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Y-shaped Kekulé bond textures in a honeycomb lattice on a graphene-copper superlattice have recently been exper-
imentally revealed. In this paper, the effects of such a bond modulation on the transport coefficients of Kekulé-patterned
graphene are investigated in the presence of a perpendicular magnetic field. Analytical expressions are derived for the
Hall and longitudinal conductivities using the Kubo formula. It is found that the Y-shaped Kekulé bond texture lifts the
valley degeneracy of all Landau levels except that of the zero mode, leading to additional plateaus in the Hall conductivity
accompanied by a split of the corresponding peaks in the longitudinal conductivity. Consequently, the Hall conductivity
is quantized as ±ne2/h for n = 2,4,6,8,10, . . ., excluding some plateaus that disappear due to the complete overlap of
the Landau levels of different cones. These results also suggest that DC Hall conductivity measurements will allow us to
determine the Kekulé bond texture amplitude.

Keywords: AAA-stacked trilayer graphene, integer quantum Hall effect, Kubo formula, Hall conductivity
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1. Introduction
Space-modulated two-dimensional materials in which the

lattice structure is modified by strain, twisting of the layers
or the substrate, etc. are very interesting platforms for novel
physical phenomena.[2–8] Recently, Gutiérrez et al.[9] have re-
vealed Y-shaped Kekulé bond textures in a honeycomb lat-
tice on a graphene-copper superlattice, in which one of the
six carbon atoms in each superlattice unit cell has no copper
atoms below it and acquires a shorter nearest-neighbor bond
length. Gamayun et al.[10] have shown that such a bond tex-
ture locks the valley degree of freedom of the charge car-
riers to their direction of motion, resulting in the breaking
of the valley degeneracy of graphene and the emergence of
two species of massless Dirac fermion in Y-shaped Kekulé-
patterned graphene.[10] Other works have explored the effects
of Kekulé textures on graphene; Wu et al.[11] proposed a type
of valley field-effect transistor made from Y-shaped Kekulé-
patterned graphene and explored tuning the valley pseudo-
magneto resistance via an electric field. Andrade et al.[12]

studied the effects of uniaxial strain on the band structures of
all types of Kekulé-distorted graphene. Further works have
investigated[13,14] the effects of Kekulé textures on the elec-
tronic transport properties of Kekulé-distorted graphene, as
well as the consequences of Kekulé distortion on the optical
conductivity[15,16] and dynamical polarization of graphene.[17]

To date, most of the works on the topic of Y-shaped
Kekulé-patterned graphene have studied its properties in the
absence of a magnetic field. It is, however, interesting to ex-
plore the effects of a Y-shaped Kekulé bond texture on the
magnetotransport properties. Moreover, the integer quantum
Hall effect is one of the most intriguing properties of two-

dimensional electron-gas systems, in which the Hall conduc-
tivity in a strong magnetic field is quantized in integer multi-
ples of e2/h.[18] This effect has been observed in graphene, but
with a different quantization that arises from its chiral mass-
less Dirac-like spectrum.[19–21] Recently, several groups have
studied the effects of the stacking order on the integer quan-
tum Hall quantization of multilayer graphene.[22–27] In this pa-
per, we address the effects of the Y-shaped Kekulé bond tex-
ture on the quantum Hall transport properties of single-layer
graphene. We derive an analytical expression for the Hall con-
ductivity and find that the presence of the Y-shaped Kekulé
bond texture lifts the valley degeneracy of all Landau levels
except that of the zero Landau level; this behavior is described
by the Atiyah–Singer index theorem.[28] This leads to a new
type of anomalous quantum Hall conductivity quantized as
σxy = νe2/h with ν = ±2,±4,±6,±8, . . .. We also obtain an
analytical expression for the longitudinal conductivity, which,
along with the analytical expression for the Hall conductivity,
can be used to evaluate the Hall and longitudinal resistivities
and to explore the effects of the Kekulé bond texture on them.

