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Partial least squares (PLS) regression is an important linear regression method that efficiently addresses the multiple
correlation problem by combining principal component analysis and multiple regression. In this paper, we present a quan-
tum partial least squares (QPLS) regression algorithm. To solve the high time complexity of the PLS regression, we design
a quantum eigenvector search method to speed up principal components and regression parameters construction. Mean-
while, we give a density matrix product method to avoid multiple access to quantum random access memory (QRAM)
during building residual matrices. The time and space complexities of the QPLS regression are logarithmic in the indepen-
dent variable dimension n, the dependent variable dimension w, and the number of variables m. This algorithm achieves
exponential speed-ups over the PLS regression on n, m, and w. In addition, the QPLS regression inspires us to explore more
potential quantum machine learning applications in future works.

Keywords: quantum machine learning, partial least squares regression, eigenvalue decomposition
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1. Introduction

Linear regression is a statistical technique for analyzing
and modeling the linear relationship between independent and
dependent variables. Applications of linear regression occur in
almost every field, including engineering, economics, chem-
ical, and social sciences, etc. According to the number of
independent variables, linear regression is divided into uni-
variate linear regression and multiple linear regression. Ac-
tual problems are usually associated with various factors, and
thus multiple linear regression has been used more widely than
univariate linear regression.[1] However, multiple correlations
between variables often seriously influence the construction of
multiple linear regression models and damage the stability of
models. Partial least squares (PLS) regression is a multiple lin-
ear regression algorithm related to principal component analy-
sis, which builds the regression model by extracting the princi-
pal components reflecting the variation between independent
and dependent variables.[2] Compared with other linear regres-
sion algorithms, the PLS regression can better solve the mul-
tiple correlation problem and be effectively modeled when the
number of independent variables is less than the independent
variable dimension. However, when the independent variable
dimension is large, the PLS regression has high time complex-
ity and becomes difficult to implement on classical computers.

With the development of quantum computing, quan-
tum algorithms show better computing performance over the

corresponding classical ones.[3] Superposition and entangle-
ment of quantum states make quantum algorithms especially
suitable for high-dimensional data computation in machine
learning.[4] Recently, researchers proposed a series of quan-
tum machine learning algorithms, such as classification,[5–11]

clustering,[12–15] dimensionality reduction,[16–22,24] and neu-
ral networks.[25–29] These algorithms accelerate the develop-
ment of quantum machine learning. Large-scale matrix com-
putation in linear regression has high computational complex-
ity, and various quantum regression algorithms have been pro-
posed to solve this problem. Based on the quantum algorithm
for solving systems of linear equations (HHL),[30] Wiebe[31]

suggested a quantum regression algorithm from statistics. The
time complexity of this algorithm is logarithmic in the data
matrix dimension when the data matrix is sparse and well-
conditioned. Schuld[32] established a quantum least-squares
linear regression model that achieved an exponential accelera-
tion in data size and significantly improved the dependency on
the condition number. Wang[33] proposed an improved quan-
tum linear regression algorithm. What is remarkable is that
this algorithm can output regression parameters in classical
form. In general, quantum regression algorithms have expo-
nential speed-ups over the corresponding classical algorithms
under certain conditions. However, the existing quantum re-
gression algorithms are based on univariate linear regression
models and can not solve the multiple correlation problem in
regression.
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In this paper, we design a quantum partial least squares
(QPLS) regression algorithm for the multiple correlation prob-
lem. Our work has three significant contributions: (i) We pro-
pose the first quantum PLS regression algorithm to speed up
the regression function construction. (ii) A quantum eigen-
vector search method is given to parallel search the specified
eigenvector, which provides a novel idea for mapping high-
dimensional data to low-dimensional space. (iii) A density
matrix product method is designed to build residual matrix
products, and this method can be a branch of other quantum
algorithms to construct Hermitian matrix products.

The remainder of this paper is organized as follows. Sec-
tion 2 reviews the PLS regression algorithm. Section 3 de-
scribes the QPLS regression algorithm and the related cir-
cuits. Section 4 analyzes the space and time complexities of
the QPLS regression algorithm. Finally, we give a conclusion

and discuss the future research directions.

2. Review of the PLS regression

In this section, we briefly review the PLS regression. The
kernel work of the PLS regression is to build a linear regres-
sion function by projecting independent variables and depen-
dent variables into the new feature space. Based on the lin-
ear regression function, we can predict the dependent vari-
able for any independent variable. Let X = {x1, . . . ,xm} be the
set of the independent variables xi ∈ Rn and Y = {y1, . . . ,ym}
be the set of the dependent variables yi ∈ Rw. We centralize
and normalize X and Y , respectively, and get the independent
variable matrix E0 ∈ Rn×m and the dependent variable matrix
F0 ∈ Rn×w. The PLS regression algorithm is an iterative pro-
cess, and we firstly analyze the first iteration.

Yes

No

End

Build the principal axis pi based on 

eigenvalue value decomposition

i<maxi

Prepare the matrices E and F

Compute the regression parameters

Refresh parameters i/i⇁ 

and residual matrices Ei and Fi 

set maxi/l↪ i/

Construct the regression matrix B/PR   

ri and ci

Fig. 1. The flow diagram of the PLS regression algorithm, i is the index of the current iteration, variable maxi stores the total number of
iterations.

