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with periodic perturbation
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Rank-1 attractors play a vital role in biological systems and the circuit systems. In this paper, we consider a periodi-
cally kicked Chua model with two delays in a circuit system. We first analyze the local stability of the equilibria of the Chua
system and obtain the existence conditions of supercritical Hopf bifurcations. Then, we derive some explicit formulas about
Hopf bifurcation, which could help us find the form of Hopf bifurcation and the stability of bifurcating period solutions
through the Hassards method. Also, we show that rank-1 chaos occurs when the Chua model with two delays undergoes a
supercritical Hopf bifurcation and encounters a periodic kick, which shows the effect of two delays on the circuit system.
Finally, we illustrate the theoretical analysis by simulations and try to explain the mechanism of delay in our system.

Keywords: rank one chaos, periodically kicked Chua model, time delay

PACS: 02.30.—f, 02.30.Ks, 02.30.0z, 02.30.Sa

1. Introduction

Research of chaos is a challenge in theory of nonlin-
ear dynamical systems, especially, analyses of the global bi-
furcations and chaotic dynamics!'! and multi-pulse chaotic
dynamics.m Moreover, more complex chaos attractors, such
as hidden attractors, rank-1 attractors have been studied re-
cently. For example, a rapidly growing number of studies
have been published, in which hidden chaotic attractors are
shown in some systems, including a single equilibrium, >*!
stable equilibria,>®! as well as other systems.!-8! Wang and
Young!”! illustrated the existence of rank-1 attractors when
only one direction of instability and certain external force ex-
ist, and they obtained the dual property of occurring naturally
of a class of strange attractors.!'%) Then Chen and Han found
that a periodically kicked planar system with heteroclinic cy-

(11 Also, Yang et al. pro-

cle having rank-1 strange attractors.
posed the rank-1 chaotic theory to solve the chaotic behav-
ior of delayed systems, and they obtained some conditions for
rank-1 chaos in a periodically kicked system.!?!

The Chua model is a well-known model to investigate the
bifurcation and chaos, which has attracted more attention in
recent years.!'3] Tsafack and Kengne!'>! pointed out that the
Chua model is more flexible to show the rich dynamics behav-
iors. Meanwhile, Ozkaynak!'®! developed a fractional-order
chaotic Chua model and proved that it is crucial for the prac-
tical application of fractional-order chaotic systems. Yu et
al.l"” considered some phenomena observed in a Chua sys-
tem with multiple delays.

Mathematical modeling is a vital tool to study dif-
ferent systems and is often used to explain some novel

phenomena.[!8-211 Meanwhile, the concept of rank-1 attrac-
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tors is used to illustrate some mechanisms and plays a vital
role in biological systems and circuit systems. However, the
Chua model with two delays has been seldom investigated in
theory. To show the effect of two delays and a periodic kick
on the Chua model, we consider a periodically kicked Chua
model with two delays in a circuit system. We first analyze
the local stability of the equilibria of the Chua system and
obtain the existence conditions of supercritical Hopf bifurca-
tions. Then, we derive some explicit formulas about Hopf bi-
furcation, which could help us find the form of Hopf bifurca-
tion and the stability of bifurcating period solutions through
the Hassards method. Also, we show that rank-1 chaos occurs
when the Chua model with two delays undergoes a supercrit-
ical Hopf bifurcation and encounters a periodic kick, which
shows the effect of two delays on the circuit system. Finally,
we illustrate the theoretical analysis by simulations and try to
explain the mechanism of delay in our system.

