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We use the ferromagnetic resonance (FMR) method to study the properties of ferromagnetic thin film, in which ex-
ternal stress anisotropy, fourfold anisotropy and uniaxial anisotropy are considered. The analytical expressions of FMR
frequency, linewidth and the imaginary part of magnetic susceptibility are obtained. Our results reveal that the FMR fre-
quency and the imaginary part of magnetic susceptibility are distinctly enhanced, and the frequency linewidth or field
linewidth are broadened due to a strong external stress anisotropy field. The hard-axis and easy-axis components of mag-
netization can be tuned significantly by controlling the intensity and direction of stress and the in-plane uniaxial anisotropy
field.

Keywords: ferromagnetic resonance, external stress anisotropy, fourfold anisotropy, uniaxial anisotropy
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1. Introduction
Recently, several methods have been used to research the

single, bilayers and multilayers of ferromagnetic film, such
as ferromagnetic resonance (FMR)[1–5] and Brillouin light
scattering.[6–8] Ferromagnetic resonance is a powerful tool for
quantitative determination of the properties of magnetic mate-
rials, such as magnetic anisotropies and relaxation,[9,10] mag-
netic coupling,[11,12] linewidth,[13–16] and others. However, in
these studies, most of the investigations only take into account
interlayer coupling and exchange bias.[17–23] Reports on the
theoretical analysis of stress anisotropy in ferromagnetic thin
film are scarcer. In fact, the controllable stress plays an im-
portant role in the FMR, which can change the properties of
magnetic materials.[24] To date, although there are a few re-
ports on stress,[25–29] the effects of the intensity and direc-
tion of external stress anisotropy on FMR are not yet thor-
oughly understood in a ferromagnetic thin film that includes
fourfold anisotropy and uniaxial anisotropy. The motivation
of the present work is to theoretically investigate the ferro-
magnetic resonance properties of ferromagnetic thin film with
an external stress anisotropy field in detail. Therefore, in this
paper, we report tuning of the FMR frequency, the linewidth
and the imaginary part of magnetic susceptibility by alternat-
ing the intensity and direction of the external stress anisotropy.
Also, the effect of the direction of in-plane uniaxial anisotropy
is discussed in this system. Our objective is to further under-
stand magnetic dynamic properties and show how to obtain
high and controllable FMR frequency.

2. Theoretical model and calculation procedure
For the quantitative analysis, we have employed a model

that takes into account fourfold anisotropy, uniaxial anisotropy
and external stress anisotropy. The film plane lies in the x–y
plane, while the z axis is normal to it, as shown in Fig. 1. The
polar and azimuthal angles of the applied magnetic field H in
the corresponding spherical coordinate system are θH and ϕH .
Similarly, the magnetization M and external stress anisotropy
field Hσ are θ and ϕ , θσ and ϕσ , respectively. Here, δ is the
angle between the in-plane uniaxial anisotropy and the x axis
positive direction. In this model, the free energy consists of
the following five terms: the Zeeman energy, the demagnetiz-
ing energy, the in-plane and out-of-plane uniaxial anisotropy
energy (with constants K2// and K2⊥), the fourfold in-plane
and out-of-plane anisotropy energy (with constants K4// and
K4⊥) and external stress anisotropy energy, so the total free
energy per unit area has the following form:

F = −MH[sinθ sinθH cos(ϕ−ϕH)+ cosθ cosθH ]

−2πM2 sin2
θ +K2// sin2

θ cos2(ϕ−δ ) +K2⊥ sin2
θ

−1
8

K4//(3+ cos4ϕ)sin4
θ − 1

2
K4⊥ cos4

θ

−3
2

λsσ(sinθσ cosϕσ sinθ cosϕ

+sinθσ sinϕσ sinθ sinϕ + cosθσ cosθ)2, (1)

where λs and σ are the magnetostriction coefficient and stress
intensity; for simplicity, we assume the magnetostriction of
the film is isotropic.
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Fig. 1. Sketch of the spherical coordinate system used to describe the ori-
entations of applied field H, magnetization M and external stress anisotropy
field Hσ in the ferromagnetic resonance analysis.

