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A solvable model of lateral line of a fish based on a wave equation with additional boundary conditions on a set of
isolated points is proposed. Within the framework of this model it is shown that the ratio of pressures on lateral lines
on different fish flanks, as well as the cross section of sound scattering on both the lines, strongly depends on angles of
incidence of incoming sound waves. The strong angular dependence of the pressure ratio seems to be sufficient for the fish

to determine the directions from which the sound is coming.

Keywords: acoustic equation, point self-adjoint perturbations of Laplace operator, scattering, lateral line
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1. Introduction

Sound detection capabilities of fishes are mainly based on
two sensory systems, the inner ears and small receptor organs
called “neuromasts” with sizes in order of 100 wm; in some
fish species a gas filled swim bladder is also involved in sound
detection.[!?) There are two types of neuromasts, i.e., superfi-
cial and canal. Superficial neuromasts are scattered on surface
of a fish and mainly responsible for detection of surrounding
flows, while the canal neuromasts are found in special subder-
mal canals and percept a pressure gradient of the flow.>-61 Tt
was shown that fishes are able to localize the direction to the
sound source and that the amount of data gathered by the audi-
tory organs is quite sufficient for some species to navigate and

-1 However, full under-

hunt in complex dark environments.
standing of exact mechanisms of fish sound-based navigation
and the details of interactions between fish auditory systems
have not been achieved yet.

Sound perception is a multi-stage event that requires four
components to occur: a source of vibration, a transmitting
medium, a receiving detector, and an interpreting nervous sys-
tem. Sound energy is carried by motion of the particles that
make up the transmitting medium. For inhabitants of aquatic
environment, the carrier of sound is water in which they are lo-
cated. Most fish species and amphibians, among other natural
tools, have a special organ known as the lateral line that detects
and interprets water vibrations. Visually, as a rule, it represents
two dark or light stripes, one on each side of the body trunk
of the fish, stretching from the head to the end of the caudal
peduncle. In fact, each of the stripes is a single fluid-filled
longitudinal canal buried in the skin which contains arrays
of equidistant neuromasts (this structure is shown in Fig. 1).

fCorresponding author. E-mail: popov1955@gmail.com
© 2022 Chinese Physical Society and IOP Publishing Ltd
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The canal is connected to the external environment via sec-
ondary fluid-filled tubules that branch off from the main tube
and penetrate the skin at regular intervals. Water vibrations
are transmitted from the secondary tubules to the canal by se-
quential compression and expansion of fluid. These vibrations
then jiggle the gelatinous domes of hair cells lining the canal.
The neuromasts usually alternate with external openings of the
canal.

Various aspects of fish hearing (acoustical parameters of
lateral line and swim bladder, description of sound receiver,
etc.) are described in Refs. [12-19].

In Refs. [20,21] a physical explanation (based on the reso-
nance scattering of incoming sound wave) is given for a mech-
anism of the detection of a sound source by means of the lat-
eral line organ. In a few words, a system of neuromasts can
be approximately considered as a periodic system of identical
acoustic resonators with small opening. It was shown that a
monochromatic wave falling on such a system can excite edge
waves in the vicinity of resonators. The intensity of such a
wave drastically depends on the angle between the directions
of the incident wave and the lateral line. The fish picks up
incoming waves (through neuromasts due to pressure surges)
and tunes in to them, changing the orientation of their body
in order to achieve the maximum tactile sensation, and thus
somehow determines the direction to the sound source.

In this paper, using these considerations as a starting
point, we develop a simplified solvable model of the acous-
tic field in the vicinity of the lateral line, which allows us to
compare the overpressure on opposite sides of the fish caused
by a distant sound source and to describe the angular distribu-
tion of the resulting scattered sound waves.