2. Analysis of Hopf bifurcation and rank-1
chaos in Chua model with two delays

In Ref. [20], Wang considered rank-1 chaos of the Chua
model as follows:
X = aly — (ex+dx®)] + ePpx,
y =X—-)y + <y
7= —by. €Y
To investigate the rank-1 attractor in the Chua system with

both delays and periodically kick, we add time delays 71, 7,
to Eq. (1), and obtain the following form:

i(t) = aly(t — 1) — (cx(r) +dx* (1)) + ePrx(2),

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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y(t) =x(t) =yt — ) +z(t — ),
(1) = —by(t —m), 2

where a, b, ¢, d, 11, T2 € R, and 71, T, > 0 are time delays for
y and z, respectively. The undisturbed system is

£(t) = aly(t — ) — (cx(r) +dx(1))],
y(t) =x(t) =yt — 1) +z(t — 1),
(t) = —by(t — 7). (3)

In this section, we consider system (3). It always has
equilibrium E (x},y7,z}), i =1,2,3, where

x; =0, yy =0, z7 =0,

X =4 = ¥ =0, 5 =—x;,

Let E* = (x*,y*,2") denote the arbitrary equilibrium, x(¢) =
x(t) —x*, 3(t) = y(t) —y*, Z2(t) = z(r) — z*, still written x(¢),
¥(1), z(¢) as x(t), y(¢), z(t), respectively, then the linearized
system at E* is

i=Au(t)+Biu(t — 7))+ Bou(t — 1), 4)
where u(t) = [x(t),y(t),z(¢)]T, and

—ac—3adx? 0 0

A= 1 00|,
0 00
0 a0 000
Bi=[0-10|, Bb=1]001
0-b0 000

Then we think about the following three kinds of circum-
stances.

L E* =ET.

The characteristic equation of (4) is

A3+ (g —DA?+ (A + (o —b)A) e ™
+(bA+03)e HmHR) — 5)

where @y =ac+1, op =ac—a+b, oz = abc. In order to study

the distribution of roots of the transcendental Eq. (5), we need

to use the Corollary 2.4 of Ruan and Wei.?*! As Eq. (4) has

two time delays 7; and 7,, we consider the following six cases.
Case 1: 71 = 7, =0, Eq. (5) becomes

(A=A +aA?+mA +az =0. (6)

The Routh—Hurwitz criterion implies if

(Hy) a; >0, 03 >0,and a;(0p —b)+b>0.

Then all roots of Eq. (5) have negative real parts. Namely,
the equilibrium point E is locally asymptotically stable when
the condition (H) is satisfied.

Case 2: 71 > 0,75 =0, Eq. (5) becomes
A4 (o — DA+ A2+ A +o3)e*7 =0. @)

Suppose that i (e; > 0) is a root of Eq. (7) in the imagi-
nary axis. Substituting it to Eq. (7) and separating the real and
imaginary parts, we have

(05X 0} COS((Dl‘L'l) — (OC3 — (1)12) sin(a)1 T]) = (D%

)

o sin(0;71) 4 (03 — ) cos(w71) = (g — 1) @?, (8)
which is equivalent to
0f +e110] +ep0? +e13=0. &)
Let 71 = @?, then Eq. (9) becomes
G(z1) £z} +enz +enz +ei3 =0, (10)

where e = 0612 —2062,612 =203 — OC227613 = —0632.

Since G(0) = — 0 < 0, G(+o0) = +o0, we can obtain that
Eq. (10) has at least one positive root since ej3 < 0.

We assume that Eq. (10) has three positive roots, 711, 212,

z13, and @11 = \/Z11, W12 = \/Z12, W13 = \/Z13.
According to Eq. (8), we have

5 3
o7+ (e — o — 03) 07

4 2 ) 2
o+ (a5 —203) 0, + 04

rl(i) = —{ arcsin
W1k

+2j7t},

where k=1,2,3and j=0,1,..., then +iwy; is a pair of imag-
inary roots of Eq. (7) with 71(i>~ Define

Tio = Tl(;?()) = kg}%%{ﬁ?h ®10 = Oy, -
According to the lemma in Ref. [23], we can investigate the
distribution of the roots of Eq. (7). Since e;3 < 0, for the poly-
nomial Eq. (7), we can obtain that all roots with positive real
parts of Eq. (7) have the same sum to those of the polynomial
Eq. (6) for 71 € [0, ”L']()).

Let A(71) = a(t1) £ i (71) be the root of Eq. (7) near
=1 (k=1,2,3) satisfying a(7}?) = 0,0 (1{")) =
(k=1,2,3; j=0,1,2,...). For the transversality condition,
we have the following lemma.