The first work is to find the principal axes (projection di-
rections) p1 and q1 to create the principal components h1 and
g1 such that these two principal components have maximum
covariance, where h1 = ET

0 p1 represents the linear combina-
tion of the columns of E0 and g1 = FT

0 q1 represents the linear
combination of the columns of F0. This work corresponds to
the following optimization problem:

max⟨ET
0 p1,FT

0 q1⟩ subject to : ‖p1‖= 1, ‖q1‖= 1, (1)

where ⟨,⟩ means the inner product operation, and || · || rep-
resents the l2 norm. Lagrange multiplier method is a way
to solve the extremum of multivariate function under a set of
constraints. Introducing Lagrange multipliers α1 and α2, we

transform Eq. (1) into the unconstrained optimization problem

L = pT
1 ET

0 F0q1 −α1(pT
1 p1 −1)−α2(qT

1 q1 −1). (2)

Take partial derivatives of L with respect to p1, q1, α1, and
α2, equating them to 0 gives equations: ET

0 F0q1 = 2α1 p1,
FT

0 E0 p1 = 2α2q1, pT
1 p1 = 1, and qT

1 q1 = 1. Based on the above
four equations, we can deduce that

ET
0 F0FT

0 E0 p1 = β
2
1 p1, (3)

FT
0 E0ET

0 F0q1 = β
2
2 q1, (4)

where β1 = β2 = 2α1 = 2α2, and β1 = ⟨ET
0 p1,FT

0 q1⟩ corre-
sponds to the target value of the optimization function. Once
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β1 gets the maximum, β 2
1 is the largest eigenvalue of the ma-

trix ET
0 F0FT

0 E0, and p1 is the corresponding normalized eigen-
vector. Therefore, the principal axis p1 can be obtained by per-
forming eigenvalue decomposition on the matrix ET

0 F0FT
0 E0.

Subsequently, we compute the first principal component h1 =

E0 p1 and construct the regression functions E0 = h1cT
1 +E1

and F0 = h1rT
1 +F1, where E1 and F1 are the residual matrices,

and c1 =ET
0 h1/||h1||2 and r1 =FT

0 h1/||h1||2 are the regression
parameters.

In the i-th iteration, we repeat the operations of the first
iteration with the residual matrices Ei−1 and Fi−1 as the input,
then get the principal axis pi and the regression parameter ri.
After l iterations, we adopt all the principal axes pi and the
regression parameters ri to construct the final regression func-
tion

F0 = h1rT
1 +h2rT

2 + · · ·+hlrT
l +Fl . (5)

Define H = {h1,h2, . . . ,hl}, P = {p1, p2, . . . , pl}, and R =

{r1,r2, . . . ,rl}, the regression function can be rewritten in ma-
trix form as F0 = HR+Fl = E0PR+Fl . According to the trun-
cation rule of principal component analysis, we can represent
the regression function in low-rank form as F0 = E0B, where
B = PRT is the regression matrix. Figure 1 shows the flow
diagram of the PLS regression algorithm.

Given a new independent variable x*, we can predict
the dependent variable y* based on the prediction function
y* = x*B. The prediction function can also be written in the
vector form as y* = x* ∑

l
i=1 pirT

i .

3. QPLS regression algorithm
In this section, we incorporate the design of the quan-

tum eigenvector search method and the residual matrix prod-
uct method into implementing the QPLS regression algorithm.
Firstly, the quantum eigenvector search method is designed to
compute the quantum state of the principal axis pi. Secondly,
the quantum state of the regression parameter ri is constructed
by combining the quantum eigenvector search method and the
inner product operation. Thirdly, the density matrix prod-
uct method is developed to build the residual matrix product
ET

i FiFT
i Ei. Finally, we create a quantum prediction function

to predict the dependent variables for new independent vari-
ables. Now, we show the implementation process of the first
iteration.

3.1. Quantum state preparation

QRAM[34] is a device that stores and accesses data in
quantum superposition states. Kerenidis[35] proposed an im-
proved QRAM to speed up data access exponentially, and we
adopt this QRAM to prepare the input quantum state. Let Z ∈
Rn×w denote an n×w matrix and zi = {zi1,zi2, . . . ,ziw} ∈ Rw

be the i-th column of the matrix Z, where zi j represents the
(i, j)-th entry of the matrix Z. Let |ϕzi⟩ = 1

||zi|| ∑
w
j=1 zi j| j⟩

be the quantum state of zi and |ϕZ⟩ = 1√
NZ

∑
n
i=1 ||zi|||i⟩|ϕzi⟩ =

1√
NZ

∑
n
i=1 ∑

w
j=1 zi j|i⟩| j⟩ be the quantum state of the matrix Z,

where NZ =∑
n
i=1 ||zi||2 is a normalized constant. We define the

unitary operations Uℳ : |i⟩|0⟩→ |i,zi⟩= 1
||zi|| ∑

n
j=1 zi j|i⟩| j⟩ and

U𝒩 : |0⟩| j⟩ → |ZF, j⟩ = 1
||Z||F ∑

w
i=1 ||zi|||i⟩| j⟩ to access quan-

tum superposition states and the Frobenius norm of vectors,
respectively, where ‖ · ‖F represents the Frobenius norm. |ϕZ⟩
can be accessed by performing U𝒩 and Uℳ operations in turn.

3.2. Quantum eigenvector search method

In this subsection, we mainly design the quantum eigen-
vector search method to build the quantum state of the prin-
cipal axis p1. According to Eq. (3), the principal axis p1 is
the normalized eigenvector corresponding to the largest eigen-
value of the matrix ET

0 F0FT
0 E0. We first prepare a density

matrix to denote ET
0 F0FT

0 E0. Let |φ⟩ = ∑
n
j=1 ∑

w
k=1 φ jk| j⟩|k⟩

denote the quantum state of the matrix ET
0 F0, where φ jk

corresponds to the (i, j)-th normalized entry of ET
0 F0. |φ⟩

can be rewritten in Schmidt decomposition form as |φ⟩ =
∑

rm
i=1 σi|ui⟩|vi⟩, where rm is the rank of ET

0 F0, σi is the i-
th normalized singular value of ET

0 F0, and |ui⟩ and |vi⟩ are
the corresponding left and right singular vectors, respectively.
Let ρφ = ∑

rm
i,i′=1 σiσi′ |ui⟩⟨ui′ ||vi⟩⟨vi′ | be the density matrix of

|φ⟩. Take partial trace over the second register of ρφ , then
we obtain the reduced density matrix ρ0 =∑