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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The proposed approach is based on the perturbation the-
ory for the wave equation in the form of the system of addi-
tional boundary conditions at the points of location of neuro-
masts. In other words, we model the influence of the lateral
line on the wave field in the immediate vicinity of the line
as a perturbation induced by a system of identical zero-radius

potentials>?!

sitting in the places of neuromasts. In this way,
one can easily supplement recent studies,>*~?8 which have
used physical instrumentation and mathematical modeling to
show that the lateral line of fish is a subtle analyzer of the gra-
dients of the surrounding hydrodynamic fields.

In Section 2, we briefly outline the proposed model and
find the explicit expression of Green’s function for the asso-
ciated Helmholtz equation. Using the obtained expression for
Green’s function, in Section 3 we calculate the pressure on
each neuromast in the field of a plane monochromatic wave.
Meanwhile, considering the neuromasts of the lateral line as
a scattering system, we determine the scattering amplitude of
a plane monochromatic sound wave incident on this system at
an arbitrary angle. Finally, in Section 4, the results obtained
are illustrated by calculations based on them, which show that
at certain not very low frequencies the ratio of pressures on
mirror-symmetric neuromasts from both sides of the fish body,
due to phase delay, can vary by many orders of magnitude,
depending on the direction of the sound source and the body
orientation of the fish. In this case, the resonance dependence
of the total and differential scattering cross sections on the in-
cidence angle of the incoming plane monochromatic wave and
the orientation of the fish body is also manifested.

Lateral line

Lateral line Water External
canal displacement opening

- —-

; 1 Sensoty
! Z 2 7 cells
Nerve

Lateral line nerve  Neuromast

Fig. 1. The structure of the lateral line: (a) lateral line position, (b)
lateral line structure, (c) neuromast structure.

2. Model description and Green’s function

To construct a model to be solved, we replace small res-
onators (neuromasts) with point potentials and consider two
parallel periodic chains of such potentials as a model of lat-
eral lines on the sides of a fish. The mathematical basis for

the development of such models is the theory of extensions of
selfadjoint operators (see, e.g., Refs. [22,29-33]).

To explain the concept of an extension, let us consider the
wave equation

2
%—t‘z" =Ay (1)

for the velocity potential y(r,7). Here, A is the Laplace dif-
ferential operator —c?A and c is the speed of sound. To add
correctly a single zero-range potential located at the point g
into Eq. (1) one can start from the standard defined self-adjoint
Laplace operator —c?A in L,(R?) with the domain H?(RR3),
where H? is the Sobolev space W22 and we restrict this opera-
tor on the set of smooth functions vanishing together with its
derivatives at the point 79 = 0. The closure of this restricted
operator is a symmetric operator Ag with the deficiency in-
dices (1,1). The domain of the corresponding adjoint operator
Aj consists, for any fixed s = Vq*+ig, €>0, Ims > 0, of all
the functions in the form of sum

eis|'r'|

v(r) = wo(r) +C31F|r|’

where Yy € H*(R3), and C} is any complex number. The
boundary form for any v, v from the domain of Aj admits the
representation

(A" ¥, 0) — (W, 4"D) = Yo (0)CF — oo 0)CY

All selfadjoint extensions of Ag are minimal restrictions
of AE; on linear subsets of functions from the domain of AE‘),
for which the above boundary form equals zero. Each such
restriction has the form of an additional linear relation

vo(0)=pB-Cy, ImB =0, 2

with a certain real parameter 8, — oo < 8 < oo, which is su-
perimposed on the functions from the domain of A.

The linear relation (2) takes the form of a boundary con-
dition at the origin:

[0 -
o [ p 0o

It is worth mentioning that the indicated self-adjoint operators,
which are formally defined as Laplace differential operators on
the set of functions satisfying the boundary condition (3), in
three-dimensional problems legalize the heuristic expressions
(see Ref. [22])

1
—c? — S(r
A+ ﬁS( ).

From now on we will assume that 8 > 0, since the selfad-
joint extensions of Ag related to the acoustic problems should
be non-negative operators.