Lemma 1 Suppose that zj; = a)lzk and /' (z1x) # 0, then
ReA (/) " o
— 7= has the same sign with /' (z1x).

Proof Substituting A(7;) into Eq. (7) and taking the

derivative with respect to 7|, we obtain

{312 +2(a — DA+ e 2T (24 + o)

—Te MM AT+ oA + %)}dl
d"L']

= Ae M2+ A+ o).

Therefore,

dA]TN (BA2+2(a —1A)ern
dt; o l(l2+(x2)L+a3)
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24+ 0 an
AA2+ompA+az) A
which leads to
[(312 +2A (0 — 1))&”1] ’
T="Tk
= —[2w1k(a1 - 1) Sin((x)lkl’](]jc)) +30)12kCOS(a)1kT1<£))]
+il2@u (0 — 1) cos(ot]) — 30 sin(y )],
[)u()uz + Otz}l =+ Ot3ﬂ e
T1="Ty
= focza)lszri(ocgwlk—wfk). (12)

According to Egs. (10)—(12), we have

),

()
‘L'1:‘L'1k

= Re

AA2+ oA + o) )
=Tk

(322 +2(ay — 1)/1)&11]

24+ 00 :|
AR +od+05) |4

+Re{

- Ai{ [Baaod +2(01 — 1) (a5 — 0F)] @ cos(wy )
+ 21 — 1) =3(a — 7)) ] 0
x sin(@y ) + 0% (205 — 207 — o)}
= {300 +2(a 200)0} + (205 - o) 0})
(322 +2en1z +e12) -

A (J)

T= Tk

_uh (%)
==

where A = (0} ) + (o — ©;,)* > 0. Therefore,

)
dt

According to the above derivation, we can obtain the fol-

has the same sign with 4’ (z;).

lowing theorems.

Theorem 1 Suppose that (H;) holds,

(i) when 71 € [0,710), then E} of system (3) is locally
asymptotically stable,

(ii) when 71 > 710, E| of system (3) is unstable,

(iii) when 7] = 719, the system (3) exhibits Hopf bifurca-
tion.

Case3 170 >0, 7 =0.

The calculation is similar to case 2, so we have

Theorem 2 Suppose that (H;) holds,

(i) when 7, € [0,72), then E} of system (3) is locally
asymptotically stable,

(ii) when 7, > 70, E| of system (3) is unstable,

(iii) when 7 = 79, the system (3) exhibits Hopf bifur-
cation, where g is the minimum critical value of 7, for the
occurrence of Hopf bifurcation when 7; = 0.

Cased 71 =17, #0.

Theorem 3 Suppose that (H;) holds,

(i) when 71 € [0,730), E} of system (3) is locally asymp-
totically stable,

(ii) when 71 > T30, E} of system (3) is unstable,

(iii) when 7| = 7130, the system (3) exhibits Hopf bifurca-
tion.

Case5 71 > O,Tz € [0,1’20) and 17| 75 T.

We consider Eq. (5) with 7, € [0, T2), and 7 is regarded
as the parameter. Let ios(@s > 0) be the root of Eq. (5), then
we can obtain

Eijcos(wsti) + Eppsin(wsty) = E13,

Eyysin(wsT)) — Ejpcos(wsTy) = Ela, (13)

where

Ej=(a—b)ws+ bwscos(wsTr) — a3 sin(@s T2 ),
Epp = ()l)s2 —bws Sin((i)sfz) — 03 COS((D5T2),

E13 = (1)537

E14 = (061 — 1)6052.

From Eq. (13), we can reach

(1)56—|-6210)§+€22(D§+623 + (6240)53 +e25a)5)sin(a)512)

+6‘26(1)52 COS(CL)5T2) =0, (14)

where er; = 0612 —20q, expn = —(062 —b)2 — bz, €3 = —0632,
x4 = 2b, ey5 = 2063(062 — b), e =203 — 2b((X2 — b).

Now we make the following assumption and get the main
conclusions.

(Hz): Eq. (14) has at least finite positive root.