rm
i,i′=1 σiσi′ |ui⟩⟨ui′ |,

which is the density matrix of ET
0 F0FT

0 E0.
We design the quantum eigenvector search method to

search the eigenvector |u1⟩ corresponding to the largest eigen-
value λ1 = σ2

1 of ρ0. The first work is to perform eigen-
value decomposition on ρ0. The density matrix exponen-
tiation method[23] allows us to adopt multiple copies of ρ0

to construct the unitary operation e iρ0t . We set the state
|ϕ1⟩ = |φ⟩1,2|0⟩3 = ∑

rm
i=1 σi|ui⟩1|vi⟩2|0⟩3 as the input, where

registers 1 and 2 store |φ⟩, and register 3 stores the estimated
eigenvalues, then perform phase estimation on |ϕ1⟩ with e iρ0t

as the controlled unitary. Finally, we get the state

|ϕ2⟩=
rm

∑
i=1

σi|ui⟩1|vi⟩2|λ̃i⟩3, (6)

where λ̃i is the estimate of λi, and |ui⟩ is the eigenvector cor-
responding to the first principal axis p1. |ϕ2⟩ can be viewed as
the superposition state of multiple eigenvectors |ui⟩, and |u1⟩
is the quantum state of the principal axis p1.

The second work is to extract the eigenvector |u1⟩ from
|ϕ2⟩. QPCA[36] is a quantum principal component analysis
method for quantum state tomography. The eigenvectors and
eigenvalues can be estimated by measuring the eigenvalue reg-
ister, and this procedure will be highly efficient when the ma-
trix is low rank. However, the probability of the quantum state
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of the eigenvalue determines the number of the measurements,
so this method would lose logarithmic speed-up when the data
set corresponds to an exponentially sizeable high-dimensional
matrix. Yu[37] presented another quantum principal compo-
nent analysis method, which could project high-dimensional
data into low-dimensional space, but this method relies on the
eigenvalues sorted in descending order. Unfortunately, eigen-
values are stored disorderly in a quantum superposition state,
and it is not easy to obtain the ordered eigenvalues.[38] Here,
we adopt quantum comparison and amplitude estimation to de-
sign a quantum binary search method. This method can extract
the eigenvector |u1⟩ without the ordered eigenvalues and quan-
tum state tomography. The specific process is as follows.

(1) Initialize comparison times ls = log(1/ε), where ε

is the error of the estimated eigenvalues. Since all λ̃i are
in the range (0,1], we initialize the lower bound τmin = 0,
the upper bound τmax = 1, and the comparison threshold τ =

(τmin + τmax)/2.
(2) Compare the estimated eigenvalue |λ̃i⟩ with the com-

parison threshold |τ⟩. We first prepare the initial state
|ϕ2⟩|τ⟩4|0⟩5|0⟩6 = ∑

rm
i=1 σi|ui⟩1|vi⟩2|λ̃i⟩3|τ⟩4|0⟩5|0⟩6 as the in-

put, where register 4 stores the comparison threshold |τ⟩ and
registers 5 and 6 store the comparison result. Let R1 represent
the comparison operation, which obeys: If |λ̃i⟩ is less than |τ⟩,
set register 6 to |0⟩; otherwise, set register 6 to |1⟩. After per-
forming the comparison operation R1, we get the state

|ϕ3⟩ = ∑
λ̃i≥τ

σi|ui⟩1|vi⟩2|λ̃i⟩3|τ⟩4| fi⟩5|1⟩6

+ ∑
λ̃i<τ

σi|ui⟩1|vi⟩2|λ̃i⟩3|τ⟩4| fi⟩5|0⟩6. (7)

∑
λ̃i≥τ

σi|ui⟩1|vi⟩2|λ̃i⟩3|τ⟩4| f1⟩5|1⟩6 is the projection of the

state |ϕ3⟩ onto the space spanned by the specified eigenvec-
tors, whose corresponding eigenvalues are greater than the
threshold τ .

Figure 2 shows the circuit for a single qubit comparison
operation. In this circuit, registers 3 and 4 store |λ̃i⟩ and |τ⟩,
respectively; registers 5 and 6 store the comparison result. If
|λ̃i⟩ > |τ⟩, set registers 5 and 6 to |1⟩|1⟩; if |λ̃i⟩ < |τ⟩, set
them to |0⟩|0⟩; otherwise, set them to |0⟩|1⟩. Figure 3 shows
the circuit for the n qubits comparison operation. Similar to
the classical comparison circuit, the comparison circuit for n
qubits is implemented by n single qubit comparison circuits
cascading. Let {an,an−1, . . . ,a2,a1} and {bn,bn−1, . . . ,b2,b1}
represent the qubit sequences of registers 3 and 4, respectively.
This circuit compares the qubit pair (ai,bi) in order from high-
order qubit to low-order qubit and passes the comparison re-
sult of each qubit pair to the lower-order qubit comparisons.
Register 5 contains the qubit sequences {cn,cn−1, . . . ,c2,c1}
and {dn−1, . . . ,d2}), which are used to store the comparison

results of each qubits pair. Finally, we get the final compari-
son result from register 6 (the qubit d1). Assume |λ̃i⟩ and |τ⟩
are stored in registers 3 and 4, respectively, we perform the
comparison operation R1 and get the final comparison result:
if |λ̃i⟩ ≥ |τ⟩, register 6 is |1⟩; otherwise, register 6 is |0⟩. For
the specific design method, refer to Ref. [39].

X

Reg. 5

Reg. 6

Reg. 4

Reg. 3

Fig. 2. Comparison circuit on a single qubit. Reg. 3, Reg. 4, Reg. 5, and
Reg. 6 represent registers 3, 4, 5, and 6, respectively. Reg. 3 and Reg. 4 store
|λ̃i⟩ and |τ⟩, respectively; Reg. 5 and Reg. 6 store the comparison results.
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Fig. 3. Comparison circuit on n qubits. {an,an−1, . . . ,a2,a1} and
{bn,bn−1, . . . ,b2,b1} represent the qubit sequences of register 3 and regis-
ter 4, respectively. {cn,cn−1, . . . ,c2,c1} and {dn,dn−1, . . . ,d2} represent the
qubit sequence of register 5, and the qubit d1 represents register 6. All qubit
sequences are arranged in descending order. The circuit compares each qubit
pair (ai,bi) in order from high-order qubit to low-order qubit and passes the
comparison result of each qubit pair to the lower-order qubit comparison.
The output of d1 represents the final comparison result.

