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By using quantum Monte Carlo based stochastic analytic continuation (QMC-SAC) and spin wave theory, we study
magnetic excitations of Heisenberg models with diagonally coupled checkerboard structures. We consider three kinds of
checkerboard models (DC 2 x 2, DC 3 x 3, and CDC 3 x 3) consisting nearest-neighbor strong J; and weak J, antiferro-
magnetic interactions. When the coupling ratio g = J,/J; approaches 1, all three diagonal checkerboards have the same
long-range antiferromagnetic Néel order at T = 0. When g decreases, the quantum fluctuation can drive DC 2 x 2 model
to quantum paramagnetic state, while DC 3 x 3 and CDC 3 x 3 models still have the long-range Néel order. By calculating
the magnetic excitations at different coupling ratios, we find that the low-energy part of magnetic excitations calculated by
QMC-SAC can be well explained by the spin wave theory. However, the high-energy parts even deep in the long-range an-
tiferromagnetic phase are beyond the spin wave description. Compared to the g = 1 uniform square lattice, the high-energy
excitations are more rich in our models. Our study may also draw the attention to the high-energy exctitaions beyond the

spin wave theory.

Keywords: magnetic excitation, Heisenberg model, quantum Monte Carlo, spin wave

PACS: 75.30.Ds, 75.40.Gb, 76.50.+g, 02.70.Uu

1. Introduction

The two-dimensional (2D) quantum magnetism is
particularly important duo to its relevance to cuprate

6-10]

superconductors,!!! iron-based superconductors,| and

[1-14] [t has become a cor-

many quantum magnetic materials.
nerstone of the quantum phase transion, novel spin excitations,
and other interesting phenomena. The spin-1/2 antiferromag-
netic (AFM) Heisenberg model on the square lattice plays an
important role in the 2D quantum magnetism.!'>-2% Tt has
been well studied that a long-range Néel order only exists at
zero temperature due to Mermin-Wagner theorem.!?!! Intro-
ducing some non-uniform or frustrated interactions may de-
stroy the long-range Néel order and drive the system into other

interesting phases such as valence bond solid (VBS),!?>%

spin liquid,2*23! spin glass,[20-27]

etc. Furthermore, higher-
order topological insulators (HOTIs) can also be realized in
the spatially non-uniform case.?8-30]

For the spin excitation of the square lattice Heisenberg
model, the spin wave theory can qualitatively well describe
the magnon dispersion. However, with the development of
experimental measurement techniques, a large momentum-
dependent continuum at (7,0) and an anomalous damping of
the spin waves at high energies were observed in the inelas-
tic neutron scattering (INS) experiment of La;CuQOy4.13%! In
addition, Cu(DCOOQ),-4D,0 (CFTD), a more ideal realiza-

DOI: 10.1088/1674-1056/ac1b94

tion of the 2D AFM quantum Heisenberg model, has also
showed similar exotic phenomena in its neutron scattering
measurements where a non-spin-wave excitation continuum
was revealed.[>3-33] The high-energy anomaly has prompted
speculations about fractionalized spin excitations. The contin-
uum at (7,0) is regarded as a signature of spatially extended
pairs of fractional S = 1/2 quasiparticles.[>! Theoretically, a
specific four-spin interaction Q (J—Q model) has been intro-
duced to study the problem of spinon excitation,*®! and a
frustrated Heisenberg model on square lattice was also used
to elaborate the deconfinement of spinons. !

Exotic magnetic excitations beyond spin wave theory
have been unveiled in more and more materials. The INS ex-
periment of a dimerized AFM chain material, copper nitrate
Cu(NO3),-2.5D;,0, has measured the one- and two-magnon
excitation spectra.38! Specifically, two-triplon scattering was
observed quantitatively for the first time in the scattering on
the ideal spin-ladder compound LasSr;pCus4041.13% In addi-
tion, the one-dimensional Heisenberg—Ising antiferromagnet
SrCo,V,0g in strong longitudinal magnetic fields was inves-
tigated to study the string states.!**! These discoveries have
deepened our understanding of magnetic excitation and its na-
ture laws, and inspired us to seek more details which may be
ignored in many previous coarse studies.

