kernel of FrST. We name exp
[
− iα

2

(
a2 +a†2

)]
eiπa†a/2 ≡ Kα the fractional squeezing

operator which is a composite operator and Kα is the quantum-mechanical unitary operator for generating the fractional squeezing
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transformation. As a result, expressing g(x) = 〈x| g〉 and Kα (p,x) by 〈p|Kα |x〉, we reexpress the FrST in the form of quantum-
mechanics

Fα [g(x)] =
∫

∞

−∞

dx〈p|Kα |x〉〈x| g〉= 〈p|exp
[
− iα

2
(
a2 +a†2)]eiπa†a/2 |g〉= G(p). (12)

Employing Eq. (12), we can prove the additive property of the FrST as

FβFα [g(x)]

=
∫

∞

−∞

dx
∫

∞

−∞

dx′ 〈p|eiπa†a/2 exp
[

iα
2
(
a2 +a†2)]∣∣x′〉p′=x′

〈
p′
∣∣eiπa†a/2 exp

[
iβ
2
(
a2 +a†2)] |x〉〈x| g〉

=
∫

∞

−∞

dx
∫

∞

−∞

dx′ 〈p|eiπa†a/2 exp
[

iα
2
(
a2 +a†2)]∣∣x′〉〈x′∣∣exp

[
iβ
2
(
a2 +a†2)] |x〉〈x| g〉

= 〈p|eiπa†a/2 exp
[

i (β +α)

2
(
a2 +a†2)] |g〉= Fβ+α [g(x)] . (13)

3. The quantum optical version of WT
Now we convert the WT into quantum mechanical

transform matrix element engendered by some squeezing-
displacing operator. In the context of quantum mechanics,
function f turns to quantum state | f 〉, the value f (x) of f at
given point x turns to the matrix element 〈x| f 〉, | f 〉 is the state
vector of the signal function. Using Dirac’s symbolic method,
we obtain

ψ
∗
(

x− s
µ

)
= 〈ψ| x− s

µ

〉
, (14)

〈ψ| is the state vector corresponding to the given mother
wavelet. Then equation (5) becomes

1
√

µ

∫
∞

−∞

f (x)ψ∗
(

x− s
µ

)
dx

= 〈ψ| 1
√

µ

∫
∞

−∞

dx
∣∣∣∣x− s

µ

〉
〈x| f 〉 , (15)

where

U(µ,s) =
1
√

µ

∫
∞

−∞

∣∣∣∣x− s
µ

〉
〈x| dx (16)

is the squeezing-displacing operator. Thus equation (5) can be
expressed as

Wψ f (µ,s) = 〈ψ|U(µ,s) | f 〉 , (17)

which states that the classical wavelet transform of a sig-
nal function f (x) can be recast to a matrix element of the
squeezing-displacing operator U(µ,s) between the mother
wavelet vector 〈ψ| and the quantum state vector | f 〉 to be
transformed.

We can further convert the above theory into the momen-
tum representation. Firstly, we transform U(µ,s) into

U(µ,s) =
√

µ

∫
∞

−∞

eisp |up〉〈p| d p, (18)

thus equation (5) can be expressed as follows:

Wψ f (µ,s) =
√

µ

∫
∞

−∞

eisp
ψ
∗ (up) f (p)d p, (19)

where

ψ
∗ (up) = 〈ψ| up〉 , f (p) = 〈p| f 〉 . (20)

We can further express Eq. (18) as

U(µ,s) =
√

µ

∫
∞

−∞

|up〉〈p| d peisP

= exp
[

λ

2
(a2−a†2)

]
eisP, (21)

where exp[λ

2 (a
2−a†2)] is the squeezing operator, eisP is the

displacing operator.