Further, for simplicity, we will neglect the curvature of
the lateral canals on the sides of the fish, and as a model of
these canals, together with their openings and neuromasts, we
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will consider two parallel chains of equal equidistant poten-
tials of zero radius of the form (3) with the distance between
the nearest neighbors in each of the chains equal to a. We
will assume that the second chain is shifted relative to the
first by the vector g = g1e1 + g2e», where e and e; are unit
vectors along the axes X and Y, respectively, and that the in-
dicated zero-range potentials are located along the first and
second chains at points r,(ll) = na = nae; and r,(,z) =na+g,
n=0,+1,+2,...,+[N/2] (Fig. 2). Here Na is the length
of each chain and [x] is the integer part of x. Accepting that
the length of the fish body trunk is much greater than the dis-
tance between the nearest canal neuromasts and for many fish
species N reaches and even exceeds 100,341 in what follows
we will assume that N >> 1. It worth mentioning that results of
calculations using deduced below explicit asymptotic expres-
sion and corresponding numerical calculation cease to differ
significantly for N > 100.

Fig. 2. Schematic of the model setup. Neuromasts (green squares) of
the lateral line are on both sides of the fish’s body.

As in the previous case, starting from the selfadjoint
Laplacian in Ly (R3) with the domain H?(R3), one can restrict
this operator on the set of smooth functions vanishing at the in-
dicated points of two chains. The closure of this restricted op-
erator is a symmetric operator with infinite deficiency indices.
It has rich family of self-adjoint extensions. To construct a
suitable self-adjoint extension, one can take the corresponding
adjoint operator. An element from its domain has the follow-

ing form:

yexp[is|r —nal]

v(r) +Z{Cn

eXp|1s|r —na —
e plis|r —na—g|] 7
[r —na —g|

|r —nal

“)

where Yy belongs to the domain of the initial selfadjoint
Laplacian, C,S]) and C,(f) are some constants, such that the se-
ries (4) converges to a Ly(R3) function and Ims > 0. Choos-
ing the extension corresponding to the sum of the same zero-
range potentials, as described above, at points na, na+g, n =
0,£1,%2,...
ary conditions

8

pn:|r—na|, pn2:

, that is, the extension determined by the bound-

|r —na —g|, 5)

yields a self-adjoint operator A, as required for the model in
question. For simplicity, we set further g = ges.

Green’s function for A (the kernel of the integral oper-
ator (A —s? -I)_1 )
the form

Ims > 0, I-unity operator) in general has

1 exp[is|r —7'|]
G fg) = ——"1
(r7,) AT |r—7'|

+z{

(@) exp[is[r —na —g||
" |r —na —g| '

1yexp[is|r —nall
|r — nal

6)

The system of boundary conditions (5) gives us a sufficient
number of equations to uniquely determine the numerical val-
ues of the coefficients C,(,l), C,Sz). At the same time for N > 1,
repeating the same considerations that are used in solid state
theory to describe vibrational or electronic excitations of crys-
tal structures, one can easily obtain approximate expressions
for the same coefficients, the more accurate the more N. To
obtain in this way an explicit expression for Green’s function
G(r,r’,s) we put

D=y cleitna j=12 -Z<k<Z,
a a

exp[is|r —na|+ iknd]

(1) 1
Xr (T‘,S) = 7& -

|r —nal ’

1 explis|r —g—na|+iknd|
4r = |r — g —nal
D(k,s) = tis—B,
2"
explis|na — g|+ ikna

n

)

exp [is|n|a + iknal

(N

lna —g|

Using the boundary conditions (5) one can easily check that

the functions ék(l)@lfz) satisfy the following system of alge-

braic equations:

D(k,s)E" + 0k, &P = 1" ('),
(k) EN +D k) EP = 4P (v'5).  ®)

Taking into account expressions (7), Eq. (8) and the in-
version formula yields

U) _ a/if ik (i)
"= & dk. ©)