The rest of this paper is organized as follows. In Sec-
tion 2, we introduce the formalism used and obtain analytical
expressions for the Hall and longitudinal conductivities. Sec-
tion 3 is devoted to presenting the results and a discussion.
Finally, in Section 4, we end the paper with a summary and
conclusions.

2. Model and formulation
Figure 1(a) shows the lattice structure of a Y-type Kekulé-

patterned graphene. According to the tight-binding model pro-
posed by Gamayun et al.,[10] the low-energy Hamiltonian for
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Kekulé-patterned graphene is given by

𝐻 =

(
vF𝑝 ·𝜎 ∆̃𝑄ν

∆̃ ∗𝑄†
ν vF𝑝 ·𝜎

)
, (1)

where vF is the band velocity of pristine graphene, 𝑝= (px, py)

is a two-dimensional momentum, and 𝜎 = (𝜎x,𝜎y) are Pauli
matrices. Furthermore, ∆̃ is the energy coupling amplitude
originating from the Kekulé bond texture and 𝑄ν = vF(ν px−
i py)𝜎0 is the Kekulé texture coupling between Dirac Hamil-
tonians, where 𝜎0 is the identity matrix and ν = ± denote
two types of Y-shaped Kekulé texture.[10] For simplicity, we
consider a real ∆̃ = ∆0 and ν = 1. Note that complex ∆̃ and
ν = −1 are equivalent upon a unitary transformation. In this
model, the effects of bond modulation have been taken into ac-
count via the Kekulé bond texture amplitude, ∆0. Therefore,
the effect of the bond modulation on the quantum Hall effect
in Kekulé-patterned graphene can be examined by changing
∆0.
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Fig. 1. (a) Schematic representation of a graphene Lattice with a Y-shaped
Kekulé texture. Thick red and thin black lines distinguish different bond
strengths. (b) The solid red (dashed black) curves show the low-energy spec-
trum of its slow(fast) cone with a velocity of vF(1−∆0) (vF(1+∆0)) for a
∆0 = 0.1 Kekulé bond texture. The horizontal lines show the Landau levels
for B = 4 T.

2.1. Eigenvalues and eigenstates

The low-energy Hamiltonian of Kekule-patterned
graphene in the presence of a perpendicular magnetic field
is given by

𝐻 =


0 vFπ− vF∆0π− 0

vFπ+ 0 0 vF∆0π−
vF∆0π+ 0 0 vFπ−

0 vF∆0π+ vFπ+ 0

 , (2)

where π± = πx± iπy, 𝜋 =−ih̄∇+e𝐴 is the two-dimensional
canonical momentum, and 𝐴 is the vector potential. Due
to the commutation relation [π±,π∓] = ∓2eBh̄, π± can be
regarded as ascending and descending operators of the har-
monic oscillators, π±→

√
2h̄a†/l and π∓→

√
2h̄a/l, where

l =
√

h̄/eB is the magnetic length and the upper (lower) sign
is for 𝐵= (0,0,B) (𝐵= (0,0,−B)). Assuming that the eigen-
functions are given by a linear combination of the eigenfunc-
tions of the harmonic oscillator, we obtain the eigenvalues and

eigenfunctions of Eq. (2) (except for the zero-energy eigen-
function) as follows. The eigenvalues are

Es1,s2
n =

√
2h̄vF

l
λ

s1,s2
n (3)

with

λ
s1,s2
n

= s2

√√√√ (2n+1)(1+∆ 2
0 )+ s1

√
(1+∆ 2

0 )
2 +16n(n+1)∆ 2

0

2
,

(4)

where s1 = ± denote the higher and lower subbands (called
fast and slow cones) and s2 = ± denote the conduction and
valence bands in the limit of the zero magnetic field, re-
spectively. Figure 1(b) shows the Landau levels of Kekulé-
patterned graphene for ∆0 = 0.1 and B = 4 T. One can see that
the Y-shaped Kekulé texture lifts the valley degeneracy, lead-
ing to the appearance of new Landau levels. For n ≥ 0 and
λ

s1,s2
n 6= 0, the eigenfunctions are given by

|n,s1,s2〉=


α

s1,s2
n |n−1〉
β

s1,s2
n |n〉

γ
s1,s2
n |n〉

η
s1,s2
n |n+1〉

 ,


α
s1,s2
n

β
s1,s2
n

γ
s1,s2
n

η
s1,s2
n

= γ
s1,s2
n



√
n

λ
s1 ,s2
n

(λ
s1 ,s2
n )2−(n+1)(1−∆ 2

0 )