Suppose that (H3) holds, we denote the positive roots of
Eq. (14) as ws; (k=1,2,3,4,5,6). For every sy, the corre-
sponding critical value of ‘L'S%) (j=1,2,3)is

() _ Er1Exs — Exnkoy
T = ———4 arccos ————————
sk E3 +Ey
k= 1a273;43576; ]:0,1,2

+27rj}7

Let 750 = TS(](:()) =, ql%n 6{1'5(2>}, w50 = Wsy, denotes the root of

Eq. (14) with 75.

Then we differentiate two sides of Eq. (5) with respect to
71 to verify the transversality condition. Taking the derivative
of A of 71 in Eq. (5) and substituting A = i®sg, we have

dry

[ da } 132 1 2(a — 1A+ 24 + (0 —b)| e AT 4+ be AMER) (1 (A2 4 (aa—b)A) e FT + (11 +T2) (BA + az) e AT R)]
B A3+ (. —b)A%|e AT + (bA? 4+ A ) e A m+7) ’
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which leads to

Re <M>l —Re<A+Bi> =
A7) jcing C+Di)

where

AC+BD
C2+D?’

A = 2ms508in 0s0Tso + (0 — b) cos Ws( Tso
+bcos wsp(Ts50 + T2)
— [50(— % cos s Tso + (0t — b) @30 sin W50 T50)
+(T50 + T2) (bso sin wso(Ts0 + T2)
+053008 Wso(Tso + T2))] — 303,
B = 2wm50cos w50 Ts0
—(0n —b) sin w5 Tso — bsin Wso(Tso + 72)
— [0 (@3 sin s Tso + (02 — b) Ws0 cOS Ws0Ts0)
+(T50 + 72) (bWso cos Wso (Tso + T2)
—03 sin wso(Ts0 + 72))] +2(0q — 1) wso,
C = —wiysinwsgTso — (@ — b) 02, cos s Tso
406350 5in W50 T50 + T2) — b3 cos Wso(Ts0 + T),
D = —a)530 cos WsoTs0 + (0 — b) a)520 sin s Ts0

+ 0350 cos Wsp(Tsp + T2) + b60520 sin s (750 + 12)-

Therefore, if the following condition holds

(H3) AC+BD # 0,
Re)k

then, we have { } A—iwg, 7 0, and

Theorem 4 For system (3), 11 >0, 1 € [0,72) and
T) # Tp. Suppose that the conditions (H) and (H3) hold, then

(i) when 7; € [0,750), E; of system (3) is locally asymp-
totically stable,

(i) when 7| > 750, E| of system (3) is unstable,

(iii) when 7] = 750, the system (3) exhibits Hopf bifurca-
tion.

Case6 1, >0,7 € [O,T]()) and T; 75 T.

We consider Eq. (5) with 71 € [0,7)9), and take 7, as the
parameter. The calculation is similar to case 5, so we can get
the following results.

Theorem 5 For system (3), o > 0, 71 € [0,7109) and
T £ 1.

(i) when 1, € [0,760), E; of system (3) is locally asymp-
totically stable,

(ii) when 7, > 760, £} of system (3) is unstable,

(iii) when 7 = Tgp, the system (3) exhibits Hopf bifur-
cation, where Tg( is the minimum critical value of 7, for the
occurrence of Hopf bifurcation when 7; € [0, 7).

IL E* = EJ, or E3.

When E* = E3, or E3, the coefficients of Eq. (5) are
o =1-—2ac, op = a, Bl
dition (H;), Eq. (5) has at least one positive real root, so E;

—2ac — = —2ac. Under the con-

and E7 are unstable equilibria.