(3) Rewrite Eq. (7) as |ϕ3⟩ = sin(θ1)|ϕ3
1 ⟩123456 +

cos(θ1)|ϕ3
0 ⟩123456, where sin(θ1)|ϕ3

1 ⟩123456 and cos(θ1)|ϕ3
0 ⟩123456

correspond to register 6 being|1⟩ and |0⟩, respectively. Let
R′ = (2|ϕ3

0 ⟩⟨ϕ3
0 | − I) be the reflection operation through the

space spanned by the vector |ϕ3
0 ⟩ and R1R′R†

1 = (2|ϕ3⟩⟨ϕ3|−
I) be the reflection operation through the space spanned by the
vector |ϕ3⟩, where R†

1 is the inverse operation of R1 and the
subscript 123456 is dropped for the ease of exposition. Let G1

be the unitary operation R1R′R†
1R′, which obeys{

G1|ϕ3
0 ⟩= cos(2θ1)|ϕ3

0 ⟩+ sin(2θ1)|ϕ3
1 ⟩,

G1|ϕ3
1 ⟩=−sin(2θ1)|ϕ3

0 ⟩+ cos(2θ1)|ϕ3
1 ⟩.

(8)

G1 can be further written in the matrix form as

G1 =

[
cos(2θ1), − sin(2θ1)
sin(2θ1), cos(2θ1)

]
. (9)

030304-4



Chin. Phys. B 31, 030304 (2022)

In the basis {|ϕ3
0 ⟩, |ϕ3

1 ⟩}, the eigenvalues of G1 are λ± =

e±2iθ1 , and the corresponding eigenvectors are |ϕ3
±⟩ =

1√
2
(|ϕ3

1 ⟩∓ i|ϕ3
0 ⟩). |ϕ3⟩ can be further written in eigenvalue

decomposition form as |ϕ3⟩= 1√
2
(e iθ1 |ϕ3

+⟩+ e−iθ1 |ϕ3
−⟩).

(4) Set the state |ϕ3⟩|0⟩7 as the input, perform amplitude
estimation with e iG1t as the controlled unitary, and get the
state

|ϕ4⟩= 1√
2
(e iθ1 |ϕ3

+⟩|2θ̃1⟩7 + e−iθ1 |ϕ3
−⟩|2π −2θ̃1⟩7), (10)

where θ̃1 is the estimated value of θ1, then, measure register 7
and get 2θ̃1, where θ̃1 corresponds to the probability of λ̃i ≥ τ .
If θ̃1 is 0, update τmax = τ and τ = (τmax + τmin)/2 in turn;
otherwise, set τmin = τ and τ = (τmax + τmin)/2 in turn. Re-
peat steps (1) to (4) with |ϕ4⟩ as the input until completing ls

iterations and get the state

|ϕ5⟩ = σ1|u1⟩1|v1⟩2|λ̃1⟩3|τ⟩4| f1⟩5|1⟩6

+∑
i∈S

σi|ui⟩1|vi⟩2|λ̃i⟩3|τ⟩4| fi⟩5|0⟩6, (11)

where |u1⟩ is the quantum state of p1, S is the union of the
eigenvalues satisfying the condition λ̃i ̸= λ̃1.

(5) Measure register 6 into |1⟩, and remove registers 2,
3, 4, and 5. Finally, we get the state |u1⟩ in register 1, which
corresponds to the quantum state of the principal axis |u1⟩.
It is worth mentioning that amplitude amplification can im-
prove the probability of measurement success quadratically.
The quantum eigenvector search method is described in Algo-
rithm 1.

Algorithm 1 Quantum eigenvector search method

Input: the quantum state |φ⟩ for ET
0 F0, the reduced density matrix ρ0 for ET

0 F0FT
0 E0, the iteration times ls.

Output: the quantum state |u1⟩ for the principal axis p1.
1: Perform phase estimation on |φ⟩ and get the eigenvalue decomposition of |ϕ2⟩.
2: Initialize i = 1, τmin = 0, τmax = 1, and τ = (τmin + τmax)/2.
3: while i ≤ ls do
4: Perform comparison operation R1 on |ϕ2⟩ and |τ⟩ and get the comparison result in |ϕ3⟩.
5: Act amplitude estimation on |ϕ3⟩ to get θ representing the probability of λ̃i < τ .
6: If θ < 0 then
7: Update τmax = τ , and τ = (τmax + τmin)/2 in turn.
8: else
9: Update τmin = τ , and τ = (τmax + τmin)/2 in turn.
10: i = i+1.
11: Measure register 6 with |1⟩ to get |u1⟩ corresponding to the principal axis p1.

The circuit of the quantum eigenvector search method is shown in Fig. 4, including phase estimation, comparison operation,
and amplitude estimation.

G1

H FT+

FT+H

Reg. 1

...

...

...

...

...

Reg. 2

Reg. 3

Reg. 6

Reg. 7

...

...
R1

Reg. 4

Reg. 5

u1>
eiρt

Fig. 4. The circuit of the quantum eigenvector search method. Reg. 1–Reg. 7 represent registers 1–7, respectively. The circuit in the first dotted
box represents phase estimation, where H means Hadamard transform; e iρ0t represents the unitary operation controlled by e iρ0t ; FT+ denotes the
inverse operation of quantum Fourier transform. The circuit in the second dotted box represents the quantum binary search operation, R1 denotes
comparison operation, and the combination of unitary operations H, G1, and FT+ corresponds to amplitude estimation. The rest dotted boxes
represent the repeated quantum binary search operations.

