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We numerically study the phase behaviors of colloids with anisotropic diffusion in two dimensions. It is found
that the diffusion anisotropy of colloidal particles plays an important role in the phase transitions. A strong diffusion
anisotropy induces the large vibration of particles, subsequently, the system goes into a disordered state. In the presence
of the strong-coupling, particles with weak diffusion anisotropy can freeze into hexagonal crystals. Thus, there exists a
solid-liquid transition. With the degree of diffusion anisotropy increasing, the transition points are shifted to the stronger-
coupled region. A competition between the degree of diffusion anisotropy and coupling strength widens the transition
region where the heterogeneous structures coexist, which results in a broad-peak probability distribution curve for the local
order parameter. Our study may be helpful for the experiments related to the phase behavior in statistical physics, materials
science and biophysical systems.
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1. Introduction

Phase transition is ubiquitous in nature as well as in in-
dustry, and plays an essential role in statistical physics, mate-
rials science, chemistry, and biophysics. Physicists and math-
ematicians have long been fascinated by this issues. Un-
derstanding the phase transition kinetics and microscale pro-
cesses is important not only for fundamental research, but also
for applications associated with crystalline materials[1] and
biotechnology.[2,3] Quantitative examinations on phase transi-
tion are mostly based on the models of repulsive hard spheres
(discs),[4–8] charged spheres,[9–11] or attractive spheres.[12,13]

As everyone knows, it is challenging experimentally to inves-
tigate the particles dynamics on an atomic or molecular scale.
The colloidal particles, dispersing in a fluid medium, are larger
than solvent molecules, but small enough to undergo Brown-
ian motion. They are usually viewed as large atoms with tai-
lorable sizes, shapes and interactions,[14] their thermal motion
can be visualized by optical microscopy[15] and tracked by im-
age processing.[16] Therefore, the colloidal suspensions have
always been examined to understand the physical phenom-
ena such as freezing, nucleation, melting, phase separation,
structure formation, either spontaneous or driven by external
fields.[17–22] The potential application of the spontaneous self-
assembled of colloids can be selected as a promising route for
fabrication of nanostructures, which requires us to deeply un-
derstand the relationship between their properties, structures
and the self-organization processes.

The systematic studies mostly focus on the phase tran-
sition of the colloidal particles. Crystallization represents
the prime example of a liquid-solid transition and has been
extensively examined in many cases. Numerous types of
crystals were revealed in simulations and experiments. A
flowing crystalline structure, named rheocrystal, can sponta-
neously form by removing the particles, which is supported by
numerical simulation and experiment.[23] However, a Monte
Carlo ‘constrained aging’ method slows crystallization.[24] It
is worth mentioning that an excellent work on crystalliza-
tion of monodisperse self-propelled colloidal particles at suf-
ficiently high densities has been carried out by Bialké et
al.[18] They explored that the active colloids still freeze into
a crystalline structure though the energy is injected inces-
santly, the freezing transition is largely shifted due to the self-
propulsion. Furthermore, the phase behavior in a system of
binary hard spheres with different sizes has been reported in
experiments[25,26] and theory.[27–29] The results indicate that
the small spheres can fit between large spheres to stabilize bi-
nary crystals. The basic mechanisms of melting, spinodal de-
composition, nucleation, and the glasses transition were per-
formed in the past decades.

Most of the works on phase transition mentioned above
mainly focus on spherical isotropic particles. However, perfect
symmetry is an ideal case in nature. The anisotropy of parti-
cles, including the shape (e.g., ellipsoids, rods, or cubes), in-
teraction (e.g., janus) as well as diffusion anisotropy (e.g., po-
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lar particles), is an intrinsic property. Specifically, anisotropic
colloidal particles can be produced by tuning the shape of the
particles, or putting the patches on the surface of the parti-
cles, also synthesized by two hemispheres with different prop-
erties. Indeed, studies on anisotropic particles have provided
us with a wealth of insight into many microscopic kinetics
and physical phenomena. The needle-like ellipsoidal parti-
cles under the action of an external potential exhibit com-
plex motion and destroy the directed transport.[30,31] A vari-
ety of crystalline structures have been discovered by varying
the shape anisotropy of spheroids.[32] However, phase transi-
tion behavior of spherical anisotropic particles has rarely been
studied. In this paper, we study phase behavior of colloids
with anisotropic diffusion and focus on finding how the diffu-
sion anisotropy affects the solid-liquid transition.