The checkerboard models (or plaquette models) em-
ployed here are ideal platforms to simutaneously study the
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high-energy mode and the low-energy spin wave mode. For
example, in one of our previous works, a 3 x 3 checker-
board model has been shown that the high-energy spin excita-
tions can be triplon-like excitation determined by the stronger
intra-sublattice interactions Ji, while the low-energy spin ex-
citation is still spin wave mode determined by the weaker

[41] such

42]

inter-sublattice interactions J5. In experiments,
checkerboard-like structure appears in BipSr,CaCuyOg 5t
and Ca;_,Na,CuO,Cl,.1*3 Several types of noncollinear and
modulated checkerboard models have also been constructed in
theoretical studies.[**! The ground state and excitation spectra
of orthogonal checkerboard models considering non-uniform
interactions J; and J; have been studied by QMC meth-

41431 and the magnetic excitation spectra exhibit

ods recently,!
novel features. The J;—J> model is also extended to the one-
dimensional case, where the system is equivalent to a quantum
spin-1/2 chain with Jeg = (4/9).J> in the low-energy contin-
uum, and the ground state is the Luttinger liquid state with
two-spinon continuum, while the high-energy excitations cor-
respond to the so-called doublons and quartons. [0}

However, the previous studies mainly focused on the or-
thogonal checkerboard models. If the spin blocks can be ar-
ranged along the diagonal direction, their ground states and
excitation spectra would be different. Experimentally, non-
orthogonally distributed 2 x 2 spin clusters have been found

(471 and the spin dy-

in iron-based material KFeygAg 2 Te,,
namics can be directly observed in INS experiments. On the
other hand, it is feasible to construct the expected periodic
checkerboard structure in the optical lattice through cold atom
experiment.[*8491 The diagonal checkerboard systems have
some unique properties. For example, since the spin clusters
are more sparse, the quantum phase transition (QPT) point g
would be much smaller theoretically, the local characteristics
of the high-energy excitations of the internal magnetic struc-
ture are supposed to be more obvious. It is worth exploring
the exotic magnetic excitation beyond the spin wave theory in
these models.

Furthermore, with the development of numerical calcu-
lation methods as well as the increased power of computing
resources, large-scale quantum Monte Carlo (QMC) simula-
tions combined with stochastic analytic continuation (SAC)
can provide results with unprecedented accuracy in the field of
computational quantum many-body physics.?%3! Compared
to other numerical methods, such as exact diagonalization
(ED),154 density-matrix renormalization-group (DMRG), !
matrix product state (MPS),°®) QMC-SAC method is not lim-
ited to small size systems and dimensions.3%>7-%% The cal-
culated dynamic spin structure factor S(g, ®) can be directly
compared with INS experiments. 3411
In this paper, we study one 2 x 2 and two types of 3 x 3 di-

agonally coupled (DC) checkerboard models, as illustrated in

Fig. 1. For convenience, we call them DC 2 x 2, DC 3 x 3, and
CDC (compact diagonally coupled) 3 x 3 respectively. Each
spin block connected by the thick red bonds J; is defined as
a sublattice, and the sublattices are connected by the thin blue
lines J>. For DC 2 x 2, a quantum phase transition (QPT) be-
tween Néel phase and quantum paramagnetic phase occurs.
The critical point belongs to O(3) universal class.*>! While
for the two 3 x 3 systems, no QPT can be observed according
to finite-size scaling analysis/*! because of an odd number of
spins within a sublattice. Spin clusters are weakly coupled in
DC 2 x 2 and DC 3 x 3, but closely coupled in CDC 3 x 3
where the sublattices share common spins. Nine spins in each
3 x 3 sublattice are supposed to renormalize to an effective 1/2
spin when the sublattices are isolated from each other. The
distributions of J; and J, bonds will change the unit cell and
magnetic Brillouin zone for these checkerboard models even
when they are in the long-range Néel order. We use QMC-
SAC to calculate the the dynamic spin structure factor S(q, ®)
and compare the results with the spin wave method. We ex-
pect to find exotic magnetic excitations beyond the spin wave
theory.