3.3. Construct regression parameters

In this subsection, we design a quantum method to con-

struct the quantum state of regression parameter r1 according

to equation r1 = FT
0 h1/||h1||2. In the first iteration, we first

reformulate ET
0 F0FT

0 E0 p1 = β 2
1 p1 to facilitate the construc-

tion of the quantum state of r1. Firstly, multiply both sides

of ET
0 F0FT

0 E0 p1 = β 2
1 p1 by E0, and get

E0ET
0 F0FT

0 E0 p1 = β
2
1 E0 p1. (12)

According to the condition h1 = E0 p1, Eq. (12) can be rewrit-
ten as

E0ET
0 F0FT

0 h1 = β
2
1 h1, (13)
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where h1 is the eigenvector corresponding to the largest eigen-
value β 2

1 of the matrix E0ET
0 F0FT

0 . Multiply both sides of
Eq. (13) by FT

0 , then

FT
0 E0ET

0 F0r′1 = β
2
1 r′1, (14)

where r′1 = F0
Th1 is the eigenvector corresponding to the

largest eigenvalue β 2
1 of the matrix product FT

0 E0ET
0 F0.

Since FT
0 E0ET

0 F0 is the transpose of ET
0 F0FT

0 E0, we still
adopt the quantum eigenvector search method to construct
the quantum state |ϕ5⟩′ = σ1|u1⟩1|v1⟩2|λ̃1⟩3|τ⟩4| f1⟩5|1⟩6 +

∑i∈S σi|ui⟩1|vi⟩2|λ̃i⟩3|τ⟩4| fi⟩5|0⟩6 (the copy of |ϕ5⟩). Differ-
ent from step (5) in Subsection 3.2, we remove registers 1, 3,
4, and 5 after measuring register 6 into |1⟩. Finally, we get
|v1⟩, which corresponds to the quantum state of r′1 = FT

0 h1.
To further obtain the quantum state of the regression pa-

rameter r1 = r′1/||h1||2, we adopt the Bell-basis measurement
method[40] to compute the constant ||h1||2 = ⟨E0 p1,E0 p1⟩. Let
|φE0⟩AB = ∑

m
i=1 ∑

n
j=1 ei j|i⟩A| j⟩B be the quantum state of the

matrix E0, where ei j represents the normalized entry of the
matrix E0, registers A and B store the indices of the matrix E0.
Let |u1⟩C = ∑

n
j=1 u1 j| j⟩C be the quantum state of the principal

axis p1. Figure 5 shows the circuit of computing ||h1||2. The
circuit mainly includes two models.

H

H

. . .

. . .

. . .

. . .

. . .

. . .

H

H

H

H
A

B

C

ϕ

ϕ

ϕ

|φE
>

|φEp
>

|φE
>

|u>

|u>

′

|φEp
>′A′

B′

C′

Fig. 5. Circuit of computing ||h1||2. |φE0 ⟩ and |u1⟩ represent the quantum
states of the matrix E0 and the principal axis p1, respectively. Registers A
and B store the quantum state |φE0 ⟩, and register C stores the quantum state
|u1⟩. Registers A′ and B′ store the quantum state |φ ′

E0
⟩, the copy of |φE0 ⟩.

Register C′ stores the quantum state |u′1⟩, the copy of |u1⟩ . |φE p⟩ and |φ ′
E p⟩

are the output of the first circuit model. Two dashed boxes represent two
models of the circuit, respectively. The classical post-processing is omitted
in this circuit.

(1) The first circuit model is mainly used to build the
quantum states |φE p⟩ and |φ ′

E p⟩, which respectively represent
the quantum states of the vector E0 p1 and its copy. Firstly,
CNOT operations are applied on the corresponding qubit pairs
of registers B and C, followed by H operations on all qubits
of register B. Subsequently, every qubit of registers B and C
is measured into |0⟩. The output of register A corresponds
to |φE p⟩. Similarly, |φ ′

E0
⟩A′B′ and |u′1⟩C′ are used to compute

|φ ′
E p⟩A′ , where |φ ′

E0
⟩A′B′ and |u′1⟩C′ are the copies of |φE0⟩AB

and |u1⟩C, respectively, and A′, B′, and C′ represent registers
A′, B′, and C′.

(2) The second circuit model is responsible for comput-
ing the inner product ⟨φE p|φ ′

E p⟩. Firstly, CNOT operations are
performed on the corresponding qubit pairs of registers A, and
A′, followed by H operations on the qubits of register A. Sub-
sequently, all qubit pairs of registers A and A′ are measured.
Let 𝑝 = (p1

00, p1
01, p1

10, p1
11)⊗ ·· · ⊗ (pγ

00, pγ

01, pγ

10, pγ

11) be the
probability of the measurement result and 𝑐 = (1,1,1,−1)⊗γ

be the post-processing vector, where pi
j represents the proba-

bility that the ith qubit pair is j and γ = log(m) is the number
of qubits of register A. Finally, we adopt the classical post-
processing to get ||h1||2 = 𝑝 ·𝑐.

3.4. Build residual matrix product

According to the simple PLS regression (SIMPLS),[41]

the principal component not only represents the independent
variable set but has a strong explanation for the dependent vari-
able set. Therefore, all the matrices Fi equals the matrix F0,
and there is no need to update the residual matrix Fi in each it-
eration. The PLS regression algorithm adopts multiple princi-
pal axes pi and regression parameters ri to build the regression
matrix B. We prepare the residual matrices Ei and Fi in the
i-th iteration, then perform eigenvalue decomposition on the
matrix product ET

i FiFT
i Ei in the subsequent iteration. Since

the residual matrices Ei and Fi are stored in QRAM, we need
to multiple access QRAM to build the residual matrix product
ET

i FiFT
i Ei. Here, we reformulate the original residual matri-

ces constructing method and design a density matrix product
method to build ET

i FiFT
i Ei. The advantage of this method is

that each residual matrix can be direct as the input for the next
iteration without access operations.