4. The optical wavelet-fractional squeezing com-
binatorial transform

Now we propose the optical wavelet-fractional squeezing
combinatorial transform by combining Eq. (12) with Eqs. (18)
and (19), in so doing we have

Wψ [G(u,s)] =
√

µ

∫
∞

−∞

eisp
ψ
∗ (up)G(p)d p

=
√

µ

∫
∞

−∞

eisp
ψ
∗ (up)

∫
∞

−∞

Kα (p,x)g(x) dxd p

= 〈ψ|U (µ,s)exp
[
− iα

2
(
a2 +a†2)]

×eiπa†a/2 |g〉 , (22)

which means that the optical wavelet-fractional squeezing
combinatorial transform operator is

U (µ,s)exp
[
− iα

2
(
a2 +a†2)]eiπa†a/2
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=
√

µ

∫
∞

−∞

d peisp |µ p〉〈p| 1√
2π i sinhα

∫∫
∞

−∞

dx′′d p′′
∣∣p′′〉exp

[
i(x′′2 + p′′2)

2tanhα
− ix′′p′′

sinhα

]〈
x′′
∣∣

=

√
µ

2π i sinhα

∫∫∫
∞

−∞

eisp |µ p〉δ
(

p− p′′
)

exp
[

i(x′′2 + p′′2)
2tanhα

− ix′′p′′

sinhα

]〈
x′′
∣∣ d pdx′′d p′′

=

√
µ

2π i sinhα

∫∫
∞

−∞

eisp′′ ∣∣µ p′′
〉

exp
[

i(x′′2 + p′′2)
2tanhα

− ix′′p′′

sinhα

]〈
x′′
∣∣ d p′′dx′′

=

√
µ

2π i sinhα

∫∫
∞

−∞

d p′′dx′′√
π

: exp
[

isp′′− 1
2

µ
2 p′′2 + i

√
2µ p′′a† +

1
2

a†2 +
ix′′2

2tanhα

+
i p′′2

2tanhα
− ix′′p′′

sinhα
− 1

2
x′′2 +

√
2x′′a− 1

2
a2−a†a

]
:

=

√
µ

2π i sinhα

∫∫
∞

−∞

d p′′dx′′√
π

: exp
[
−1

2
p′′2
(

µ
2− i

tanhα

)
+ i p′′

(
s+
√

2µa†− x′′

sinhα

)]
×exp

[
−1

2
x′′2 +

ix′′2

2tanhα
+
√

2x′′a+
1
2

a†2− 1
2

a2−a†a
]

: . (23)

Using the IWOP technique, we can derive∫
∞

−∞

d p′′√
π

exp
[
−1

2
p′′2
(

µ
2− i

tanhα

)
+ i p′′

(
s+
√

2µa†− x′′

sinhα

)]

=

√
2tanhα

µ2 tanhα− i
exp

[
− tanhα

2µ2 tanhα−2i

(
s+
√

2µa†− x′′

sinhα

)2
]
, (24)

thus we can further derive∫
∞

−∞

dx′′ : exp
(
−1

2
x′′2 +

ix′′2

2tanhα
+
√

2x′′a+
1
2

a†2− 1
2

a2−a†a
)

×exp

[
− tanhα

2µ2 tanhα−2i

(
s+
√

2µa†− x′′

sinhα

)2
]

:

=

√
2π(µ2 tanhα− i)sinh2

α tanhα

sinh2
α(µ2 tanhα− i)(tanhα− i)+ tanh2

α

×exp
{
{tanh2

α− [sinh2
α(µ2 tanhα− i)(tanhα− i)+ tanh2

α]} tanhα

2[sinh2
α(µ2 tanhα− i)(tanhα− i)+ tanh2

α](µ2 tanhα− i)
s2
}

×exp
{

2µ2 tanhα{tanh2
α− [sinh2

α(µ2 tanhα− i)(tanhα− i)+ tanh2
α]}

2[sinh2
α(µ2 tanhα− i)(tanhα− i)+ tanh2

α](µ2 tanhα− i)
a†2

+
1
2

a†2 +

√
2sµ{tanh2

α− [sinh2
α(µ2 tanhα− i)(tanhα− i)+ tanh2

α]} tanhα

[sinh2
α(µ2 tanhα− i)(tanhα− i)+ tanh2

α](µ2 tanhα− i)
a†

}

×exp
[

ln(
2µ sinhα tanh2

α

sinh2
α(µ2 tanhα− i)(tanhα− i)+ tanh2

α
)a†a

]
×exp

{[
2(µ2 tanhα− i)sinh2

α tanhα

2[sinh2
α(µ2 tanhα− i)(tanhα− i)+ tanh2

α]