3. Hopf bifurcation and rank-1 chaos of the de-
layed system

According to the above analysis, system (3) undergoes
Hopf bifurcation for different 7y, 7,. Now, we apply Hassard’s
method,?*! to study Hopf bifurcation of system (3) with re-
spect to €Prx(t), 71, T € [0,T20). Then we apply the rank-1
chaos theory to the delayed system,['?! to research the Chua
model (3) with two delays and periodically kick €Pr. Let 1) =
Ts0+ U, U € Rt = 5T, x(s71) = X(s5),y(s71) = $(5),2(s71) =
2(s), denote x = £,y = §,z = Z and ¢ = s, then system (3) with
€Prx(t) (i.e., Eq. (2)) can be written as a functional differential
equation (FDE) in C = C([-1,0],R?):

u(t) = Lyu; + fu(ur) + €Pr @ (uy ), (15)

where u(t) = (x(¢),y(t),z(t))T € C, and u,(8) = u(t +6) =
(x(t+6),y(t+0),z(t+6))T€eCand L, :C— R}, F:RxC—
R? are given by

$1(0) o1(—22)
Lu¢ = (t50+1)A | ¢2(0) | + (T50+ 1)Bi ¢2(_§20)
$3(0) ¢3(—22)
o1(—1)
+(ts0+u)B2 | 92(—1) |,
d3(—1)

fu(9) = (ts0+1)(—ad9;’(0),0,0)

where A, By, B, are as in Eq. (4), and by the Riesz repre-
sentation theorem, there is a 3 x 3 matrix function (0, i) of
bounded variation for 6 € [—1,0], such that L, ¢ as the form

0
L= [ dn(e.m)¢(0), for g eC.
In fact, we can choose

(tso+u)(A+B1+B2), 6=0,

) (ws0+1)(B1 +B2), 0 € [—2,0),
n{6.m)= (Ts0+1)B> 0e(-1,—2),
07 6 = —1
Then write Eq. (2) as
ut :A(lu“)uf+Rut7
where
Ao — | i 6 c[-1,0).
me=19 o
Jordn(s,u)e(s),  6=0,
and
R¢ = 6 €[-1,0),
fu(¢)+8PT¢’(¢), 6=0.

For ¢ € C([—1,0],(R*)*), where (R®)* is the 3-dimensional
space of row vectors, and A* is adjoint operator of A(0):

() - IE‘)7 SE(O,IL
A (ps == h
f—l ] (":))‘( 1)7 S C

020201-4
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For ¢ € C([~1,0],R*), ¢ € C([—1,0],(R*)*), and the bilinear ~ where 17(8) =1(8,0),A = A(0) and A* are adjoint operators.

form We have +is(Tsg that are eigenvalues of A(0) and A*.
(9(s), $(s)) Assume that g(0) is the eigenvector of A(0) correspond-
0 6 ing to ims0Ts0, then A(0)g(0) = iwsoT504(0). According to
= 0(0)9(0)~ /_1 /5:0 (5 —6)dn(6)¢(£)dE, the definition of A(0), we can reach
|

iosg +ac+3adx*>  —ae 195070 0 0

~1 iws)+ e 1@0%0 e~ 1%0% | g(8)= | 0

0 e~ 105050 w5 0

Thus, we have ¢(0) = (1,a,B)Te®0%00  where

o e 19070 (i ws) + ac + 3adx*?) B b(iwso + ac + 3adx**)

a —iaws

Similarly, we have g*(s) = D(1,a*, B*)e!®0%0% that is the eigenvector to the eigenvalue —iwsoTso of A*, which is the
adjoint operator of A(0), where

e 19507 (15 +ac + 3adx*2)

a* = iwsy+ ac + 3adx*?, B = :
1050

Therefore, we have

_ 0 r6 _ - . .
(6" (0). a(0)) = D1 B)LaB) = [ [ D16 et Oomdn (o)1, p)T S g

D(1 +ao*+Bp* — /_01 (1,a*,B*)0e'%®0%0dn(6)(1,a,B)T)

D(1+aa* + BB* +aatspe P00 4 q*(Brye 1907 — qrrsge T O0T0) 4 haf*Tspe " P0%0).