In the first iteration, the main work is to build the resid-
ual matrix product ET

1 F1FT
1 E1. According to the conditions

h1 = E0 p1 and c1 = ET
0 h1/||h1||2, convert E1 = E0 −h1cT

1 into
E1 = E0(I − p1 p1

TET
0 E0/||E0 p1||), then

ET
1 F1FT

1 E1 =

(
I −

ET
0 E0 p1 p1

T

||E0 p1||2

)
ET

0 F0FT
0 E0

×
(

I −
ET

0 E0 p1 p1
T

||E0 p1||2

)T

. (15)

The essential steps of the quantum density matrix product
method are described as follows.

(1) Prepare the quantum state |δ ⟩=∑
n
i=1 ∑

n
j=1 δi j|i⟩| j⟩ for

the matrix U1 = ET
0 E0 p1 p1

T/||E0 p1||2. |δ ⟩ can be written in
Gram–Schmidt decomposition form as |δ ⟩= ∑

rn
k=1 σ1

k |u1
k⟩|v1

k⟩,
where σ1

k is the k-th singular value of U1 in descend-
ing order, |u1

k⟩ and |v1
k⟩ are the quantum states of the

corresponding left and right singular vectors. Let ρδ =

∑
rn
k,k′=1 σ1

i σ1
k′ |u

1
k⟩⟨u1

k′ ||v
1
k⟩⟨v1

i′ | be the density matrix of |δ ⟩. We
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take the partial trace of ρδ over the second register, then get
the reduced density matrix

ρU1 =
rn

∑
k,k′=1

σ
1
k σ

1
k′ |u

1
k⟩⟨u1

k′ |, (16)

where |u1
k⟩ and |u1

k′⟩ correspond to the eigenvectors of the den-
sity matrix ρU1 . As defined in Subsection 3.2, the reduced
density matrix ρ0 = ∑

n
k,k′=1 ∑

w
j=1 φk jφk′ j|k⟩⟨k′| is the quantum

state of ET
0 F0FT

0 E0. We rewrite ρ0 in ρU1 eigenvalue decom-
position form as

ρ0 =
rn

∑
k,k′=1

η
1
k η

1
k′ |u

1
k⟩⟨u1

k′ |, (17)

where η1
k and η1

k′ are the projections of ρ0 onto |u1
k⟩ and |u1

k′⟩,
respectively.

(2) Perform phase estimation on ρ0|0⟩⟨0| with e iρU1 t as
the controlled unitary, then get

ρ ′
0 = ∑

rn
k=1 (η

1
k )

2|u1
k⟩⟨u1

k ||λ̃ 1
k ⟩⟨λ̃ 1

k |, (18)

where λ̃ 1
k = (σ1

k )
2 represents the estimated eigenvalue of ρU1 .

(3) Add an ancilla register with |0⟩⟨0| and rotate it condi-
tional on the second register, then obtain

ρ ′′
0 = ∑

rn
k=1 (η

1
k )

2|u1
k⟩⟨u1

k ||λ̃ 1
k ⟩⟨λ̃ 1

k ||ψλ 1
k
⟩⟨ψ

λ 1
k
|, (19)

where

|ψ
λ 1

k
⟩=

√√√√1−
(

(1− λ̃ 1
k )

maxk∈rn (1− λ̃ 1
k )

)2

|1⟩+
(1− λ̃ 1

k )

maxk∈rn (1− λ̃ 1
k )

|0⟩.

(4) Perform inverse phase estimation and remove the sec-
ond register. Subsequently, measure the ancilla register into
|0⟩, and get

ρ1 =
1√
N1

rn

∑
k=1

(η1
k )

2
(1− λ̃ 1

k )

maxk∈rn (1− λ̃ 1
k )

|u1
k⟩⟨u1

k |, (20)

where N1 is a normalized constant. The density matrix ρ1 cor-
responds to the quantum state of the residual matrix product
ET

1 F1FT
1 E1.

In the second iteration, we build the residual matrix prod-
uct

ET
2 F2FT

2 E2 =

(
I − ET

1 E1 p2 p2
T

||E1 p2||2

)
ET

1 F1FT
1 E1

×
(

I − ET
1 E1 p2 p2

T

||E1 p2||2

)T

. (21)

Let ρU2 represent the matrix U2UT
2 , where U2 =

ET
1 E1 p2 p2

T

||E1 p2||2
.

Similar to building the residual matrix product ET
1 F1FT

1 E1, we
repeat step (1) to step (4) with ρ1|0⟩⟨0| as the input and e iρU2 t

as the controlled unitary, then get the density matrix ρ2 cor-
responding to the residual matrix product ET

2 F2FT
2 E2. In the

ith iteration, we take ρi−1|0⟩⟨0| as the input and e iρUi t as the
controlled unitary and repeat step (1) to step (4) to get the
density matrix ρi corresponding to the residual matrix product
ET

i FiFT
i Ei. Algorithm 2 describes the density matrix product

method.

Algorithm 2 Quantum density matrix product method

Input: the density matrix ρU1 for U1UT
1 , the density matrix ρ0 for ET

0 F0FT
0 E0, the number of iterations l.

Output: the residual matrix product ρl .

1: Iteration i = 1.

2: while i ≤ l do
3: Perform phase estimation on ρi−1 with e iρUi t as the controlled unitary and get ρ ′

i−1.

4: Do controlled rotation operation on ρ ′
i−1 and get ρ ′′

i−1.

5: Perform inverse phase estimation and measurement on ρ ′′
i−1 and get ρi.

6: i = i+1

7: return the residual matrix product ρl .

Figure 6 shows the circuit of building the residual matrix product. The circuit includes l models, and the i-th model is used
to construct the density matrix ρi.

eiρUt

H FT+

Ry

PE+

...

...

...