The equilibrium position of magnetization is provided by
∂F/∂θ = 0 and ∂F/∂ϕ = 0. It is observed that the magneti-
zation lying in the plane, θ = θH = θσ = π/2, is a solution of
the equilibrium equation. Thus, the azimuthal angle of mag-
netization can be determined by the following equation:

H sin(ϕ−ϕH)−
1
2

H2n sin2(ϕ−δ )

+
1
4

H4n sin4ϕ +
3
4

Hσ sin2(ϕ−ϕσ ) = 0, (2)

where H2n = 2K2///M, H4n = 2K4///M, and Hσ = 2λsσ/M
are defined as the in-plane uniaxial anisotropy field, fourfold
in-plane anisotropy field and external stress anisotropy field,
respectively. Then, the FMR frequency can be derived using
the Smit and Beljers relation[30](

ω

γ

)2

= [H cos(ϕ−ϕH)+4πMeff−H2n cos2(ϕ−δ )

+
1
4

H4n(3+ cos4ϕ)+
3
2

Hσ cos2(ϕ−ϕσ )]

×[H cos(ϕ−ϕH)−H2n cos2(ϕ−δ )

+H4n cos4ϕ +
3
2

Hσ cos2(ϕ−ϕσ )], (3)

where ω is the angular frequency of the microwave field,
4πMeff = 4πM−H2w is the effective magnetization, H2w =

2K2⊥/M is the out-of-plane uniaxial anisotropy field and γ is
the magnetogyric ratio. Also, Eq. (3) results in

Hres =
−(H1 +H2)+

√
(H1−H2)2 +4(ω/γ)2

2cos(ϕ−ϕH)
, (4)

where

H1 = 4πMeff−H2n cos2(ϕ−δ )+
1
4

H4n(3+ cos4ϕ)

+
3
2

Hσ cos2(ϕ−ϕσ ), (5)

H2 = −H2n cos2(ϕ−δ )+H4n cos4ϕ

+
3
2

Hσ cos2(ϕ−ϕσ ). (6)

The linewidth of FMR contains some significant informa-
tion for the ferromagnetic resonance modes, so the frequency

linewidth ∆ω and field linewidth ∆H are shown as follows by
using the general formula:[17,31]

∆ω = αγ[2H cos(ϕ−ϕH)+H1 +H2], (7)

∆H =
2ωα [2H cos(ϕ−ϕH)+H1 +H2]

cos(ϕ−ϕH)
√

4ω2 + γ2(H1−H2)2
. (8)

Here, α is the Gilbert damping coefficient.
As is well known, the experimentally measured absorp-

tion part of FMR is related to the imaginary part of magnetic
susceptibility.[32] The dynamic susceptibility can be calculated
using the following equation:[17]

χ =
γ2 (Fθθ + iωMα/γ)

(ω2
r −ω2)+ iω∆ω

. (9)

At resonant frequency ωr = ω , and writing χ as χ = χ ′− iχ ′′,
one will get the imaginary part of the dynamic susceptibility

χ
′′ =

γ2Fθθ

ω∆ω
=

γM
ωα

[
H cos(ϕ−ϕH)+H1

2H cos(ϕ−ϕH)+H1 +H2

]
, (10)

which expresses the amplitude of the absorption peak.

2.1. Results and discussion

For comparison with Ref. [33], the corresponding nu-
merical calculation parameters are chosen as follows: H2n =

−0.14 kOe, H2w = 3.3 kOe, H4n = 0.6 kOe, M = 1.7 kG,
γ/2π = 2.92 GHz/kOe, α = 0.02. Here, the in-plane uni-
axial anisotropy field is along the x axis negative direction.
The FMR frequency, frequency linewidth, field linewidth and
imaginary part of magnetic susceptibility as a function of the
applied magnetic field for different intensities of the external
stress anisotropy field are shown in Fig. 2. For simplicity, the
directions of the external stress anisotropy field and applied
magnetic field are set in a fixed direction (ϕσ = ϕH = 0◦). It
can be seen that the FMR frequency, frequency linewidth and
field linewidth are shifted to a higher value when the intensity
of the external stress anisotropy field increases [Figs. 2(a)–
2(c)]. Moreover, it is observed that there is a critical field H ′.
According to the energy minimization procedure, ∂ 2F/∂θ 2 >

0 and ∂ 2F/∂ϕ2 > 0, we obtain H ′ =−H2n +H4n +(3/2)Hσ ,
which is very sensitive to the in-plane uniaxial anisotropy
field, fourfold in-plane anisotropy field and external stress
anisotropy field. When H < H ′ (ϕ = π), the FMR frequency,
frequency linewidth and field linewidth decrease with the in-
crease in the applied magnetic field for different intensities of
the external stress anisotropy field. However, the opposite be-
havior is seen for H > H ′ (ϕ = 0). It indicates that the di-
rection of magnetization rotates from antiparallel to parallel at
the critical field. When the external stress anisotropy field is
above 1.0 kOe, the critical field will continue to move to the
right side, and similar behavior is observed; we therefore have
not shown it here. This is different from previously reported
results without an external stress anisotropy field.[33] On the
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other hand, one observes that the frequency linewidth presents
linear behavior in the weak magnetic field region (H < H ′)
[Fig. 2(b)], which is different from Fig. 2(a). Besides, as seen
in Fig. 2(d), as the applied magnetic field increases, the imag-
inary part of the magnetic susceptibility shows a maximum
at the critical field. Nevertheless, when the applied magnetic
field exceeds the critical field, the imaginary part of the mag-
netic susceptibility is exhibited weakly depending on the ex-
ternal stress anisotropy field strength. This is because the in-
plane uniaxial, the fourfold in-plane and the external stress
anisotropy fields have much smaller values compared to H