2. Model and methods
We consider a suspension of N particles with diffusion

anisotropy in two dimensions under periodic boundary condi-
tions. Due to the particle anisotropy, the rotational and trans-
lational motions are always coupled in the lab-frame coordi-
nates, which makes the analysis of relevant issues very com-
plicated. For simplicity, we initially describe the motion of
particle in body-fixed coordinates where the rotational and
translational motions are decoupled. Then, the particle’s po-
sition vector 𝑆(t) of its center of mass at a given time t can
be decomposed as (δ x̃,δ ỹ), corresponding to the coordinates
(δx,δy) in the lab frame. Here, θ(t) is the angle between the
x axis and the x̃ axis. By means of a straightforward rotation
of coordinates and a series of manipulations, the overdamped
motion of the i particle in Fig. 1(b) can be written as[33,34]

∂xi(t)
∂ t

= Fx
i [µ̄ +∆µ̃ cos(2θi(t))]

+∆µ̃Fy
i sin(2θi(t))+η

x
i (t), (1)

∂yi(t)
∂ t

= Fy
i [µ̄−∆µ̃ cos(2θi(t))]

+∆µ̃Fx
i sin(2θi(t))+η

y
i (t), (2)

1
µ3

∂θi(t)
∂ t

= η
θ
i (t). (3)

We have defined the mobilities along the x̃ and ỹ axes as µ1

and µ2, respectively, and the rotational mobility as µ3. Here
µ̄ = 1

2 (µ1 +µ2) is the average of the mobility, and ∆µ̃ =
1
2 (µ1−µ2) determines the anisotropy of the particle, ∆µ̃ = 0
indicates that the particle is isotropic, and while ∆µ̃ → µ̄ , the
particle is prone to diffuse along the x̃ axis. Fx

i and Fy
i are the

components of the force along the x and y axis of lab frame.
For convenience, the energy, length and time are normalized
by kBT,ρ−1/2 and (ρD0)

−1, respectively. Here, T is tempera-
ture, kB is the Boltzman constant, ρ is the number density and

D0 is the bare diffusion coefficient. For a many-particle sys-
tem, the particles are considered to interact pairwise through
the repulsive Yukawa potential:[35] u(r) =Γ

e−λ r

r , with screen-
ing length λ−1, and the dimensionless coupling strength Γ ≡
V0
√

ρ/kBT using the bare potential strength V0. Thus, the
force acts on the i-th particle is 𝐹i =−∇i ∑i< j u(|𝑟i−𝑟 j|). The
noise ηm

i (t) in the lab frame has mean zero and satisfies[33,34]〈
η

θ
i (t)η

θ
i (t
′)
〉
= 2Dθ δ

(
t− t ′

)
, (4)〈

η
m
i (t)η

n
i (t
′)
〉ηx

i,η
y
i

θi(t)
= 2kBT µmnδ

(
t− t ′

)
, m,n = x,y, (5)

with

µmn = µ̄δmn +∆µ̃

(
cos2θ sin(2θ)
sin2θ −cos(2θ)

)
, (6)

where Dθ = kBT µ3 is the rotational diffusion coefficient, de-
scribing the angular fluctuation. The superscripts of statisti-
cal averages in Eq. (5) mean over which the noises are av-
eraged, and the subscript quantity is kept fixed. Defining
∆µ ≡ ∆µ̃/µ̄ ∈ [0,1) to describe the anisotropy, the diffusion
coefficient of the particle are D1 = kBT µ1 and D2 = kBT µ2 =

[(1−∆µ)/(1+∆µ)]D1, respectively.
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Fig. 1. Schematic diagram illustrating the setup forming the basis of
our calculations. (a) Model of colloids moving in a two-dimensional
box. (b) Representation of an anisotropic particle. The axes x̃ and ỹ are
body-fixed coordinates, and the axes x and y are the lab-frame coordi-
nates.

3. Numerical results and discussion
In our simulations, we choose N = 1936, Dθ = 3.0, and

D1 = 1.0, λ = 3.5. Lx/Ly = 2/
√

3 is chosen for the particles
can crystallize into the perfect hexagonal crystal. The initial
position and orientation of particles are random. The integra-
tion time step dt is chosen to be smaller than 10−4 and the total
integration time to be greater than 103, which ensures that the
system reaches a steady state and the simulation results will
not depend on the integration time and time step.