Then we can choose D as

1
Re(D~1) +ilm(D-1)’

D = [1+ad* +ﬁﬁ_* +aa7506—iwsofsoer*(ﬁfze—iwsofz,aTSOe—iCOsoTso)eraﬁ_*fsoe—iwsofso]—l =

where
a1 2y, lo? blo[? : :
RC(D ) =14+ Tso(ac‘ + 3adx ) +— (COS W50T50 — ’1'50) + — —— COS W50 T2 — T50 SIN W50 T2 + Tr SIN W50 T2 |
a asg 50
. ot ‘2 ) b|Ot* ‘2 )
Im(D ) = T50050 + SIn W50 T50 + o — (1)7 SN W50 Ty + T50 COS W50 T2 + T2 COS W50 T2 |,
amso 50

such that < g*(s), ¢(0) >= 1, < ¢*(s), g(6) >=0.
Then we have the coordinates to describe the center manifold Cy at T = 5.
Notice that u,;(8) = (x,(8), :(0), z:(0))T = zq(8) +z3(6) + W (t,0), then we can obtain

x%(0) = z+z+W§3)(0)§ +w(0)2z+ WO(ZI)(O)é +W§(}>(0)§ +W2(ll)(0)% 4o

»(0) = za+za +W§§>(o)§ + W (0)2z+ W) (0)§ + Wy (0)§ +w (0)%_ +oee

2(0) = B+ZB+ w2<3><o>§ + W (0)z+ W) (og + W§§>(0)§ +W2<l3>(o)§ b
(1) = zem 0% g zeronto LWl ()T w0z 0T W DD e )T
=1 = Z“e’i“’s‘”““+Zde“‘"‘°f5°+Wz~(§)(—1>§+Wff)(—1)zz+w(§§>(—1)§+W;§>(—1>§+W;E>(_1)%+... ,
(1) = sBe i g B )T W -z () W (DS ) )T

020201-5
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T50 2

3 2=
(1) 7 >z 1, ™.\2Z
W' | = =2 ) =4+ W, (——) ==+
30 ( T50 6 21 ( TSO)

yt(_h> = zoe lﬂ>50T2+Zaelw50T2 +W (

3
2 T \Z 2 T \Z
(- 2) 5 (-2)5

zBe” 1w5072+zﬁelwsofz_|_w (_2>Z
Ts0 ) 2
3
3) T \z 3) T \2°Z
W —— |=—+W - =
Jr30( 1750>6+ 21( 1750>2+

Thus, from Eq. (15) we have

[Nl
7N
|

aQ
2o
~~
Il

—ad ¢} (0)
0
0

g(ZaZ) = q_*(O)fo(z,Z) = TSOD(lad*vﬁ_*)

= —ad¢; (0)750D.
We can obtain

g0=g81 =280 =0, gi=—6adts,D,

and

k(o) =%t )

5 HZZ*W7 B2 =2Re{k1(0)},

which determine the stability and bifurcation direction of pe-
riodic solutions at the critical value 7sg, i.e., [y determines
if Re{l/(l’so)} > 0,
W > 0 (resp. U < 0), then the Hopf bifurcation is super-
subcritical) and the periodic solution exist for

the directions of a Hopf bifurcation:

critical (resp.
T > Ts (T < Ts9). Here, B, determines the stability of the bi-
furcation periodic solutions: the bifurcating periodic solutions
are stable (unstable) if B, < 0 (B, > 0). We can also obtain
Re(k1(0)) and Im(k;(0)) as follows:

F(x,y) = Re{q*(0)P(2Re (x+iy)q(0))}

(x+iy)a+ (x—iy)a
T5()D(1,(X*,ﬁ*) 0
0

= Re{150D((x+iy)a+ (x —iy)&)}
= 2750(xRe(0t) — yIm(ax)) Re(D),

= Re

and

(2Rezg(0))}
—yIm(a)) Im(D).

¥ (x.y) = Im{g(0)

21750(XR€(O£)

Letx =cos 6,y =sin0, then

©(0) = cos 0¥ (§y) + sin G'Py(.f())

2
— 7o 10507 | 5oi®50T JrWz%) ( _ ‘L'2> < W

i
2t
Z ..

(STENE

T T
( Tz)zz+wo(§)<—2>

50 T50
( Q>z2+w<3><—b>zz

750 02 750/ 2

= 2150[Re(D)(cos O Re(a) —sin O Im(ax))cos 6
(D

+Im(D)((cos ORe(ct) —sin @ Im(a)))sin O].