(2n+1)∆0

(λ
s1 ,s2
n )2−(n+1)−n∆ 2

0
(2n+1)∆0

1
√

n+1
λ

s1 ,s2
n

(λ
s1 ,s2
n )2+n(1−∆ 2

0 )
2n+1

 , (5)

where

γ
s1,s2
n =

[
1+
(
(λ s1,s2

n )2− (n+1)−n∆ 2
0

(2n+1)∆0

)2

+

( √
n

λ
s1,s2
n

(λ s1,s2
n )2− (n+1)(1−∆ 2

0 )

(2n+1)∆0

)2

+

(√
n+1

λ
s1,s2
n

(λ s1,s2
n )2 +n(1−∆ 2

0 )

2n+1

)2]−1/2

. (6)

The zero-energy state (λ−,s2
0 = 0) is doubly degenerate; its

eigenfunctions are given by

|0,−,+〉= 1√
1+∆ 2

0


0
−|0〉
∆0|0〉

0

 ,

|0,−,−〉=


0
0
0
|0〉

 . (7)

It is obvious that a nonzero Y-shaped Kekulé texture breaks
the valley degeneracy of all Landau levels except those of the
zero mode. As we show in the next section, this leads to a new
type of anomalous quantum Hall effect, which is distinct from
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that of pristine graphene.[19–21]
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Fig. 2. Landau level spectrums of Y-shaped Kekulé-patterned graphene as a
function of the perpendicular magnetic field for Kekulé bond texture ampli-
tudes of (a) ∆0 = 0.079 and (b) ∆0 = 0.200.

Plots of the Landau level spectrums versus the magnetic
fields for ∆0 = 0.079 and ∆0 = 0.200 are shown in Figs. 2(a)
and 2(b), respectively. All the E 6= 0 Landau levels (including
the n = 0 level of the fast cone with a velocity of vF(1+∆0))
scale according to

√
B and nearly with

√
n. Due to the

√
n

dependence of the Landau levels, the separation between the
adjacent Landau levels of each cone decreases with an increase
in the index number of the Landau level. However, this is not
the case for the separation between Landau levels of differ-
ent cones. Consequently, some of the Landau levels of differ-
ent cones overlap. For small Kekulé texture coupling ampli-
tudes, this takes place at higher Landau levels. As we show
in the results section, this can lead to the appearance of 8e2/h-
steps and consequently the disappearance of the corresponding

plateaus in the Hall conductivity.

2.2. Hall and longitudinal conductivity

In this subsection, we present our analytical results for the
transverse (Hall) and longitudinal components of the conduc-
tivity tensors. In the linear response theory, the Hall conduc-
tivity is given by the Kubo formula[29–31]

σxy =
ih̄e2

LxLy
∑

ζ 6=ζ ′

f (Eζ )− f (Eζ ′)

Eζ −Eζ ′

〈ζ |vy|ζ ′〉〈ζ ′|vx|ζ 〉
Eζ −Eζ ′ + iΓ

, (8)

where f (εζ ) = 1/
(

1+ e(Eζ−µ)/kBT
)

is the Fermi Dirac dis-

tribution function, µ is the chemical potential, |ζ 〉 are the
eigenfunctions of Kekulé-patterned graphene in the Dirac no-
tation given in the gauge 𝐴= (−By,0,0) by 〈𝑟|n,s1,s2,kx〉=
eikxxe−z2/2Hn(z)/

√
2nn!
√

πlLx where z = (y− kxl2)/l, Hn is
the Hermite polynomial, Lx (Ly) is the length of the graphene
sheet in the x (y) direction, and finally, εζ are the correspond-
ing eigenvalues (Landau levels). Γ is the Landau level broad-
ening due to the presence of disorders and other broadening
mechanisms. However, for the real QHE, the Anderson lo-
calization due to impurity scattering is essential. In order to
obtain an analytical result for σxy and estimate the possible
step structures of σxy, we take Γ = 0. We will consider a finite
broadening later, in the evaluation of the longitudinal conduc-
tivity.

