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Holographic heat engine efficiency of hyperbolic charged black holes∗
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We consider a four-dimensional charged hyperbolic black hole as working matter to establish a black hole holographic
heat engine, and use the rectangular cycle to obtain the heat engine efficiency. We find that when the increasing of entropy
is zero, the heat engine efficiency of the hyperbolic black hole becomes the well-known Carnot efficiency. We also find
that less charge corresponds to higher efficiency in the case of q̃ > 0. Furthermore, we study the efficiency of the flat case
and spherical case and compare the efficiency with that of the hyperbolic charged black holes. Finally, we use numerical
simulation to study the efficiency in benchmark scheme.
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1. Introduction
Recently, some authors consider the cosmological con-

stant as the pressure in the thermodynamics of black holes,[1–4]

which has led to many interesting related studies. For ex-
ample, some interesting black hole thermodynamic phenom-
ena and rich phase structures similar to the van der Waals
fluids are discovered.[5] Other authors have built a bridge
between extended black hole thermodynamics and quantum
complexity.[6] In 2014, Johnson proposed a concept of a holo-
graphic heat engine by considering AdS black holes as work-
ing matter.[7] We show a schematic diagram of the usual heat
engine in Fig. 1. In general, the heat engine efficiency can be
expressed as

η =
W
QH

= 1− QC

QH
, (1)

where QH and QC are the heat from the high-temperature
source to the heat engine and the heat from the heat engine
to the low-temperature source, respectively. The efficiency of
the heat engine depends on the path selection on the P–V dia-
gram. For the Carnot cycle, the path consists of two isotherms
and two adiabatic lines on the P–V diagram, and the change of
entropy is zero. The efficiency of the Carnot cycle with tem-
perature TH and TC is ηC = 1−TC/TH, which is the maximum
efficiency that can be achieved. However, the P–V diagram
of the AdS black hole is complicated, and difficult to estab-
lish the Carnot cycle. Johnson proposed a rectangular cycle,
which consists of two equal-pressure processes and two equal-
volume processes (Fig. 2). The rectangular cycle is equivalent
to the Carnot cycle of a static black hole, because in this case,
both entropy and volume depend on the single variable of the
horizon radius r+. In other words, we can replace the volume

on the horizontal axis in Fig. 2 with entropy. In this case, the
specific heat capacity of a constant volume is zero CV = 0, the
equal-volume process is the same as the adiabatic process. The
specific heat capacity of a constant pressure CP can be calcu-
lated by the radius of the horizon. QH and QC can be expressed
as[8]

QH =
∫ T2

T1

CP dT =
∫ S2

S1

T
(

∂S
∂T

)(
∂T
∂S

)
dS

=
∫ S2

S1

T dS, (2)

QC =
∫ T3

T4

CP dT =
∫ S3

S4

T
(

∂S
∂T

)(
∂T
∂S

)
dS

=
∫ S3

S4

T dS. (3)

The index numbers in the subscript represent the four stages
in the cycle shown in Fig. 2. The heat engine efficiency is

η = 1− QC

QH
= 1−

∫ S4

S3

T dS∫ S2

S1

T dS
. (4)

In the AdS black hole thermodynamics, mass is defined as en-
thalpy dH = T dS+V dP. In the rectangular cycle, the pres-
sure remains constant during the heat exchange process, i.e.,
dP = 0. Combined QH with QC, the heat exchange can be
regarded as the change of the black hole mass M,

QH =
∫ S2

S1

T dS = M2−M1,

QC =
∫ S3

S4

T dS = M3−M4, (5)

where M1, M2, M3, and M4 respectively correspond to the
black hole mass in the four stages of the cycle. Johnson pro-
posed an exact efficiency formula for the holographic black
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hole heat heat engines[8]

η f = 1− M3−M4

M2−M1
. (6)

Q
H

Q
C

W

Fig. 1. The usual heat engine.

P

V

 



Fig. 2. The usual heat engine.