when H > H ′, indicating that the imaginary part of the mag-
netic susceptibility is dominated by the applied magnetic field.

To compare with the no-external stress anisotropy field,
the left panel of Fig. 3 only illustrates how the direction of the
applied magnetic field affects the FMR frequency f [Fig. 3(a)],
magnetic free-energy density F [Fig. 3(b)] and imaginary part
of magnetic susceptibility χ ′′ [Fig. 3(c)]. Here, the intensity of
the applied magnetic field is fixed at 3.0 kOe, and the effective
magnetization is 18.2 kG in the numerical calculation.[33] The
other parameters are the same as in Fig. 2. It is found that the
curves are symmetric with respect to the 〈010〉 direction.
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Fig. 2. Applied magnetic field dependence of (a) FMR frequency, (b) frequency linewidth, (c) field linewidth, and (d) imaginary part of magnetic suscepti-
bility for different intensities of external stress anisotropy field.

The middle panel and right panel of Fig. 3 show the an-
gular dependence of the FMR frequency with different direc-
tions of the external stress anisotropy field. The intensity of
the external stress anisotropy field is fixed at Hσ = 0.2 kOe
(middle panel) and Hσ = 1.0 kOe (right panel), respectively.
As seen in Figs. 3(d), (f), and 3(h), the curves are symmet-
ric about the ϕH = 90

◦
for ϕσ = 0◦, 90◦, 180◦. Moreover, two

valleys are observed. This indicates that it is hard to magnetize
along these two directions. Furthermore, the FMR frequency
curves are the same when the external stress anisotropy field
is parallel (ϕσ = 0◦) or antiparallel (ϕσ = 180◦) to the positive
direction of the x axis. However, for ϕσ = 45◦ and ϕσ = 135◦

[Figs. 3(e) and 3(g)], the symmetry is obviously broken. It
clearly indicates that the direction of hard magnetization is
changed.

To further reveal the effect of the external stress
anisotropy field with regard to FMR frequency, the inten-
sity of the external stress anisotropy field is increased up to

1.0 kOe. As shown in the right panel of Fig. 3, the FMR fre-
quencies of the system are maximal and the same at ϕH = 0◦

and ϕH = 180◦, except for ϕσ = 90◦. This shows that it is
easy to magnetize along these two directions. When we com-
pare the middle panel with the right panel, as we increase the
intensity of the external stress anisotropy field, the double val-
leys are not significant for the directions of the external stress
anisotropy field along 〈100〉, 〈010〉 and 〈1̄00〉. Outside of
these directions, at ϕσ = 45◦ and ϕσ = 135◦, only one valley
can be found in the full range of the angle ϕH in the in-plane
configuration. For the ϕσ = 90◦ direction, the easy magneti-
zation direction is along ϕH = 90◦. These results demonstrate
that the hard and the easy magnetization directions can be con-
trolled by tuning the external stress anisotropy field.

Next, to further investigate the effect of the direction of
the in-plane uniaxial anisotropy field on the properties of thin
film, we plot the FMR frequency (Fig. 4) and imaginary part
of magnetic susceptibility (Fig. 5) as a function of the direction

017601-3



Chin. Phys. B 31, 017601 (2022)

0 60 120 180
20
21
22
23
24
25
26
27

0 60 120 180
-20.85

-20.80

-20.75

-20.70

-20.65

-20.60

0 60 120 180
8

9

10

11

19.2

24.0

28.8

19.2

24.0

28.8

19.2

24.0

28.8

19.2

24.0

28.8

0 60 120 180

19.2

24.0

28.8

10.4

20.8

31.2

10.4

20.8

31.2

10.4

20.8

31.2

10.4

20.8

31.2

0 60 120 180
10.4

20.8

31.2

Stress anisotropy field Hσ=1.0 kOe Stress anisotropy field Hσ=0.2 kOe 
f
 (

G
H

z
)

Angle ϕH (O) 

Angle ϕH (O) 

Angle ϕH (O) 

Angle ϕH (O) Angle ϕH (O) 