To proceed, one needs the product of the velocity matrix
elements. After evaluating and inserting them into Eq. (8), we
arrive at

σxy = −sgn(B)gσ

e2

h

(
+

1
2 ∑

s′2

[
f (E−,−0 )− f (E+,s′2

0 )
]
+ ∑

s′1,s
′
2

(α
s′1,s
′
2

n (1−∆ 2
0 ))

2

1+∆ 2
0

f (E−,+0 )− f (Es′1,s
′
2

1 )

(λ−,+0 −λ
s′1,s
′
2

1 )2

+ ∑
s2,s′1,s

′
2

 √2∆0√
1+∆ 2

0

+
s2√

2
(∆0β

s′1
1 + γn′,s′)

2
f (E+,s2

0 )− f (Es′1,s
′
2

1 )

(λ+,s2
0 −λ

s′1,s
′
2

1 )2

+ ∑
n≥1

∑
s1,s2,s′1,s

′
2

[
(β s1,s2

n +∆0γ
s1,s2
n )α

s′1,s
′
2

n+1 +η
s1,s2
n

(
∆0β

s′1,s
′
1

n+1 + γ
s′1,s
′
2

n+1

)]2 f (Es1,s2
n )− f (Es′1,s

′
2

n+1 )

(λ s1,s2
n −λ

s′1,s
′
2

n+1 )2

)
, (9)

where gσ = 2 is due to two-fold spin degeneracy (this is the
case in which the Zeeman splitting is smaller than the Landau
level broadening). After some cumbersome but straightfor-
ward calculations, the Hall conductivity can be written as

σxy =−sgn(B)gσ

e2

h ∑
n≥0

∑
s1,s2

f̃ (Es1,s2
n ), (10)

where f̃ (Es1,s2
n ) = f (Es1,s2

n )− 1/2 is defined so that the for-
mula continues to satisfy the particle–hole symmetry.[21,32]

Equation (9) obviously indicates that σxy is an odd function

of the chemical potential, σxy(−µ) =−σxy(µ).

In a 2D electron system, a perpendicular magnetic field
confines the electrons in quantized cyclotron orbitals. There-
fore, at very low temperatures, the diffusive contribution to the
conductivity vanishes and only its collisional (or hopping) part
is nonzero.[33] The latter arises as a result of the migration of
the cyclotron orbit due to electron–impurity scattering, which
is assumed to play a key role in the transport properties of our
system, as it is usual in other two-dimensional graphene-based
materials. The longitudinal conductivity can therefore be writ-
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ten as[29,30,33]

σ
col
xx =

e2

2kBT LxLy
∑
ζ ,ζ′

f (Eζ )
[
1− f (Eζ′ )

]
×Wζ ζ ′(Eζ ,Eζ ′)(yζ − yζ ′)

2, (11)

where yζ = 〈ζ |y|ζ 〉 and Wζ ζ ′ is the transition rate between the
|ζ 〉 and |ζ ′〉 one-electron states. If the scattering due to impu-
rities is assumed to be elastic, the transition rate is then given
by[29,30,33]