The structural transitions between the different phases
can be characterized by the global bond-orientational order
parameter[36]

ψ6 ≡

〈∣∣∣∣∣ 1
N

N

∑
i=1

q6 (i)

∣∣∣∣∣
2〉

, q6 (i)≡
1
6∑ e i6θi j ,

j∈Π(i)
(7)
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where Π(i) is the set of the six nearest neighbors of the ith
particle and θi j is the angle between the vector from parti-
cle i to j and an predefined direction. For a perfect crys-
tal ψ6 = 1, whereas ψ6 → 0 in a disordered phase. Follow-
ing Schweigert et al.,[37] the liquid-to-solid transition can be
identified by a jump of the order parameter above a value of
ψ6 ∼= 0.45. Meanwhile, a dynamical criterion for phase tran-
sition of the particles is determined by the abrupt drop of the
long-time diffusion coefficient

D≡ lim
t→∞

1
4

〈
|∆𝑟i(t)|2

〉
, (8)

with ∆𝑟i(t) = 𝑟i(t)− 𝑟i(0). The value of 0.086 for D has
been proved by Löwen to be ‘universal’, regardless of whether
freezing occurs continuously via a hexagonal phase or is a con-
ventional first-order transition,[38] thus we employ this crite-
rion to describe the dynamical phase transition.
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Fig. 2. Cooling curves (solid lines) and melting curves (dashed lines)
for (a) the bond-orientational parameter ψ6 and (b) the long-time dif-
fusion coefficient D versus the degree of diffusion anisotropy ∆µ for
different Γ . The crossings with the dashed horizontal lines define the
position of the structural transition ∆µ∗S (ψ6 = 0.45) and the dynamical
freezing ∆µ∗D (D = 0.086), respectively.

We firstly examine the effect of the degree of diffusion
anisotropy ∆µ on the phase transition by monitoring the global
bond-orientational order parameter ψ6 and the long-time dif-
fusion coefficient D for different Γ in Fig. 2. At the beginning
of the simulation, a particle configuration with random par-
ticle positions and orientations is employed. From Fig. 2(a)
we find that for a given Γ , the particles can freeze into an or-
dered crystalline phase in the small ∆µ region, especially for
isotropic particles (∆µ = 0) , ψ6 has its maximum value. With

increasing ∆µ , the Brownian diffusion along a specific axis
of a particle becomes increasingly dominant, the random mo-
tion hinders the system from assembling an ordered structure.
Therefore, the order parameter drops to below ψ6 = 0.45 at
∆µ ≡ ∆µ∗S , indicating a loss of the long-range orientational
order in the system, and the system transits into the liquid
phase.[39] Figure 2(b) exhibits dynamical phase transition for
different Γ , the diffusion coefficient increases abruptly near
the phase transition point ∆µ∗D, which gives the lower bound
to liquid region, and even exceeds that of a free passive Brow-
nian particle. Obviously, the phase transition point is signifi-
cantly shifted to the large Γ region, which is determined by the
competition between the degree of diffusion anisotropy and
the coupling strength. As shown in Fig. 3, with increasing Γ ,
the corresponding temperature of the system decreases, which
leads to the dense colloids to gradually freeze into an ordered
configuration and the diffusion coefficient to drop toward zero.

ψ
6

   
.

.
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.

.

.

Γ

Γ

(a)

   

(b)

10-3

10-2

10-1

100

D

Fig. 3. Cooling curves for (a) the bond-orientational parameter ψ6 and
(b) the long-time diffusion coefficient D versus coupling strength Γ at
∆µ = 0.5.

To effectively distinguish liquid-like from or-
dered regions, we utilize an order parameter q̄6 ≡
Re∑ j∈Π(i)

1
6 ∑q6(i)q∗6( j) per particle to describe the local be-

havior of its neighbors.[40] The snapshots of particle config-
urations for ∆µ = 0, 0.5 and 0.9 with different Γ are illus-
trated in Fig. 4. Clearly, for either small coupling strength
(e.g., Γ = 200) or large diffusion anisotropic degree (e.g.,
∆µ = 0.9), the system always stays liquid with small order
parameter. However, for the isotropic particles (∆µ = 0), the
system crystallizes into hexagonal structures with ψ6 > 0.8
under low temperature.
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0 0.2 0.4 0.6 0.8 1.0

Fig. 4. Snapshots of particle configurations for ∆µ = 0 (left column), 0.5 (middle column) and 0.9 (right column), the rows correspond to
constant Γ , from top to bottom Γ = 200 (0.2886, 0.2806, 0.2014), 700 (0.7436, 0.6160, 0.2636) and 1400 (0.8627, 0.8128, 0.2982). Particles
are colored according to their q̄6.