According to Theorem 2,!'?! from Yang and Lin, if ¢(0) is
a Morse function and Re(k1(0)) < 0, then rank-1 chaos will

Im kl
Re ’ > K2

occur when |€ ‘

4. Numerical simulations

In this section, we consider the following particular ex-

ample of system (2):
(1) = 0.84[y(r — 1) — (x(r) = (1))] + €Pra(r),
y(t) =x(1) =yt — 1) +z(t — ), (16)
z2(t) = —1.95y(t — 7).

It is easy to see that (H; ) holds, for 7 >0, 7, =0, we have
wo ~ 1.3128, 719 ~ 0.485. By Theorem 1, we can obtain that
E* is asymptotically stable when 7; € [0, 1), when 7 passes
through 719, E* will lose its stability, and Hopf bifurcation oc-
—0.0457 +2.33341, 1p ~
—0.0914, so the bifurcation is supercritical and

curs. We can also obtain k;(0) ~
0.0431,5; ~
the stable periodic solution emerges from E*, see Figs. 1 and
2.

1.0
0.5

z1 (107%)
o
-5

—-0.5

—-1.0

0 5 10 15 0 5 10 15
t (103)

21 (10-4)
(==}
——
Z1 (10427)
o

0.5

0
Hor o 00/27\

0 5 10 15
t (10%)
Fig. 1. The trajectories and phase graphs of system (16) with € =0,
71 = 0.4, 7, = 0. E* becomes unstable, and a stable periodic solution
bifurcates from the equilibrium E*.
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o

0.4
0.5

0.2
5 0

—-0.2
—0.5

—0.4

0 5 10 15 0
t (10%)
1.0
1
0.5
g 0
& 0
-1
—0.5 0.5 0.5
v _05 05 °
—1.05 5 10 15 1
t (10%)

Fig. 2. The trajectories and phase graphs of system (16) with € =0,
71 = 0.485, 7 = 0. E* become unstable, and a stable periodic solution
bifurcates from the equilibrium E*.

10 1.0
—~ ~ 0.5
5 b
=~ = ()F
= 0 Z
8 ®_05
-5 —-1.0
0 5 10 15 0 5 10 15
t (103) t (10%)
2
2
(=]
e 1 T
I =] 0
S =
- ] _o
Q 1 1 5
Z 0 0
) ](10\10 -1 -5
0 5 10 15 y, x1 (1071)

£ (10%)

Fig. 3. The trajectories and phase graphs of system (16) with € = 0,
71 =0, 7, = 0.3. E* becomes unstable, and a stable periodic solution

bifurcates from the equilibrium E*.
0 5 10 15

t (10%)
2
g 0
—2
1 1
0 0
‘Z/I 1 1 €1
0 5 10 15
t (10%)
Fig. 4. The trajectories and phase graphs of system (16) with € =0,
71 =0, 7 = 0.36. E* becomes unstable, and a stable periodic solution
bifurcates from the equilibrium E*.

1.0 1.0

0.5 0.5
g 0 s 0
—-0.5 —-0.5

—~1.0 —1.0

0 5 10 15
t (10%)

Similarly, for 71 = 0,7, > 0, we have @yo ~ 1.1271, 70 =
0.3619, from Theorem 2, we can realize that E* is asymptoti-

cally stable when 7, € [0, T29). When 7, passes through 7y, E*
will lose its stability and Hopf bifurcation emerges, see Figs. 3
and 4. For 7; = 70 £ 73 # 0, we can obtain @3 ~ 1.6186 and
T30 &~ 1.8446.

For 71 > 0,7, = 0.33 € [0,Ty9), we have obtain sy =~
1.1554, 750 ~ 0.02. By Theorem 4, E* is asymptotically stable
when 11 € [0,759). When 7] > 750 the steady state becomes
unstable and the sustained oscillations occur. The bifurcation
diagram of the system (16) for x is shown in Fig. 5, where
the control parameter is time delay 7;. At low values of 7,
the system reaches a stable steady state. With the increase of
Ty, bifurcation occurs 7; > 0.02. We choose 71 = 0.02, after
the computation, we have k;(0) ~ —0.0249 — 0.0042i, up ~
0.0125, B, ~ —0.0498, we know that the bifurcation is super-
critical and the stable periodic solution emerges from E*, see
Figs. 6 and 7.