Wζ ζ ′(Eζ ,Eζ ′) =
2πni

h̄LxLy
∑
q
|U(𝑞)|2|Fζ ζ ′(u)|2

×(Eζ −Eζ ′)δkx,k′x+qx , (12)

where ni is the impurity concentration, Fζ ζ ′(u) = 〈ζ |ei𝑞.𝑟|ζ ′〉
is the form factor with u = l2q2/2 = l2(q2

x +q2
y)/2, and U(𝑞) is

the Fourier transform of the impurity potential, which is taken
to be that of the screened charges, U(𝑟) = e2 e−ksr/4πεrε0r,
in which ks is the screening wave vector, εr is the relative per-
mittivity, and ε0 is the permittivity of vacuum. If the impurity
potential is strongly short ranged, one may use the approx-
imation ks � q and ignore the q dependence of the Fourier
transform of the impurity potential. Since the scattering is
elastic and the eigenvalues do not depend on kx, only the
transitions n → n′ = n are allowed. Furthermore, we have
(yζ − yζ ′)

2 = l4q2 cos2 ϕ , where ϕ is the azimuthal angle in
polar coordinates. Hence, transforming the sums into integrals

∑
kx,σ

→ gσ

Lx

4π2l2

∫ Ly/2l2

−Ly/2l2
dkx,

∑
q
→

LxLy

4π2l4

∫ 2π

0
dϕ

∫
∞

0
du,

Eq. (11) takes the form

σ
col
xy = gσ

e2

h
niU2

0

2
√

2kBT h̄vFlk2
s

∑
n,s1,s2

f (Es1,s2
n ) [1− f (Es1,s2

n )]

×
∫

∞

0
u
∣∣Fs1s2,s1s2

n,n (u)
∣∣2 du. (13)

After evaluating the integral
∫

∞

0 u|Fs1s2,s1s2
n,n (u)|2 du analyti-

cally, using the orthogonality of the Laguerre polynomials and
their recurrence relation,[34] we arrive at

σxx = gσ

e2

h
niU2

0

2
√

2kBT h̄vFlk2
s

(
f (E−,−0 )

[
1− f (E−,−0 )

]
+ f (E−,+0 )

[
1− f (E−,+0 )

]
+

1
2 ∑

s2

f (E+,s2
0 )

[
1− f (E+,s2

0 )
]

+ ∑
n≥1

∑
s1,s2

[
(2n−1)(αs1,s2

n )2 +
[
(β s1,s2

n )2 +(γs1,s2
n )2]

×
[
(2n+1)

(
(β s1,s2

n )2 +(γs1,s2
n )2

)
−2n(αs1,s2

n )2

−2(n+1)(ηs1,s2
n )2

]
+(2n+3)(ηs1,s2

n )2
]

× f (Es1,s2
n ) [1− f (Es1,s2

n )]

)
. (14)

This equation is numerically evaluated to obtain σxx. At very
low temperatures, the effects of the other broadening mecha-
nisms of the Landau levels can be taken into account by replac-
ing f (Es1,s2

n )
[
1− f (Es1,s2

n )
]

with an approximate Dirac delta
function

δ (Es1,s2
n −µ)≈ Γ /π

(Es1,s2
n −µ)2 +Γ 2 ,

where Γ is the Landau level broadening.

3. Results and discussion
In this section, using the analytical expressions obtained

in the previous section, the effects of the Y-shaped Kekulé
bond texture on the transport coefficients of Kekulé-patterned
graphene are investigated. In our calculation, we use the
values t = 3 eV and a = 0.142 nm for the intra-layer hop-
ping energy and the intra-layer carbon bond length of pristine
graphene, respectively.

In Fig. 3, we plot the Hall and longitudinal conductivi-
ties of Y-shaped Kekulé-patterned graphene as a function of
the chemical potential for fixed values of the magnetic field of
B = 7 T, a temperature of T = 5 K, and a Y-shaped Kekulé
bond texture of ∆0 = 0.2 (Fig. 3(b)), compared to those of
pristine graphene (Fig. 3(a)). The other parameters are ni =

5×1013 m−2, εr = 4, and ks = 5×107 nm−1. In order to make
the effects of the Kekulé bond texture more evident, we used a
large value, ∆0 = 0.2, for it.[10] As is usual in the quantum Hall
regime in two-dimensional materials, the Hall conductivity ex-
hibits plateaus, and the transition regions between the plateaus
of the Hall conductivity are accompanied by peaks in the lon-
gitudinal conductivity. Comparing Figs. 3(a) and 3(b) shows
that in the presence of the Y-shaped Kekulé bond texture, ad-
ditional plateaus appear (at ±ne2/h for n = 2,4,6, . . .) in the
Hall conductivity of the Kekulé-patterned graphene, and that
each peak of the longitudinal conductivity (except the peak lo-
cated at a zero chemical potential) is split into two peaks.