PE

><

><

><

><

ρ0
ρ1 ρ2 ρl↩

ρl

eiρUt eiρUlt

Fig. 6. Circuit of building the residual matrix product. The circuit includes l models, where the ith model is used to build the quantum state
of the ith residual matrix product. Each module comprises phase estimation PE, inverse phase estimation PE+, and the controlled rotation
operation Ry, where phase estimation PE contains Hadamard operation H, the controlled unitary e iρU1t , and inverse quantum Fourier transform
FT+. ρi represents the residual matrix product built in the ith iteration. Due to each module has the similar circuit structure, only the first
module shows the complete circuit, and the remaining modules are represented by the label e iρUit in the dotted box.
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3.5. Prediction

Through l iterations, we get all the principal axes |ui
1⟩ and

the regression parameters |vi
1⟩. For a new independent variable

x*, we can predict the dependent variable ỹ* according to the
prediction equation ỹ* =∑

l
i=1 x*pirT

i . By defining ỹ*i = x*pirT
i ,

the prediction function can be written as ỹ* = ∑
l
i=1 ỹ*i . Let

|ϕ*
x ⟩ denote the quantum state of the independent variable x*.

The quantum state |ϕ*
ỹi
⟩ of the dependent variable ỹ*i can be

predicted based on the quantum prediction function |ϕ*
ỹi
⟩ =

1
||hi||2

⟨ϕ*
x |ui

1⟩|vi
1⟩. The quantum prediction process is described

as follows. Firstly, we add an ancilla register and perform con-
trolled swap test operation on |ϕ*

x ⟩ and |ui
1⟩. After measuring

the ancilla qubit, we adopt the probability that the ancilla qubit
is |1⟩ to compute ⟨ϕ*

x |ui
1⟩, then get ki =

1
||hi||2

⟨ϕ*
x |ui

1⟩ by multi-

plying 1
||hi||2

and ⟨ϕ*
x |ui

1⟩. Finally, we perform controlled rota-

tion to obtain |ϕỹ*⟩ = 1√
∑

l
i=1 k2

i

∑
l
i=1 ki|vi

1⟩, which is the quan-

tum state of the predicted dependent variable ỹ*i .

4. Complexity analysis
In this section, we analyze the space and time complex-

ities of the QPLS regression algorithm, which is mainly de-
termined by principal axes computation, building regression
parameters, and residual matrices construction.

4.1. Space complexity analysis

In the first stage, we prepare the quantum state |φ⟩ as the
input, which needs O(log(nw)) qubits. Let ε denote the error
of phase estimation. Phase estimation requires O(log(1/ε))

qubits to store the estimated eigenvalues.[42] Assume ampli-
tude estimation and phase estimation have the same error
ε , amplitude estimation needs O(log(1/ε)) qubits to store
the estimated amplitude θ . We get the space complexity
O(log(nw/ε2)) of the first stage by adding all space complex-
ities together. For l iterations, the total space complexity is
O(log(nw/ε2)l).

In the second stage, we first adopt the same operations
as the first stage to build the regression parameters r′1; thus,
the space complexity is O(log(nw/ε2)). Compared with the
first stage, we need to compute the coefficient ||E0 p1||2 further.
|ϕE0⟩AB and |u1⟩C need O(log(nm)) and O(log(m)) qubits, re-
spectively, so the space complexity of calculating ||E0 p1||2 is
O(log(nm) + log(m)). Since ε is very small, O(log(nm) +

log(m)) can be negligible compared with O(log(nw/ε2)), and
the space complexity of this stage is O(log(nw/ε2)). For l
iterations, the total space complexity is O(log(nw/ε2)l).

In the third stage, preparation the state ρ0 and phase esti-
mation need O(log(nw)) and O(log(1/ε)) qubits, respectively.
Therefore, the space complexity of this stage is O(log(nw/ε)).
Since the space complexity of state preparation and phase esti-

mation is the same in each iteration, the total space complexity
for l iterations is O(log(nw/ε)l).

Table 1 shows the space complexities of the QPLS regres-
sion and the PLS regression. Consider that ε is usually very
small, the space complexity of the third stage can be negligi-
ble. We add all space complexities together and get the total
space complexity Õ(log(nw/ε2)l), logarithmic in the indepen-
dent variable dimension n and the dependent variable dimen-
sion w.

Table 1. Space complexity.

Stage QPLS regression PLS regression
Stage 1 O(log(nw/ε2)l) O(poly(nw)l)
Stage 2 O(log(nw/ε2)l) O(poly(nw)l)
Stage 3 O(log(nw/ε)l) O(poly(nw)l)

Finally, we adopt controlled swap test operation to predict
the dependent variable y* for the new independent variable x*.
Due to |φ *

x ⟩ is an n-dimensional vector, the space complexity
of controlled swap test is O(log(n)). We need to measure the
ancilla resister O(P(1)(1−P(1))/ε2

1 ) times to ensure the error
ε1, where P(1) is the probability that the measurement result
is |1⟩. Since P(1) can be viewed as a constant and l controlled
swap test operations are required, the space complexity of the
prediction stage is O(log(n)l/ε2

1 ).

4.2. Time complexity analysis

Now, we analyze the time complexity of the QPLS re-
gression. Since the time complexity of preparing the in-
put state |φ⟩ is O(polylog(nw)), the total time complexity of
state preparation is O(polylog(nw)l) for l iterations. In the
first stage, the time complexity is dominated by phase es-
timation and the quantum binary search. Phase estimation
adopts Hamiltonian evolution[8] to build the unitary opera-
tion e iρ0t = e iρ0K∆t .[26] where t is the evolution time, ∆t is
the time interval, and K is the number of time intervals. Ac-
cording to Suzuki–Trotter expansion,[23] the error of e iρ0∆t is
O(∆t2), and the maximum error of e iρ0k∆t (k = 0, . . . ,K − 1)
is O(t2/K). Since phase estimation needs K copies of ρ0 and
the time to access ρ0 is O(polylog(nw)), the time complex-
ity of phase estimation is O(ε−1t2polylog(nw)). The rela-
tive error of the eigenvalue λi satisfies O(λi/t) ≤ O(λmax/t),
where λmax represents the largest eigenvalue.[43] Since the
evolution time t should be O(1/ε) to ensure the relative er-
ror of O(ε), the time complexity of phase estimation can be
further written as O(ε−3polylog(nw)). The time complex-
ity of the quantum binary search is dominated by amplitude
estimation. The time complexity of amplitude estimation is
O((2+ 1/2ξ )tG1/ε),[43] where tG1 is the run time of G1 op-
eration, (2+ 1/2ξ ) is a constant determined by the success
probability of amplitude estimation. Similar to phase estima-
tion, tG1 is O(ε−3polylog(nw)). Amplitude estimation needs
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to be performed ls = log(1/ε) times, thus the time complexity
of this stage is O(log(1/ε)ε−4polylog(nw)). For l iterations,
the total time complexity of this stage is O(ε−3polylog(nw)l+

log(1/ε)ε−4polylog(nw)l).