]
a2− 1

2
a2

+

√
2ssinhα tanh2

α

[sinh2
α(µ2 tanhα− i)(tanhα− i)+ tanh2

α]
a
}
. (25)

Let

A = sinh2
α(µ2 tanhα− i)(tanhα− i)+ tanh2

α, (26)

B = µ
2 tanhα− i, C = (tanh2

α−A) tanhα, (27)

D = sinhα tanh2
α, E = sinh2

α tanhα, (28)
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and using the relation

: exp
{

2µ sinhα tanh2
α− [sinh2

α(µ2 tanhα− i)(tanhα− i)+ tanh2
α]

[sinh2
α(µ2 tanhα− i)(tanhα− i)+ tanh2

α]
a†a
}

: = exp
[

ln
2µD

A
a†a
]
, (29)

we can get the optical wavelet-fractional squeezing combinatorial transform operator

U (µ,s)exp
[
− iα

2
(
a2 +a†2)]eiπa†a/2

=

√
2µD

iA
exp
[

C
2AB

s2
]

exp

(
2µ2C+AB

2AB
a†2 +

√
2sµC
AB

a†

)
exp
[

ln
2µD

A
a†a
]

exp

(
2BE−A

2A
a2 +

√
2sD
A

a

)
. (30)

5. Some applications
In this section, we further consider some applications of

the optical wavelet-fractional squeezing combinatorial trans-
form. For example, when the mother wavelet is the Mexican
hat wavelet

ψ(x) = e−x2/2(1− x2), (31)

its corresponding state vector is

|ψ〉 =
∫

∞

−∞

dx |x〉〈x| ψ〉

= π
−1/4

∫
∞

−∞

dx(1− x2)

×exp
(
−x2 +

√
2xa†− 1

2
a†2
)
|0〉

=
π1/4

2
(1−a†2) |0〉 , (32)

we can derive the joint wavelet-fractional squeezing transform
for the vacuum state |0〉,

〈ψ|U (µ,s)exp
[
− iα

2
(
a2 +a†2)]eiπa†a/2 |0〉

= π
1/4

√
µD
2iA

exp
[

C
2AB

s2
]
〈0|(1−a2)

×exp

(
2µ2C+AB

2AB
a†2 +

√
2sµC
AB

a†

)
|0〉

= π
1/4

√
µD
2iA

exp
[

C
2AB

s2
]
〈0|

×

1−

(
a+

2µ2C+AB
2AB

a† +

√
2sµC
AB

)2
 |0〉

= π
1/4

√
µD
2iA

exp
[

C
2AB

s2
]

×
[

1
2
− µ2C(AB+2s2C)

A2B2

]
, (33)

where we have used the operator formula

a2e−ra†2−ta†
= e−ra†2−ta†

(a−2ra†− t)2. (34)

We further examine the wavelet-fractional squeezing
combinatorial transform for the state |1〉,

〈ψ|U (µ,s)exp
[
− iα

2
(
a2 +a†2)]eiπa†a/2 |1〉

= π
1/4

√
µD
2iA

exp
[

C
2AB

s2
]
〈0|(1−a2)

×exp

(
2µ2C+AB

2AB
a†2 +

√
2sµC
AB

a†

)
exp
[

ln
2µD

A
a†a
]

×exp

(
2BE−A

2A
a2 +

√
2sD
A

a

)
|1〉 , (35)

where

〈0|(1−a2)exp

(
2µ2C+AB

2AB
a†2 +

√
2sµC
AB

a†

)

=

[
1
2
− µ2C(AB+2s2C)

A2B2

]
〈0|

−2
√

2sµC
AB

〈1|−
√

2〈2| , (36)

exp
[

ln
2µD

A
a†a
]

exp

(
2BE−A

2A
a2 +

√
2sD
A

a

)
|1〉

= exp
[

ln
2µD

A

]
|1〉+

√
2sD
A
|0〉 . (37)

Combining Eqs. (36) and (37), we can get the wavelet-
fractional squeezing combinatorial transform for the state |1〉

〈ψ|U (µ,s)exp
[
− iα

2
(
a2 +a†2)]eiπa†a/2 |1〉

= π
1/4

√
µD
2iA

exp
[

C
2AB

s2
]