The Hall plateaus displayed in Fig. 3 can be explained
as follows. The Landau levels of pristine graphene are four-
fold degenerate, so each Landau level contributes 4e2/h to its
Hall conductivity. On the other hand, as shown in Section 2,
the Y-shaped Kekulé bond texture lifts the valley degeneracy
of all Landau levels except that of the zero mode, which re-
mains fourfold degenerate. So, each Landau level (except for
the zero-energy level) contributes 2e2/h (4e2/h) to the Hall
conductivity in Y-shaped Kekulé-patterned graphene, leading
to the emergence of a 4e2/h-step at the zero chemical potential
and 2e2/h-steps at other points in Fig. 3. Moreover, due to the
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lifting of the valley degeneracy by the Y-shaped Kekulé bond
distortion, each peak of the longitudinal conductivity (except
the peak located at zero energy) is split into two peaks.
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Fig. 3. The Hall and longitudinal conductivities of (a) pristine graphene and
(b) Y-shaped Kekulé-patterned graphene for a Kekulé distortion of ∆0 = 0.2
versus the chemical potential. The other parameters are B = 7 T, T = 5 K,
ni = 5×1013 m−2, εr = 4, and ks = 5×107 nm−1.

As shown above, Y-shaped Kekulé-patterned graphene
exhibits a new type of anomalous quantum Hall effect, which
is distinct from that of pristine graphene.[19–21] The origin of
the zero-energy Landau-level degeneracy and thus the anoma-
lous quantum Hall effect in Kkeulé-patterned graphene, as in
pristine single and bilayer graphene,[19,35,36] can be explained
using the Atiyah–Singer index theorem.[28] According to this
theorem, the existence of zero-energy states in curved lattices
with identical topologies (e.g., for a corrugated graphene sheet
with the same topology as that of a graphene lattice[37]) and/or
in presence of a gauge field (the usual electromagnetic field
provides just the simplest example of these fields), is guaran-
teed, for topological reasons. This means, in particular, that
the number of zero-energy states expressed in terms of the
total pseudo-magnetic/magnetic flux per torus in the units of
the flux quantum is a topological invariant.[36,37] The num-
ber of zero-energy states can also be determined by the di-
mensions of the zero-energy eigenspaces.[37,38] For Kekulé-
patterned graphene, if we decompose[10] 𝐻 = π+𝑆++π−𝑆−,

with 𝑆±= vF(σx± iσy)⊗τ0+vF∆0σ0⊗(τx± iτy) and 𝜎0, 𝜎x,
and 𝜎y (𝜏0, 𝜏x, and 𝜏y) act on the sublattice (valley) degree
of freedom, we see that the full spaces of both 𝑆+ and 𝑆−

are composed of two irreducible rank-two null spaces, leading
to a twofold degenerate zero mode for 𝐻 and confirming the
two-fold degeneracy of the zero-energy states. The degener-
acy of the zero-energy states can be experimentally checked by
measurements of the quantum Hall activation gaps of Kekulé-
patterned graphene, similarly to Ref. [39] for the case of pris-
tine single-layer graphene.