The rest of the paper is organized as follows. In Section 2,
we illustrate our model and the details of our methods. In Sec-
tion 3, we introduce the QMC-SAC calculation and LSWT
results for the three systems. The physical significance of spin
excitation spectrum is analyzed in detail. Finally, in Section 4,
we provide the conclusions.

J1

Ja

(a)

Ji 1

(b) (c)

Fig. 1. Structures of the diagonally coupled checkerboard lattices. (a) DC
2x2,(b) DC 3 x 3, (c) CDC 3 x 3 models. The intra-sublattice interaction
Ji and the inter-sublattice interaction J, are represented by thick red and thin
blue bonds, respectively.

2. Model and methods
2.1. Model

We consider the 2D spin-1/2 antiferromagnetic Heisen-
berg model on diagonally coupled checkerboard lattices with
strong and weak antiferromagnetic exchange interactions J;
and J», which correspond to the intra- and the inter-sublattice
nearest-neighbor interactions, respectively, shown as the thick
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red and thin blue bonds in Fig. 1. The Hamiltonian can be
written as

H:ZJijSi~Sj, (1)

(ij)

where the symbol S; represents the spin operator at the lattice
site i. J;; indicates the coupling between S; and S;, which
takes J; or J>. The summation notation denotes taking sum of
all pairs of nearest-neighbor lattice sites (ij).

In the following of this paper, we choose J; = 1 as the
energy unit and use g = J»/J; as a tuning parameter which
takes from O to 1. The diagonally coupled checkerboard lat-
tices will restore to a uniform Heisenberg model on square
lattice at g = 1. While the interactions between sublattices
disappear at g = 0, the spin sublattices are separated from the
spins fully connected by the blue bonds.

2.2. Numerical methods

In order to obtain the spin excitation spectrum, the
stochastic series expansion quantum Monte Carlo (SSE QMC)
method is used to calculate the imaginary-time correlation
function Gg(7) firstly,’%!l which describes the dynamic
spin—spin correlation of a given transferred momentum g,

Gq(1) = (524(1)54(0)), 2
1

where S§ = —= YN | Sfe~i" 4 is the Fourier transform of the
spin operator, and 7; is the position vector. The relation be-
tween dynamic spin structure factor S(g,®) and imaginary-

time correlation function G4(7) is

Gal(v) = | 7 S(g.0)K (1, 0)do, 3)

—o0

where the kernel K(7, @) is taken as %

perature 3 = 1/T, the dynamic spin structure factor satisfies

e '@ At inverse tem-

S(q,—m) = e P°S(q, ). By reducing the range of integra-
tion to (0,c0), we obtain
1 [t

Gq(7) = 7)o

S(g,0)e” "’do. 4)
For a set of imaginary times 7;, i = 1,...,N¢, the SSE
method applied here can offer us the stochastic approxima-
tion G; = G(t;) of the true correlation function G; = G(7;)
with unbiasedness, as well as the correlated statistical errors
of these data points. With the QMC data divided into N, bins
forb=1,2,---,Np, we have G; =Y, Gib/Nb, where Gf’ is the

bin average. The covariance matrix is given by
1 N

Y (G!~G) (G, —G)). (5)

Ci=—r——
! Nb(Nb_l)b:1

Carrying out the stochastic analytic continuation (SAC)
of Eq. (4) is the next step to gain the spectral function
S(q, w).13657-5

In our SAC method, the spectral function is typically
parameterized as the sum of a large number of & func-
tions and their positions on a dense grid of frequencies are

adjustable. 301 We sample an appropriate spectrum accord-
ing to the following probability distribution:

x>
P(S) o< — == 6
)= en(-%5), ©®
where S represents a sampled spectrum, © is called the sam-
pling temperature, and x? is the goodness of fit which denotes
the closeness to the corresponding QMC computed function.
The goodness of fit is written as

=YY (Gi-G)(G;-G)). @

The x? can verify the reliability of the results, and its min-
imum value is supposed to be found. As x> varies with ®
which acts as a regularization parameter in Eq. (6), we adjust
O until
<X2> ~ Xr%ﬁn + 2xr%11n‘ (8)

In this way, the best average spectrum S(q,®) is found and
overfitting of imaginary-time correlation function is avoided.