(a)

(b)

(c)

(d)

(e)

(f)

F
re

q
u
e
n
c
y
 (

G
H

z
)

(g)

(h)

(i)

(k)

(j)

F
re

q
u
e
n
c
y
 (

G
H

z
)

(l)

(m)

Hσ=0 kOe ϕσ=0O

Hσ=0 kOe

Hσ=0 kOeF
 (

e
rg

/
c
m

3
)

χ
″ 

(a
rb

. 
u
n
it
s)

ϕσ=45O

ϕσ=90O

ϕσ=135O

ϕσ=180O

ϕσ=0O

ϕσ=45O

ϕσ=90O

ϕσ=135O

ϕσ=180O

Fig. 3. Direction of the applied magnetic field dependence of FMR frequency, magnetic free-energy density and imaginary part of magnetic susceptibility
in the absence of external stress anisotropy field (left panel). FMR frequency dependent on the direction of applied magnetic field with different directions
of external stress anisotropy field: Hσ = 0.2 kOe (middle panel) and Hσ = 1.0 kOe (right panel).

19.44

22.68

25.92

19.44

22.68

25.92

19.44

22.68

25.92

19.44

22.68

25.92

0 60 120 180
19.44

22.68

25.92

20.20

24.24

28.28

20.20

24.24

28.28

20.20

24.24

28.28

20.20

24.24

28.28

0 60 120 180
20.20

24.24

28.28

15.52

23.28

31.04

15.52

23.28

31.04

15.52

23.28

31.04

15.52

23.28

31.04

0 60 120 180
15.52

23.28

31.04

(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

F
re

q
u
e
n
c
y
 (

G
H

z
)

F
re

q
u
e
n
c
y
 (

G
H

z
)

(i)

(j)

(k)

(l)

(m)

F
re

q
u
e
n
c
y
 (

G
H

z
)

(n)

(o)

Stress anisotropy field Hσ=0 kOe Stress anisotropy field Hσ=0.2 kOe Stress anisotropy field Hσ=1.0 kOe 

Angle ϕH (O) Angle ϕH (O) Angle ϕH (O) 

δ/O

δ/O

δ/O

δ/O

δ/O

δ/O

δ/O

δ/O

δ/O

δ/O

δ/O

δ/O

δ/O

δ/O

δ/O

Fig. 4. FMR frequency as a function of the direction of applied magnetic field for different directions of in-plane uniaxial anisotropy field: Hσ = 0 kOe (left
panel), Hσ = 0.2 kOe (middle panel), and Hσ = 1.0 kOe (right panel).

of the applied magnetic field for different in-plane uniaxial anisotropy field directions. Here, the intensity of the external stress
anisotropy field is fixed at 0 kOe, 0.2 kOe, 1.0 kOe, respectively, corresponding to its direction applied along the x axis positive
direction (ϕσ = 0◦). The comparison between Figs. 4 and 5 shows that the difference between two applied magnetic field
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directions corresponding to the minimum (maximum) value of the FMR frequency (imaginary part of magnetic susceptibility)
is decreased with the increasing intensity of the external stress anisotropy field. In addition, both the direction of the in-plane
uniaxial anisotropy field and the intensity of the external stress anisotropy field can destroy the symmetry, and change the hard
and easy magnetization directions drastically. Specifically, as the intensity of the external stress anisotropy field increases, the
maximum of the FMR frequency and imaginary part of magnetic susceptibility are shifted toward the higher value.
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Fig. 5. Angle dependence of the imaginary part of magnetic susceptibility for different directions of the in-plane uniaxial anisotropy field: Hσ = 0 kOe (left
panel), Hσ = 0.2 kOe (middle panel), and Hσ = 1.0 kOe (right panel).

3. Conclusion
In summary, the effect of the intensity of the external

stress anisotropy field on a ferromagnetic thin film is ob-
tained. It is revealed that the FMR frequency and imagi-
nary part of magnetic susceptibility are enhanced, and the fre-
quency linewidth or field linewidth can be broadened when
the intensity of the external stress anisotropy field increases.
In addition, the effects of the directions of the external stress
anisotropy field and in-plane uniaxial anisotropy field are also
investigated. The results show that the hard-axis and easy-
axis components of magnetization strongly depend on the in-
tensity and direction of the anisotropy field. Through com-
parisons, we found that it is easy to magnetize as the applied
magnetic field, in-plane uniaxial anisotropy field and exter-
nal stress anisotropy field are along the x axis. The intensity
of the external stress anisotropy field is stronger and easier to
magnetize. In short, the controllable external stress anisotropy
field provides important information, which is good for appli-
cations.
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