The efficiency of black hole heat engine is an important
part of the study of black hole thermodynamics. However,
most authors only discuss the case with the horizon being a
positive constant curvature hypersurface.[9–22] Note that there
are huge differences in the thermal stability of black holes in
AdS spaces with different curvatures. It is also necessary to
study the heat engine efficiency of the AdS black holes with
negative constant curvature horizon. In fact, some authors
have studied the thermal stability of hyperbolic black holes.[23]

Based on the study of thermodynamics of hyperbolic black
holes, in this paper we further discuss the efficiency of the
holographic heat engine of hyperbolic black holes. In the next
section we briefly review its thermodynamics, then consider
charged hyperbolic black holes as working matter to estab-
lish a rectangular heat engine cycle, and further discuss the
effect of electric charge and the efficiency of the flat case and
spherical case. In Section 3, we calculate the efficiency of
benchmark cycle by using numerical simulation, and make a
summary and discussion in the last section.

2. Hyperbolic charged black hole as a heat en-
gine
The metric of the (n+2)-dimensional hyperbolic charged

AdS black hole is

ds2 =− f (r)dt2 + f (r)−1 dr2 + r2 dΣ
2
n , (7)

where

f (r) = k− m
rn−1 +

q̃2

r2n−2 +
r2

l2 , (8)

where k = 1,0,−1 respectively describe the spherical case, flat
case, and hyperbolic case. If no special instructions are given,
we mainly focus on the case k = −1 in the following. m and
q̃ are two integration constants, dΣ 2

n stands for the line ele-
ment for an n-dimensional hypersurface with negative con-
stant curvature −n(n− 1). The authors of Ref. [24] found
that the hyperbolic black hole is supersymmetric in the case
of m = 0 and q̃ = l2/4, in which the metric can be expressed
as f = (l/2r− r/l)2, which is an extremal black hole solution
with vanishing Hawking temperature and the mass parameter
is zero. When m = 0, there are still two black hole horizons

r2
1,2 = l2

(
1±
√

1−4q̃2/l2

)
/2

provided 4q̃2/l2 < 1 in solution (7) in the four-dimensional
case. In fact, even the mass parameter m is negative down to

mc =−2rn−1
c

(
1− nr2

c

(n−1)l2

)
(9)

with

r2
c

l2 =
n−1
n+1

(
1+

q̃2

r2n−2
c

)
. (10)

As mentioned above, the hyperbolic black hole still has a black
hole structure when q̃ < 0. In this paper, we restricted our-
selves to the case q̃ > 0. For the four-dimensional hyperbolic
black hole (7), the mass M, Hawking temperature T , and en-
tropy S are given by[23]

M =
r+Ω

(
r2
+/l2 + q̃2/r2

+−1
)

8πG
, (11)

T =
3r2

+/l2− q̃2/r2
+−1

4πr+
, (12)

S =
r2
+Ω

4
, (13)

where Ω is the volume of the unit hyperbolic surface. We can
easily get

CV = T
(

∂S
∂T

)
V
= 0. (14)

The specific heat capacity of a constant pressure Cp can be
calculated at the horizon r = r+

Cp =
r2
+Ω

(
3r4

+− l2
(
q̃2 + r2

+

))
2l2
(
3q̃2 + r2

+

)
+6r4

+

, (15)

where we set G = 1. Next we will build a holographic heat
engine cycle similar to Fig. 2. In the process from 1 to 2, the
QH is

QH =
∫ T2

T1

Cp dT =
∫ r2

r1

Cp
dT
dr+

dr+
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=
∫ r2

r1

6r6
+Ω −3l2Ω

(
q̃2 + r4

+

)
8πl2r3

+

dr+

=
r+Ω

(
r2
+/l2 + q̃2/r2

+−1
)

8π

∣∣∣∣r=r1

r=r2

= M2−M1. (16)

Similarly, QC is given by

QC =
∫ T3

T4

Cp dT =
∫ T3

T4

6r9
+Ω −3l2r3

+Ω
(
q̃2 + r4

+

)
4l2
(
5q̃2 + r4

+

)
+8r6

+

dT

= M3−M4. (17)

The efficiency is

η = 1− QC

QH
= 1− M3−M4

M2−M1
. (18)

We can see that this efficiency is the same as the result
obtained by Johnson in Ref. [8]. Next, we will compare the

efficiency of the hyperbolic black hole with the well-known
Carnot efficiency. We rewrite the temperature (Eq. 12) and the
entropy (Eq. 13) as

l1 = l2 =

√
2r3

2√
q̃2 +2πr5

2T2 + r4
2

, (19)

l3 = l4 =

√
2r3

4√
q̃2 +2πr5

4T4 + r4
4

, (20)

r1 = r4 =
22/3 3
√

S4
3√

Ω
, (21)

r3 = r2 =
22/3 3
√

S2
3√

Ω
. (22)