The downside of the method is that G4(7) obtained by
QMC is always accompanied by a certain statistical error, and
the information contained in the imaginary-time correlation is
limited which leads to a ill-posed problem. Therefore, in the
process of analytic continuation, we must adopt an appropriate
modulation mechanism to eliminate those solutions with high
noise. 0]

2.3. Linear spin wave theory

To compare with the results of numerical method, we ap-
ply a linear spin wave theory (LSWT)[%%-%4 to calculate the
spectra. For the sake of simplicity, we use an antiferromag-
netic ground state in the calculation of LSWT. LSWT applies
the Holstein—Primakoff (HP) transformation to bosonize the

Hamiltonian,
St ~V2Sa,  [SfRDbIVS,
" ~a V28, S; ~V2Sb;, )
4 T
S;=S—ala;, (S5=blb;—s,

where ai,a;}' b j,b;) are creation and annihilation operators of
the up (down) spins, respectively.

After taking a Fourier transform and a Bogoliubov trans-
formation, we diagonalize the Hamiltonian and obtain the one-
magnon dispersion. The dynamic structure factor is also cal-
culated by LSWT

§%%(q,0) = / &z

- (5%(1)S% 4 (0)) e'®". (10)

We sum up three components S**(q,®) (o¢ = x,y,z) as our
spectrum S(g, ®).

3. Results and analyze

By using QMC-SAC method mentioned in Subsec-
tion 2.2, we calculate the dynamic structure factor S(q, ®)
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along the path (0,0) — (0,7) — (7, 7) — (0,0) due to the
C4, symmetry. In our numerical calculation, periodic bound-
ary conditions are used in the L x L lattice, with L = 48. The
inverse temperature is set as 3 = L.

3.1. The 2 x 2 diagonally coupled checkerboard model

The DC 2 x 2 structure contains four spins in each sub-
lattice, see Fig. 1(a). The nearest sublattices are arranged in
a cross distribution. As expected, g = 1 means a uniform
AFM Heisenberg model which has a Néel ground state. As
g decreases, the DC 2 x 2 model undergoes a quantum phase
transition from long-range Néel order to a quantum paramag-
31.65-691 The quantum paramagnetic state is dom-
inated by a linear superposition of the plaquette singlets, and

netic state.[

the wave function for an isolated plaquette can be calculated
exactly.[*!l In addition, the quantum critical point is evaluated
to be gc =~ 0.098(5) by QMC calculation. Here we mention
that the g. of DC 2 x 2 is much smaller than the one of the
orthogonal 2 x 2 checkerboard lattice in our previous work,
where g. = 0.548524,1%1 which reflects the sparsity of the
2 x 2 spin clusters. In the following, we only show the case
of g > g. to sketch out the behavior of magnetic excitations
beyond the spin wave theory even when the system is in the
long-range Néel order.

The dynamic spin structure factors S(g, ®) of DC 2 x 2
model are presented in Figs. 2(a)-2(c). We take g as 0.1, 0.4,
and 0.7 to show the evolution of S(q,®). In the Néel order,
we always observe two gapless excitation modes at different
g based on the Goldstone theorem. For visibility, we set a
upper limit of the intensity. The gapless excitation at (7, )
has a divergent spectral weight.[’%) In contrary, the spectral
weight at (0,0) vanishes due to the conservation of total S%.