×

{√
2sD
A

[
1
2
− µ2C(AB+2s2C)

A2B2

]
− 4
√

2sµ2CD
A2B

}
. (38)

To visualize the wavelet-fractional squeezing combinato-
rial transform spectrum of the number state, the resulting val-
ues

〈ψ|U (µ,s)exp
[
− iα

2
(
a2 +a†2)]eiπa†a/2 |0〉 ,
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〈ψ|U (µ,s)exp
[
− iα

2
(
a2 +a†2)]eiπa†a/2 |1〉

are plotted in Figs. 1(a)–1(f), with the two horizontal axes de-
noting scaling parameter and translation parameter, respec-
tively. These figures exhibit the common behavior that all
peaks are narrow and local, which are characteristics of the
wavelet-fractional squeezing combinatorial transform. Since
the wavelet transform is a local wave with respect to time and
frequency, the resulting graphs are both narrow and local. We
combine the wavelet transform and the fractional squeezing
transform to obtain a wavelet-fractional squeezing combina-
torial transform, which is equivalent to compress the wavelet
transform. So the picture we get is even narrower. We can also
find that all the peaks are symmetrical to the s = 0 plane. In
the figures of the state |0〉 and |1〉, the location of the peaks
change with different α , the peak is largest when α = π/2,
and the peak becomes smaller when α becomes lager. For the
same α , the peaks near the s = 0 plane of state |1〉 become

smaller compared with state |0〉, while the peaks far away the
s = 0 plane become larger. At the same time, comparing with
state |0〉, the peaks of state |1〉 becomes scattered and easily
identifiable. These different peaks and shapes of the pictures
from different quantum states imply that the wavelet-fractional
squeezing combinatorial transform spectrum may play a im-
portant role in identifying different quantum optical states, and
there may be some potential quantum applications.

For the superposition state of the vacuum state and
the single-particle state, we calculated the wavelet-fractional
squeezing combinatorial transform results which is plotted in
Figs. 2(a)–2(e). In the figures, we see that the characteristic
of the state |0〉 become more obvious with the increase of the
coefficient x1 = 1, meanwhile, the characteristic of the state
|1〉 become more significant with the increase of x2. These
results has an auxiliary function in analyzing and recognizing
quantum states.
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Fig. 1. The optical wavelet-fractional squeezing combinatorial transform results of state |0〉 and state |1〉: (a) state |0〉, α = π/4; (b) state |0〉, α = π/2; (c)
state |0〉, α = 3π/4; (d) state |1〉, α = π/4; (e) state |1〉, α = π/2; (f) state |1〉, α = 3π/4.
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Fig. 2. The optical wavelet-fractional squeezing combinatorial transform results of the superposition state: (a) x1 = 1, x2 = 1; (b) x1 = 1, x2 = 2; (c)
x1 = 1, x2 = 3; (d) x1 = 2, x2 = 1; (e) x1 = 3,x2 = 1.

6. Conclusion
Based on Dirac’s quantum-mechanics, by converting the

WT and the FrST into the framework of quantum mechanical
operator transform theory, we have successfully combined the
wavelet transform and fractional squeezing transform to real-
ize a new quantum transform: the optical wavelet-fractional
squeezing combinatorial transform. The unitary operator for
this new transform is found and its normally ordered form
is deduced. In addition, we have calculated the wavelet-
fractional squeezing combinatorial transform for the vacuum
state, the single-particle state and their superposition state.
This kind of transform may be used to analyze and identify
quantum states. Moreover, by analyzing the wavelet-fractional
squeezing combinatorial transform spectrum, one may obtain
other information which may represent new quantum opti-

cal states beneficial to quantum computing engineering. We
also expect that the wavelet-fractional squeezing combinato-
rial transform can be implemented by experimentalists.[20,21]

Wavelet transform has a pivotal position in many fields, and
its application is also very extensive. Wavelet transform can
compress the image. The new transform given in this paper
is based on wavelet transform. Combined with the charac-
teristics of squeezing transform, can we believe that this new
transform may have an advantage in the application of wavelet
transform? We are also looking forward to having experi-
menters to confirm this.
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