0.8 ]

0.4} ]

—0.4+t :

—0.8} E

0 0.04 0.08 0.12

Fig. 5. The bifurcation diagram of the system (16) for x.

10 1.0
— —~ 0.5
L0 1
z 2 0
g 0 =
0.5
-5 ~1.
0 5 10 5 0% 5 10 15
t (103) t (10°%)
1
5
0
= q
A
L 20
. —
~ Q
§ -1 =5 5
2
2 %1(1 0 2 -2 5)
— (IN —2 — —2
0 5 10 15 %) 21 (10
¢ (10%)

Fig. 6. The trajectories and phase graphs of system (16) with € =0,
71 = 0.011, 7o = 0.33. E* becomes unstable, and a stable periodic so-
lution bifurcates from the equilibrium E*.

For all 8 such that ¢'(0) = 0,¢"(0) # 0, we can real-
ize that @(0) is a Morse function (see Fig. 8), meanwhile,
E(0) =0.0249 > 0,| F(0)/E(0) |= 0.1686. Then we choose
T = 6897, which is quite “large” to afford us a long re-
laxation period between consecutive kicks of the external
force. In Figs. 9-11 we present a rank-1 attractor at (g,T) =

020201-7
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(0.73,6897),(0.73,7183),(0.93,7183) when 17, = 0.02,7, =
0.33. The results of our numerical simulations well confirm

the previous rank-1 theory.

1.0 1.0
0.5 0.5

§ 0 5 0
—05 ~05
—1% 5 10 T

0 5 10 15
t (109) t (10%)
2
2
1 —
) 0
& 0 -2
1
—1 1
& 0
) -1 T
0 5 10 15
t (10%)

Fig. 7. The trajectories and phase graphs of system (16) with € =0,
71 =0.02, 7, = 0.33. E* becomes unstable, and a stable periodic solu-
tion bifurcates from the equilibrium E*.
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Fig. 8. The graphs of ¢’(0) and ¢”(0).

1.0
0.5
0.5
0
8 0
—0.5
1.0
0 5 10 15
t (10%)
2
2
1
0
g0 "
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—2 v, 1=
0 5 10 15 ! Lo
t (109)

Fig. 9. The trajectories and phase graphs of system (16) with T = 6897,
£=0.73, 11 =0.02, 7, = 0.33. A rank-1 strange attractor occurs.

0.5

t (10°)

—
o

0 5 15

t (109)

Fig. 10. The trajectories and phase graphs of system (16) with 7 =
7183, =0.73, 11 =0.02, 7, = 0.33. A rank-1 strange attractor occurs.

1.0
0.5
g 0

—-0.5

—-1.0
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t (10%)

0 5 10 15
t (109)

Fig. 11. The trajectories and phase graphs of system (16) with 7 =
7183, =0.93, 11 =0.02, 7, = 0.33. A rank-1 strange attractor occurs.

5. Conclusion

In summary, we have studied two-delayed Chua models.
We first analyze the local stability of the system equilibria
and the existence of Hopf bifurcations, and obtain the con-
ditions that locally asymptotically stable, unstable, Hopf bi-
furcations occur on bases of 7; and 7. Then we obtain some
explicit formulas about Hopf bifurcation, find that i, deter-
mines the directions of Hopf bifurcation, and 3, determines
the stability of the bifurcation periodic solutions. Also, we
show that rank-1 chaos occurs when our Chua model with two
delays undergoes a supercritical Hopf bifurcation and encoun-
ters an external periodic force, namely, suppose that ¢(6) is a
Morse function and Re(k;(0)) < 0, rank-1 chaos occurs when
‘8% ‘ > K>. Finally, we illustrate the theoretical analysis
by numerical simulations. Our theoretical analysis is verified
by numerical simulations, which may be a novel phenomenon
to explain mechanisms of some circuits.
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