In the second stage, the time complexity of computing the
parameter r′1 is the same as the first stage. The time complex-
ity of computing ||u1||2 is dominated by CNOT and H opera-
tions and can be negligible. Therefore, the total time complex-
ity of this stage for l iterations is also O(ε−3polylog(nw)l +

log(1/ε)ε−4polylog(nw)l).

In the third stage, the time complexity is dominated by
phase estimation. Due to the time complexity of preparing
ρUi is O(polylog(nm)) and the error is ε , the time complex-
ity of phase estimation is O(ε−3polylog(nm)). Furthermore,

O
(

maxk(1−λ̃ 1
k )

2

mink(1−λ̃ 1
k )

2

)
measurements are performed to get the den-

sity matrix ρ1. Thus, the time complexity of building ρ1

is O
(

maxk(1−λ̃ 1
k )

2

mink(1−λ̃ 1
k )

2
ε−3polylog(nm)

)
. If measurement opera-

tion is replaced by amplitude amplification, the time complex-

ity is reduced to O
(

maxk(1−λ̃ 1
k )

mink(1−λ̃ 1
k )

ε−3polylog(nm)
)

. Since only

the first iteration can adopt amplitude amplification, the time
complexity of preparing ρi (i ≥ 2) is O

(
polylog(nm) · ε−3 ·

maxk(1−λ̃ 1
k )

mink(1−λ̃ 1
k )

·∏l
j=i

(
maxk(1−λ̃

j
k )

mink(1−λ̃
j

k )

)2)
, where λ̃

j
k represents the k-th

eigenvalue of ρU j . The total time complexity for l iterations is

O
(

polylog(nm) ·∑l
i=1 ε−3 · maxk(1−λ̃ 1

k )

mink(1−λ̃ 1
k )

·∏i
j=2

(
maxk(1−λ̃

j
k )

mink(1−λ̃
j

k )

)2)
.

Table 2 shows the time complexities of the QPLS regres-
sion and the PLS regression. For the QPLS regression, due
to ε is generally small, the time complexity of state prepara-
tion can be negligible. We add up the time complexities of all
stages and get the total time complexity

O
(
(log(1/ε)ε−1 +1)ε−3polylog(nw)l

+ε
−3polylog(nm)

l

∑
i=1

·
maxk(1− λ̃ 1

k )

mink(1− λ̃ 1
k )

×
i

∏
j=2

(
maxk(1− λ̃

j
k )

mink(1− λ̃
j

k )

)2)
. (22)

For the PLS regression, the total time complexity is
O(poly(nw)l + poly(nm)l). The QPLS regression achieves
exponential speed-ups over the PLS regression on the inde-
pendent variable dimension n, the dependent variable dimen-
sion w, and the number of variables m when 1/ε and l are

O(poly(nw)) and maxk(1−λ̃ 1
k )

mink(1−λ̃ 1
k )

is O(poly(nm)).

Table 2. Time complexity.

Stage QPLS regression PLS regression

Stage 1 O(log(1/ε)ε−4polylog(nw)l + ε−3polylog(nw)l) O(poly(nw)l)

Stage 2 O(log(1/ε)ε−4polylog(nw)l + ε−3polylog(nw)l) O(poly(nw)l)

Stage 3 O
(

polylog(nm) ·∑l
i=1 ε−3 · maxk(1−λ̃ 1

k )

mink(1−λ̃ 1
k )

·∏i
j=2

(
maxk(1−λ̃

j
k )

mink(1−λ̃
j

k )

)2)
O(poly(nm)l)

In the prediction stage, the time complexity of controlled
swap test operation is O(1), the inner product ⟨ϕ*

x |ui
1⟩ can

reach accuracy ε1 by iterating controlled swap test operation
O(P(1)(1 − P(1))/ε2

1 ) times, where P(1) is the probability
that the measurement result is |1⟩. Therefore, the total time
complexity of the prediction stage is O(lP(1)(1−P(1))/ε2

1 ).
Since P(1) is a constant, the time complexity can be further
written as O(l/ε2

1 ), which is determined by the error ε1.

5. Conclusion and future work
In this paper, we proposed a quantum PLS regression al-

gorithm and analyzed the space and time complexities. Aim-
ing at the problem of high computational complexity for the
PLS regression algorithm, we designed the quantum eigen-
vector search method, which skillfully adopted the quantum
comparison operations to speed up the building of the princi-
pal axis pi. In addition, we combined the quantum eigenvector
search method and the Bell-basis measurement method to con-
struct the regression parameters ri. Finally, we designed the
density matrix product method to produce the residual matrix

product ET
i FiFT

i Ei, which avoided multiple accesses to QRAM
and improved the execution speed of the algorithm. Further-
more, the complexity analysis shows that the QPLS regression
algorithm achieves exponential speed-ups over the PLS regres-
sion on the independent variable dimension n, the dependent
variable dimension w, and the number of variables m when

1/ε and l are O(poly(nw)) and maxk(1−λ̃ 1
k )

mink(1−λ̃ 1
k )

is O(poly(nm)).

The quantum eigenvector search method is a more promising
method to implement the specified state search of quantum al-
gorithms. We hope that the QPLS regression algorithm can
inspire more fruitful results in the quantum machine learning
field.
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