Due to the square-root dependence of the Landau levels
on the applied magnetic field, the separation between the adja-
cent Landau levels of each cone decreases with an increase in
the index number of the Landau level. However, this change
in the distance between adjacent levels is not same for dif-
ferent cones. Consequently, the Landau levels of different
cones can overlap. Moreover, according to Eqs. (3) and (4)
and Fig. 2, the index numbers of the Landau levels that over-
lap with each other depend inversely on the Kekulé bond tex-
ture. Specifically, the lower the Kekulé texture coupling am-
plitude, the higher the Landau levels at which overlaps take
place. The overlaps of the Landau levels lead to the emer-
gence of 4e2/h-steps, and, consequently, the disappearance of
the corresponding plateaus and peaks in the Hall and longitu-
dinal conductivities, respectively. This takes place when the
condition µ = E+,s2

n = E−,s2
m , m > n is satisfied for (m,n) pairs

of indexes of the Landau levels of different cones. Based on
this condition and Eq. (10), one may conclude that the plateaus
that disappear are −2s2(n+m)e2/h. This effect can be seen
in Fig. 4, in which we plot the Hall and longitudinal conduc-
tivities of Y-shaped Kekulé-patterned graphene as a function
of the chemical potential for fixed values of the magnetic field
(B = 5 T) and the temperature (T = 3 K) and different val-
ues of the Kekulé bond texture. One can see that this effect
can be observed under a low magnetic field (chemical poten-
tial) if the Kekulé texture amplitude is large. A similar be-
havior, but with different step changes in the Hall conductiv-
ity, has been reported for AB-stacked bilayer graphene,[40] and
bilayer[41] and trilayer[27] graphenes with an AA stacking or-
der. However, unlike the bilayer[41] and trilayer[27] graphenes
with an AA stacking order, the appearance of 4e2/h-steps in
the Hall conductivity of Y-shaped Kekulé-patterned graphene
and 8e2/h-steps in the Hall conductivity of AB-stacked bilayer
graphene[40] is not periodical.

The Landau levels of pristine graphene, due to its linear
band dispersion, are proportional to the square root of the in-
dexes of the Landau levels. For this reason, the Landau levels
close to the Dirac point are more widely spaced, allowing the
quantum Hall effect (±2e2/h plateaus in the Hall conductiv-
ity) to be observed under very magnetic field, even at room
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temperature.[42] As one can see from Eqs. (10) and (11) and

the plots of the Hall conductivity in Figs. 3 and 4, Y-shaped

Kekulé-patterned graphene has fairly similar properties. The

Hall conductivity, along with the
√

1+∆ 2
0 dependence of the

E+,s2
0 Landau levels, may be used to measure the Y-shaped

Kekulé bond texture amplitude.
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Figure 5 shows (a) an energy spectrum of Kekulé-
patterned graphene as a function of the magnetic field ampli-
tude and (b) a counter plot of the quantized Hall conductivity
of Kekulé-patterned graphene as functions of the energy and
the magnetic field amplitude, for ∆0 = 0.200 and T = 5 K. In
panel (b), the quantized values of the Hall conductivity inside
the energy gaps are indicated by numbers. The sequence of
the Hall conductivity, ±2,±4,±6,±8, . . . in units of e2/h is
exactly half as large as that of pristine graphene (except for
the first two filling factors), which originates from the twofold
spin degeneracy (which, due to the spin and valley degenera-
cies, is equal to the Hall conductivity of pristine graphene).
Furthermore, the plateau borders exhibit a

√
B dependence

that originates from the linear energy spectrum.

Figure 6 shows a Landau fan diagram[43–45] of (a) longi-
tudinal conductivity and (b) Hall conductivity, in units of e2/h,
as a function of the magnetic field amplitude and the electron
density. In Fig. 6, as in a conventional quantum Hall system,
the Landau fan diagram exhibits straight lines that converge to
the origin, tracking maxima in the longitudinal conductivity
(Fig. 6(a)) and demarcating plateaus in the Hall conductivity
(Fig. 6(b)). A Wannier diagram[46] has shown that the slope
of each line of the longitudinal conductivity is precisely the
Landau level filling factor, ν . Moreover, one can see that the

peaks of the longitudinal conductivity broaden with increasing
B, which is due to the broadening of the density of states.[31]

On the other hand, with decreasing B, one sees numerous
superficial peaks (at low electron densities) that gradually
disappear when B vanishes. The reason for this is that for
weak fields (B), the number of Landau levels near the Fermi
level participating in the longitudinal conductivity increases.