3.0
2.5
2.0
3 1.5
1.0

0.5
0 =
(0,0) (0,m)
3.0

e i
(0,0) (0,0)

(m,7)

q

(d)

2.5
2.0
3 1.5
1.0

0.5

0
(0,0)

e

(0,7) (0,0) (0,0)

(0,m)

(m,7)

q

(m,m)

q

When g — g., as shown in Fig. 2(a), there are two other gap-
less excitations at (0,7) and (7/2,7/2) which are due to the
effect of Brillouin zone folding. As the reciprocal lattice vec-
tors of the DC 2 x 2 system are (—7/2,7/2) and (7x,0), thus
the points at (0,7) and (7w/2,7/2) host a similar excitation
behavior with the ordering wave vector Q = (7, m). More
interestingly, from QMC-SAC, we can observe a continuous
high-energy branch above the low-energy one, and they are
almost separated from each other. This can be related to the
fractionalization of magnon, as the closer g is to g, the more
unstable magnon is. For simplicity, we use a classical picture
to understand the excitation in Fig. 2(a). Assume we flip one
spin in the DC 2 X 2 system, the energy of one magnon would
be J; +J, or 2J,. Thus the low-energy branch at (0, 7) point
with @ = 2J, results from the inter-sublattice interactions J.
While the high-energy branch with @ ~ J; +J; is due to the
internal excitation within a sublattice.

To give a better understanding of the low-energy spin
wave spectrum, we calculate the spin wave velocity for DC
2 x 2 model, which is written as

g(3+¢) AR
2(1+g) 7

Y

Vsw

where vap = 2v/2J; S is the velocity of the square lattice an-
tiferromagnet. The result of the spin wave velocity is shown
in Fig. 6 and will be discussed later. We also present the ex-
citation spectra of LSWT using SpinW program!’!! to do the
comparison. The results are given in Figs. 2(d)-2(f), where
g is taken as 0.1, 0.4, and 0.7, respectively. The thin colored
lines represent the dispersion relations and the color function
reveals the spectral weight. Meanwhile, the partial disper-
sion relations are extracted and superimposed on the QMC-
SAC results, shown as the white dash lines in Figs. 2(a)-2(c).

3.0
2.5
2.0
1.5
1.0
0.5

(0,00 (0,0)  (0,m)
3.0
2.5
2.0
1.5
1.0

0.5

0

(0,0)(0,0)  (0,m)  (m,m) (0,0)

q

Fig. 2. Dynamic spin structure factor S(q, ®) obtained from QMC-SAC calculations for DC 2 x 2 model with g equal to (a) 0.1, (b) 0.4, and (c) 0.7,
and (d)—(f) correspond to the LSWT results at the same g accordingly, while the white dash lines in (a)—(c) are the dispersion relations extracted

from LSWT results.
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From these results, we find that the LSWT gives consis-
tent spin wave velocities and excitation behaviors with those
of our QMC-SAC method at the gapless points, suggesting
that LSWT can describe the system effectively at low energy.
While for the high-energy part, LSWT provides flat dispersion
relations. Such optical flat bands from LSWT already imply
the localized properties of the high-energy excitations.

3.2. The 3 x 3 diagonally coupled checkerboard model

We then show the results of two types of 3 x 3 diago-
nally coupled checkerboard models. The first one is DC 3 x 3,
see Fig. 1(b). The nearest-neighbor sublattices are diagonally
arranged, and there are no sharing spins between them. Each
sublattice contains nine spins. The odd number of spins within
a sublattice makes it fail to form singlet pairs completely. Ac-
cording to our finite-size scaling analysis,*! there is no quan-
tum phase transition in this structure. The second one is the
CDC 3 x 3, as shown in Fig. 1(c). The sublattice of this model
also contains nine spins, but is more compacted than the DC
3 x 3 structure. And two sublattices are connected along the
diagonal direction by sharing a spin. Especially, there are a
few spins which are only surrounding by the weak interac-
tions J;. The QMC and LSWT results of these two models are
illustrated in Figs. 3 and 4, where g is taken as 0.1, 0.4, and
0.7 from left to right.

When g — 1, both of these two systems have obvious
characteristics of the excitation spectrum of the Néel phase.
The spectra are almost the same as those in DC 2 x 2 struc-
ture. The gapless excitations at (0,0) and (7, 7) are clearly
observed. We also see a relatively large energy continuum of
excitations at point (0,7) in both structures. For DC 3 x 3
structure [Figs. 3(a)-3(c)], it can be clearly seen that the

3.0
2.5
2.0
1.5
1.0

(0,m)

(m,m) (0,0) (0,0)  (0,m)
q q

(m,m)

range of the spectrum reduces with the decrease of g. While
for the CDC 3 x 3 structure in which sublattices share spins
[Figs. 4(a)-4(c)], as g decreases, the lower boundary becomes
lower while the upper boundary changes a little. Thus the
spectrum becomes more broad. The difference between the
two models comes from the stronger connection between sub-
lattices in the CDC 3 x 3.