We can conclude that the following version of Krein’s formula
for Green’s function for A is valid:

exp[is|r —7'|]

1
G('r 7' S2) 47 |7'—7'/|

T Z 7/Jj ( )XIE )(rvs)xgjli) (T/,S) dk7
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olls) = Pallos) =
N2(k,s) = pi1(—k,s) = —1?,((12 Ss)),
W (k,s) = D?(k,s) — Q(—k,5)Q(k,s) (10)

3. Remote source detection and sound scattering

If the complex amplitude of steady-state sound vibrations

caused by a point source
) e—l(l)t7

A+5(T‘ -R

10t at

a short distance ry, gro < 1 from the source, then at arbi-

at a point R creates an excess variable pressure pge~

trary point r the complex amplitude of the excess pressure
p(r)e™ 19" will be determined by the expression

p(r) = 4mropoG (v, R,¢* +10) . a1

From now on we will assume that the distance from the origin
=R> Na.
Within the framework of the model under consideration,

to the remote source reads |R)|

the expression (11) is singular at the points mimicking neuro-
masts’ positions on the lateral line. To get around this diffi-
culty, assuming that ro in (11) is significantly smaller than a,

(2)

we will define the pressure at points r,gl) =na,ry

n=0,+1,+2,...

; 3
p(r)1) = / plr)dr, j=12. (12)
47177‘ |r— rn \<r0

Krein’s formula (10) and explicit expressions (7) and (8) for

=na-+g,
as the average

its entries yield

p(’l",(ll),l . 3Poa/ Z 7y X k r S) dk- e i@,

0*)0
I = 1,2 (13)

Taking into account that the sound absorption in water in-
creases with frequency, we restrict ourselves also to cases in
which the frequency of incoming sound satisfies the condition

Tic
0 < —.
a

(14)

Remember that

11m11mL &xp [1s Ir— R” =
rowel0d4n  |r— R|

2
2 O R N
s =2 +1€ =¢q~ t+ 1€,

1 eldR 1
_ —ig(br)
Tan R © +0<R2>

1
b= E~R:(cos@x,sinexsin(p,cos@xcosq))7 (15)

where Oy and @ are polar and azimuthal angles, respectively
(see Fig. 3), and

N
a
S

n=—N

i(ka—K'a) Z S(ka—Kka+2xl).

1770(,

(16)

The expressions for excess pressures PU')(z) and P2 (r)
on two parallel parts of the lateral line can be deduced from
Eq. (13) with the account of the asymptotic expression (15),
formula (16) and the restriction (13). Assuming that R > L,
i.e., the distance between the fish and a remote point source
significantly exceeds the length of the lateral line, the expres-
sions for P(V)(¢), P) () can be written in the following form:

P () = 3P0 gilgr-an) 1— e ld9) N 14 e (d9)
2R D(gcos 6x,q>+10) — Q(gcos Ox,q*> +10)  D(gcosOx,q> +10) + Q(gcos 6x,g> +10) |’
PA(r) = 3P0 igr-on) 1— e ldld9) B 14 e i9(d9) (a7
2R D(gcos 0x,q*+10) — Q(gcos Bx,q2 +i0)  D(gcos Ox,q* +10) + Q(gcos Ox,q% +10) |

These expressions make it possible in principle to determine
the direction of the radius vector drawn from the fish to a re-
mote source.

For the scattering of a plane sound wave

wo(r,t) =expil(g-r)— or],

qg=gb= 9b7 b = (cosOyx,cosOy,cos6;) (18)
c

by the considered system of point potentials the corresponding
solution of the wave equation (1) is determined according to
the Lippmann—Schwinger equation

7ia)tlim _

ie | G(r,r' > +i€) el dr', (19
im 1/]1%3 (r.7'.q" +ig)e r', (19)

y(ri)=e

|
(details can be found in Ref. [35]).