To assess in more detail the phase transition, we consider
a process of melting starting from a perfect hexagonal crys-
tal (dashed lines in Fig. 2), and introduce the Lindemann-like
parameter[41]

γL(t)≡

〈∣∣∆𝑟i(t)−∆𝑟 j(t)
∣∣2〉

2ℓ2 (9)

as a criterion to decide the upper bound to solid region. Here,
the subscripts i and j denote two particles that are initially
neighbors, and the lattice spacing of the hexagonal crystal ℓ≡
21/23−1/4 ' 1.075. This criterion states that the melting com-
mences once the vibrational displacement of a particle exceeds
a certain fraction of the lattice spacing.[18] In our case, both
the small coupling strength and large diffusion anisotropic de-
gree can induce particles to vibrate sharply, the former has
been explicated in Ref. [18]. We now mainly focus on the
time dependence of the Lindemann-like parameter for differ-
ent ∆µ at a given Γ , e.g., Γ = 1000 as shown in Fig. 5(a). It is
found that, in the liquid region, the curves of the Lindemann-
like parameter are abruptly divergent over time. Especially for
∆µ > 0.65, due to the existence of intensive diffusion in a spe-
cial direction, the particles easily escape from their lattice po-
sition, and the crystal structure is destroyed. When ∆µ = 0.6,
one can find a quasi-plateau with Lindemann-like parameter
γL, we define this value ∆µ∗L as the melting point. Based on the

above description, the phase diagram is mapped in Fig. 5(b).
Clearly, the curves of ∆µ∗S and ∆µ∗D mostly coincide in all pa-
rameter space, which indicates that the two criterions we em-
ployed are compatible with our model. Note that in the region
with large Γ and small ∆µ , the particles crystalize into hexag-
onal structures, whereas in the small Γ or large ∆µ region,
the bond-orientational order is destroyed due to long-time dif-
fusion. Moreover, there is a transition regime between liquid
and solid, which is characterized by a high structural order and
low but non-vanishing diffusion.[18] It is clear that the transi-
tion regime widens in the region of moderate parameter space,
we regard it as the result of the competition between the de-
gree of diffusion anisotropy and coupling strength, as shown
in Fig. 2.

We begin from briefly review our results to characterize
the solid, liquid and transition regions. Figure 6(a) illustrates
the probability distribution for q̄6 with different Γ at ∆µ = 0.5.
One can find that the system is less structured in liquid region
(Γ = 200), while in the solid region (Γ = 1400), the parti-
cles are well-crystallized with a few “bubbles” due to the long-
range bond-orientational order. Notably, for the transition re-
gion (Γ = 700), there is a broad peak probability distribution
for q̄6, corresponding to a coexistence phase as the second
snapshot of middle column shown in Fig. 4. Figure 6(b) dis-
plays the probability distributions of q̄6 at ∆µ = 0, 0.5 and 0.9
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for four different global ψ6 values. As has mentioned, when
∆µ = 0.9, the system is always disordered (ψ6 < 0.3), thus
there is only one curve. One can easily find that the proba-
bility distributions of q̄6 are less dependent on ∆µ . It should
be emphasized that a quasi-platform stretches across the dis-
tribution curve of ψ6 = 0.45, which means that the transition
regime is occupied by a variety of heterogeneous structures.
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Fig. 5. (a) Time dependence of the Lindermann parameter for Γ =
1000. (b) Phase diagram in the Γ –∆µ plane.
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Fig. 6. Probability distributions of q̄6 (a) for different Γ at ∆µ = 0.5 and
(b) at ∆µ = 0 (solid line), 0.5 (dashed line) and 0.9 (dot-dashed line) for
four different global ψ6 values.

4. Concluding remarks
To summarize, we have numerically studied the solid-

liquid phase transition in a dense suspension of spherical
colloids with different diffusions in an orthogonal direction.
Starting from a random particle configuration, we have simu-
lated the Langivin equations using the second-order stochastic
Runge–Kutta algorithm in a two-dimensional box under pe-
riodic boundary conditions. The results show that the phase
transition is strongly dependent on the diffusion anisotropy of
colloidal particles. In the case of high temperature, a large
diffusion anisotropic degree can induce particles to vibrate
sharply, escape from the lattices, and destroy the long-range
bond-orientational order. As a result, the process of crystal-
lization is prevented. Furthermore, the strong-coupled parti-
cles with weak anisotropic diffusion can freeze into hexagonal
crystals. By employing different criteria, the phase diagram in
the Γ –∆µ plane is obtained. It is clear that for a large ∆µ or
small Γ regime, the system always keeps liquid phase. How-
ever, the particles with small ∆µ and large Γ are easily frozen
into solid. There exists a transition region in which the sus-
pension is overall ordered but with quite a few heterogeneous
structures, which reflects as a broad-peak distribution for q̄6.
A competition between ∆µ and Γ widens this region in the
moderate parameter space.
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