In DC 3 x 3 structure, LSWT also fits well with the QMC
at low energy, however lots of dispersions in LSWT are in-
visible in the QMC spectra. Especially the broad contin-
uum cannot be reproduced, which means that LSWT is not
good enough to sketch a correct physical result at high energy
even in the ordered phase here. Comparing the QMC spec-
tra (Figs. 3(a)-3(c)) with LSWT ones (Figs. 3(d)-3(f)), as g
increases, LSWT becomes closer to QMC results. In addi-
tion, the branch at (0,7) point with @ ~ 2J, also originates
from the inter-sublattice interactions J,. The gapless excita-
tions at (w/3,7) and (27/3,27/3) can be understood by the
reciprocal lattice vectors (—x/3,7/3) and (27/3,0) with the
ordering wave vector Q = (7, 7).

In CDC 3 x 3 system, the intensity at (0, 7) point is much
weaker than that in the DC 3 x 3 model. We attribute this to
the relatively less inter-sublattice bonds here and the excita-
tion is mainly determined by intra-sublattice interactions J;. It
can be observed in Figs. 4(a)—4(c) that the highest energy re-
mains  ~ 2J1, indicating a smaller quantum fluctuation even
at g = 0.1 in this structure. It is more like a square lattice an-
tiferromagnet. Similar to the structure of DC 2 x 2, their unit
cells are in the same size, and the same gapless excitaions at
(0,m),(m,x), and (7/2,7/2) are also due to the effect of the
folded Brillouin zone. Again, the results of LSWT [Figs. 4(d)—
4(f)] do not agree well with QMC-SAC results at high energy.

3.0
2.5
2.0
1.5
1.0

0.5
0

(070) (050) (Oaﬂ—) (7r,7r)

q

Fig. 3. Dynamic spin structure factors S(q, @) obtained from QMC-SAC calculations for the DC 3 x 3 model with g equal to (a) 0.1, (b) 0.4, and
(c) 0.7, and (d)—(f) correspond to the LSWT results at the same g accordingly, while the white dash lines in (a)—(c) are the dispersion relations

extracted from LSWT results.
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Fig. 4. Dynamic spin structure factors (g, ®) obtained from QMC-SAC calculations for CDC 3 x 3 model with g equal to (a) 0.1, (b) 0.4, and
(c) 0.7, and (d)—(f) correspond to the LSWT results at the same g accordingly, while the white dash lines in (a)—(c) are the dispersion relations

extracted from LSWT results.

On account of that the liner spin wave theory is based on
the assumption of a specific magnetic order, it can describe
the Néel ground state well. Though the high-order correc-
tions can be applied to improve the LSWT results,[7>=731 it
is still not enough to give full consistency with experimen-
tal and numerical results at high-energy spectra. New exci-
tation pictures beyond spin wave theory, such as triplon, #!]
are supposed to account for the high-energy anomaly. To cap-
ture the main features of the two 3 x 3 patterns, we build a
“block spin” model with effective 1/2 spins, as illustrated in
Figs. 5(a) and 5(b). Each sublattice forms an effective 1/2
up spin (red arrow) at the center while the surrounding spins
connected by J, bonds form an effective 1/2 down spin (blue
arrow). Such block spin models form the square lattice Néel
order with effective antiferromagnetic interactions Jegr (Jéff).
For Fig. 5(a), the LSWT gives the one magnon dispersion
ho(q) = 4JeffS\/1 — 1 {cos (3gx) +cos (3¢,)]* with the spin
wave velocity vap at gapless points.