The efficiency can be rewritten as

η = 1− M3−M4

M2−M1
= 1−

3r2
3Ω
(
r2

3/l2
3 + q̃2/r4

3−1
)

16π
−

3r2
4Ω
(
r2

4/l2
4 + q̃2/r4

4−1
)

16π

3r2
2Ω
(
r2

2/l2
2 + q̃2/r4

2−1
)

16π
−

3r2
1Ω
(
r2

1/l2
1 + q̃2/r4

1−1
)

16π

=

(
S2/3

2 +S2/3
4

)
A− 3√2q̃2S2

4Ω 5/3−16×22/3πS5/3
2 S2

4T2−8S4/3
2 S2

4
3√

Ω

3√2q̃2S2/3
2 S2

4Ω 5/3 +S4/3
2

(
8S8/3

4
3√

Ω −2 3√2q̃2S4/3
4 Ω 5/3

)
+B

, (23)

where

A =
3√2q̃2S2

2Ω
5/3 +16×22/3

πS2
2S5/3

4 T4 +8S2
2S4/3

4
3√

Ω ,

B =
3√2q̃2S8/3

4 Ω
5/3 +16×22/3

πS7/3
2 S2

4T2−8S2
2S2

4
3√

Ω +16×22/3
πS5/3

2 S8/3
4 T2. (24)

P

V

 



Fig. 3. The isotherms and rectangular heat engine cycle.

Considering the isotherm shown in Fig. 3, we can find
that T2 is the highest temperature (T2 = TH) and T4 is the low-
est temperature (T4 = TC). Note that when S4 → S2, the effi-
ciency (23) can be written as

ηC = 1− TC

TH
, (25)

which is the efficiency of the Carnot cycle. In other words,
when the entropy (volume) change is small enough (∆S =

S2− S1 = S3− S4), the rectangular cycle becomes the Carnot
cycle (As shown in Fig. 4).

    


.

.

.

.

.

S


η/η
c

η/η
c

η
/
η
c

Fig. 4. The vertical axis in the figure represents the ratio of the hyperbolic
black hole rectangular cycle efficiency η to the Carnot efficiency ηC, and
the horizontal axis is the entropy S4. The blue line represents the heat en-
gine efficiency of the four-dimensional hyperbolic black hole when q̃ = 1.
We set Ω = 1, T2 = 5, T4 = 1, and S2 = 8.

Furthermore, we can obtain the efficiencies of spherical
(k = 1) and flat (k = 0) case in the same way. The results
(as shown in Fig. 5(a)) show that the efficiency of hyperbolic
black holes are lower than the cases of k = 1 and k = 0. Note
that we restricted ourselves to the case q̃> 0, since when q̃= 0,
the black hole with k = 0,−1 is not physical. In addition, fig-
ure 5(b) shows the hyperbolic black hole effect with different
electric charges. The results show that less charge corresponds
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to higher efficiency in the case of q̃ > 0, because the charge
confines part of the energy.

    

S


    

S




.

.

.

.

.

η



.

.

.

.

.

η

k/

k/

k/↩

q/

q/

q/

∼

∼

∼

(a)

(b)

Fig. 5. (a) Black hole heat engine efficiency with different k, where we
choose q̃= 0.1. (b) The efficiency with different electric charges q̃= 1,5,10.

3. Benchmark cycle for hyperbolic charged
black hole

In fact, since the rectangles can be added, we can use
equation (6) as a basis to calculate any closed loop on the P–V

graph[8] (as shown in Fig. 6). Note that only the upper and
lower edges of the rectangle will generate heat flow.

In this section, we introduce a benchmark cycle,[25,26]

which could be parameterized as a circle. We cover a circle
with a center of (P0,V0) and radius R on N×N regular lattice
of squares, where N is an even number. QH is determined by
the sum of the mass differences at both ends of each “hot cell”
isobar. The cell refers to the small square in Fig. 6. Edge cells
are called hot cells if they have their upper edges open, and

cold cells if they have their lower edges open. QC is deter-
mined by “cold cell”.