Eneregy spectrum Hall conductivity [σxy(e
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Fig. 5. (a) Energy spectrum of Kekulé-patterned graphene as a function of
the magnetic field amplitude and the energy and (b) a counter plot of the
quantized Hall conductivity of Kekulé-patterned graphene as functions of
the energy and the magnetic field amplitude, for ∆0 = 0.200 and T = 5 K.
In (b), the quantized values of the Hall conductivity inside the energy gaps
are indicated by numbers. The Hall conductivity has been determined in the
white areas.
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Another notable feature of the fan diagram is that the number
of peaks (and also the plateau borders) doubles for finite ∆0,
due to the lifting of the valley degeneracy.[31,44,45] Finally, it is
worth mentioning that since, in this paper, the calculations are
limited to low-energy electron transport, the fractal effects of
Hofstadter butterfly spectra cannot be observed.
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Fig. 6. Landau fan diagram of (a) longitudinal conductivity and (b) Hall
conductivity, in units of e2/h, as a function of the magnetic field amplitude
and the electron density. The Hall and longitudinal conductivities have been
determined in the white areas.
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Most of the abovementioned effects can be observed in

other measurable transport coefficients; for example, in the
magnetoresistivity tensor whose components are written, in
terms of the components of the conductivity tensor, as ρxx =

ρyy = σxx/(σxxσyy−σxyσyx) and ρxy =−ρyx = σxy/(σxxσyy−
σxyσyx), where σxx = σyy and σyx = −σxy. Figure 7 displays
the Hall and longitudinal resistivities of Y-shaped Kekulé-
patterned graphene as a function of the chemical potential for
amplitudes of (a) ∆0 = 0.179 and (b) ∆0 = 0.200 of the Kekulé
bond texture. As expected, the Y-shaped Kekulé bond texture
doubles the number of plateaus in the Hall resistivity (except
for the first plateau), shown here at 1/2, 1/4, 16, 1/8, and so on,
and splits the peaks of the longitudinal resistivity. The 1/10
plateau in the Hall resistivity (upper panel) disappears due to
the overlap of the E+,s2

n and E+,s2
n Landau levels. Moreover,

deep minimums occur in ρxx (strengthened at low chemical po-
tential and when two Landau levels overlap), as shown when
the longitudinal conductivity becomes large and/or exceeds
the Hall conductivity. Similar deep minimums have been ex-
perimentally observed in graphene samples.[20,47]

4. Summary and conclusions

In summary, we investigated the effects of a Y-shaped
Kekulé bond texture on the transport coefficients of a graphene
superlattice in the presnce of a perpendicular magnetic field.
It was shown that the Y-shaped Kekulé bond texture lifts the
valley degeneracy of the Landau levels of pristine graphene
(except for that of the zero mode), leading to the appear-
ance of additional plateaus in the Hall conductivity of the Y-
shaped Kekulé-patterned graphene and doubling the peaks of
the Shubnikov–de Haas oscillations of the longitudinal con-
ductivity. Moreover, it was found that the Hall conductiv-
ity in Y-shaped Kekulé-patterned graphene is quantized as
σxy = νe2/h with filling factors of ν = ±2,±4,±6,±8, . . .,
except when two Landau levels from different cones over-
lap completely, which is satisfied when µ = E+,s2

n = E−,s2
m ,

m > n. Complete overlap leads to the appearance of additional
4e2/h-steps and the simultaneous absence of−2s2(n+m)e2/h
plateaus, where pairs of integers (m,n) denote the indexes of
the Landau levels that overlap, and s2 = + (−) denotes the
conduction (valence) band of the fast cone. The effects of the
Y-shaped Kekulé bond texture on the components of the mag-
netoresistivity tensor were also explored. Finally, the potential
of the widely spaced ±2e2/h plateaus to be used in measur-
ing the amplitude of the Y-shaped Kekulé bond texture was
discussed.
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