Figure 5(c) provides
the corresponding dispersion (white dash line) with Jei = 0.1
by SpinW program. For comparison, we extract the low-
energy spectrum at g = 0.1 of DC 3 x 3 from Fig. 3(a). We
find that the low-energy branch can be fitted well by LSWT
with the renormalized block model. Moreover, the effec-
tive block model gives the gapless excitations at (0,27/3),
(n/3,m), (2n/3,27/3), and (7/3,7/3), which are consistent
with QMC calculation. This behavior also exists in CDC 3 x 3
block model, see Fig. 5(d). However, as g increases, the spec-
tral weight at these gapless points vanishes in both of the QMC
and SpinW spectra. Thus, the models with smaller g are more
close to the block models.

=3

P
— sEEELS

an.

—

{
4
|

7
A
T
SR eR e e e
ceulia A

(a) (b)

0.5 3
0.4

2
303

0.2 )
0.1

0

0 I’ i j | i k oo
(0,0) (0,m) . (m,m) (0,0)(0,0)  (0,m) q(‘/r,ﬂ') (0,0)

(c) (d)

Fig. 5. Block spin models of the 3 x 3 systems: (a) DC 3 x 3, (b) CDC 3 x 3.
The low-energy spectra for g = 0.1 are extracted [(c) from Fig. 3 and (d)
from Fig. 4]. Dispersion relations with effective interaction Jegr (Jo) = 0.1
from LSWT are showed by the white dashed lines.

In Fig. 6 we report the parameter-dependent spin wave
velocity of the three models. The solid dots with error bars
are obtained from QMC data by two steps. Firstly we use a
Gaussian fitting of the QMC data to obtain the dispersion near
the I = (0,0) point. Then we do a linear fitting to the disper-
sion @ = ®(q) and get the slope as the velocity. We also give
the results from SpinW shown as the dashed lines. The solid
line comes from Eq. (11) of DC 2 x 2, and it coincides exactly
with the SpinW results. We find that the spin wave velocity
of LSWT fits relatively well with QMC at large g. But for
CDC 3 x 3 system, they separate obviously at small g. As g
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increases, the spin wave velocity increases and then converges
at g = 1 which can be understood by the fact that a larger J»
enhances the excitation energies.

1.0
0.8} 2
0.6 - e 1 .7
zy . y
< . .
> , .
> 4 e I DpC2x2 by QMC
0.4 R I DC 3x3 by QMC
. I cDc 3x3 by QMC
k3 /// —DC 2X2 by analysis
0.2} 5 == --DC 2X2 by SpinW
-~ ~-DC 3X3 by SpinW
== --CDC 3X3 by SpinW
0 . . . .
0 0.2 0.4 0.6 0.8 1.0
g

Fig. 6. The spin wave velocity of three systems with different g. Data points
with error bars are given by QMC caculation. The solid line is the for-
mula (11), while the dashed lines are the results of SpinW.

4. Conclusion

The spin excitation spectra of three diagonally coupled
checkerboard AFM Heisenberg models have been studied by
using QMC-SAC method and LSWT. We find that the DC
2 x 2 structure has a smaller quantum critical transition point
gc than the one of orthogonal 2 x 2 structure due to the spar-
sity of spin clusters. In addition to the low-energy spin wave
excitation, we observe the high-energy excitations which de-
viate from the spin wave theory. For DC 3 x 3 and CDC 3 x 3
models, there is no quantum phase transition since their sub-
lattices have odd number of spins. The two models always
have the Néel order at zero temperature if g # 0. When g is
small, the nine spins in each sublattice form an effective 1/2
spin, connected by the renormalized antiferromagnetic inter-
actions. And the high-energy excitations from QMC start to
deviate from the LSWT calcualtion, which is related to the
high-energy internal excitations of sublattices such as triplon,
etc. There are two energy scales in these models, which cor-
respond to the low-energy spin wave excitation determined by
J> and the high-energy internal excitations determined by J;.

The diagonally coupled checkerboard lattice and mag-
netic excitation dynamics discussed in this paper may be real-
ized in quantum magnetic materials and optical lattice exper-
iments. The study of their high-energy magnetic excitations
may also reveal novel physics beyond the spin wave theory.
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