η = 1− QC

QH
, QH = ∑

i-th hot cell

(
M(i)

2 −M(i)
1

)
,

QC = ∑
i-th cold cell

(
M(i)

3 −M(i)
4

)
. (26)

Fig. 6. Adding cycles that share an edge.

A more general expression of efficiency can be obtained
through the first law of thermodynamics. Consider for conve-
nience a circular benchmarking cycle defined parametrically
by the following expressions:

V (θ) =V0 +Rcosθ ,

P(θ) = P0−Rsinθ . (27)

The first law of thermodynamics in the canonical ensemble
can be expressed as

δQ = T dS = dM−V dP⇒ Q

= ∆M−
∫

V dP. (28)

The first law can help us to express the integral of QH and QC

in the process by the area of the circle and the difference in
mass (see Fig. 7). The area of the circle is divided into two
parts by Q1 and Q2, and two lines parallel to the V axis divide
the circle into three parts, A1, A2, and B (B = πR2−A1−A2).
Then we can get the QH and QC

[27]

QH = M1−M2−V0 (P1−P2)+
1
2

B+A1,

−QC = M2−M1 +V0 (P1−P2)+
1
2

B+A2. (29)

Efficiency can be expressed as

η =
πR2

M1−M2−V0R(sinθ2− sinθ1)+(R2/2) [θ1−θ2 + sin(θ1−θ2)cos(θ1−θ2)]
. (30)

In particular, when the specific heat capacity at constant

volume vanished (CV = 0), the above equation can be rewritten

as[19]

η =
πR2

πR2/2+∆M
, (31)

where ∆M is the enthalpy difference of two points at the left

and right ends of the circle

∆M = M (V0 +R,P0)−M (V0−R,P0) . (32)

Based on the thermodynamic quantities of the charged hyper-
bolic black hole, we have obtained the four-dimensional heat
engine efficiency by numerical simulation. We choose the cir-
cle whose origin is at (P0,V0) = (20,110) and the radius is
R = 10 (shown in Fig. 7(b)).

109501-4



Chin. Phys. B Vol. 30, No. 10 (2021) 109501

  

V






P

P

V

θ


θ


A


A


B

(a)

(b)

Fig. 7. (a) Example of covering a circle on 100 regular lattices of squares
(N = 10). The origin is at (P0,V0) = (20,110) and the radius is R = 10. The
red line represents the top edge of the hot cell, and the blue line represents
the bottom edge of the cold cell. As N increases, these lines converge to the
boundary of the circle. (b) A general benchmarking cycle, partitioned into
subregions.

      

N ↼↽

.

.

.

.

η

Fig. 8. The efficiency of benchmarking cycle as a function of regular lattice
of squares N. For N = 5× 104, η converge to 0.56704. Here the origin is
(P0,V0) = (20,110) and the radius is R = 10, we take q̃ = 0.5 and G = 1.

The efficiency of charged hyperbolic black holes (as
shown in Fig. 8) converges to 0.56704. In fact, we can also
rewrite temperature as a function of pressure and volume
T (P,V ), the efficiency of the Carnot cycle is ηC = 0.66677.
We can see that the efficiency of hyperbolic black holes η =

0.56704 is lower than the Carnot efficiency ηC = 0.66677.

4. Conclusion and discussion
We considered a four-dimensional charged hyperbolic

black hole as a working matter to establish a black hole holo-

graphic heat engine, and use the rectangular cycle to obtain the
heat engine efficiency. The efficiency is consistent with the re-
sults in the original literature.[8] Furthermore, we compared
the result with the Carnot efficiency and found that when the
change in entropy vanished, the charged hyperbolic black hole
heat engine becomes a reversible heat engine whose efficiency
is the Carnot efficiency. In addition, we also studied the effi-
ciency of the flat case and the spherical case. The results show
that the efficiency in the spherical case is higher than the flat
case and the hyperbolic case. We also found that less charge
corresponds to higher efficiency in the case of q̃ > 0. At last,
when calculating in benchmark scheme, we find that the effi-
ciency of charged hyperbolic black holes is always lower than
the Carnot efficiency.

Acknowledgement

We would like to thank Wen-He Cai for helpful discus-
sions.

References
[1] Kastor D, Ray S and Traschen J 2009 Classical and Quantum Gravity

26 195011
[2] Kastor D, Ray S and Traschen J 2010 Classical and Quantum Gravity

27 235014
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