Note that
. . . /
1m;1£/ w iq(br’) gyt — eiq(b'r)7
el 4T Jr3  |r—7/|

(20)

=\/q¢*+ig, |b|=1.

Therefore, referring to the functions in (7), in the limit N — oo

we have

lim — ie (1) /o iq(b.r’)d ’
;E)l 1 %k (T’ 7S) € r

= — i 5<k—2m—qu>

a |~
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. . " 2 ig(b-r'
181m—1£/3x,§ ) (r',5) ') dp’

= eldl® i S(k—zm—qu> 1)

|=—oo

Hence, by virtue of Egs. (10) and (19)—(21) we have
eia)t l;/(r,t) _ ei(q~'r‘)

- 2ml wl i
-- X {[Yn(qu-%a) +%2(qu+) '(q‘g)}
R

A ()

gbx+#
2l AN
+ [721 (qu + Z) +12 (qu + Z) e'@ﬂ)}
2
XXy 200 (729) } (22)

Remembering again the asymptotic expression (15) we also
see that

limlimy "
Yl ()

1 el & 2ml
= — k— Oy — 222
2a r :Z’ ( 4e08 a )’

hmhmx( )( r,s)

r—eg|0
1 e‘q’ o —id(d-g) 2ml
= — O k— Oy — —
2a r l;m qe08x a )’
1
d=—r. 23)

r

Using relations (22) and (23) we find that the scattering ampli-
tude fa) (d7 b)’

r—yo0

. . elqr 1
elwtl[/("“7t) — el(q-r)-i,-fw (d,b) p +0(r2> ,
for N > 1 has the form

fo(d,b) = —”imzla {711 <61bx + 2a7rl)
72 (Clbx + 2a7rl) e i(@9)

+91 (qu + 2;”) eila9)

+122 <qu + ZZZ) e‘“‘“’)}

><5<f][bx —dx]— 2;[[1—1/])

|

fo (Dx,0) = 1 2D(gcos bx,q) —

27l
XMz (qu+ )

) [a ’(X ]
May 0] (%) = {o x¢ [a:,ai]

As followed from (24), scattering from the lateral line can

(24)

be observed only when the projections of the wave vectors of
the waves incident on this line and reflected from it satisfy the
Bragg-type condition

q(cos Oy —cosVy) =

1=0,+£1,£2,.... (25

27
—I,
a

Fig. 3. Angles of incidence of the incoming sound wave on the fish
body.

If the sound wavelength is larger than 2a, then by = dx

and
1 .
Jo(d,b) = —5[}’11 (gcos 6x,q) + 12 (qcos By, g) e ~19(d9)
951 (geos By, g) e 4(49)
+72 (gcos Bx,q) | 8 (cos By — cos Vy) . (26)

Thus, for sound wavelengths greater than 2a, that is, if the con-
dition (14) holds, sound scattering will occur while maintain-
ing the projection of the wave vector on the direction parallel
to the lateral line. Given the conservation of this component of
the wave vector, the scattering amplitude in the plane perpen-
dicular to the lateral line as a function of g = %, angle Oy and
the scattering angle ¢ in the plane perpendicular to the lateral

line,
1 [ (d-b) —cos? 6y
¢ =cos ! ( 5 ,
sin” Ox

is determined by the expressions

e‘iq(dg)Q(qcos Ox,q) — eiq(dg)Q(—qcos 0x,q)

2 D2 (qcos Ox,q) —

D(gcosbx,q) = In (

e Ba

2 |cos ga — cos (gacos O )|

) 7iﬂ7 Q(QCOSQX7Q) =

Q(gcos6x,q) O (—gcos by, q) ’

Z exp[ig|na — g| + igcos Oxna]

27
Ina — g

n

These expressions can be further simplified, given that the x-component of the vector g is negligibly small or can be neglected

024301-5
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due to other reasons (for example, if a < |g| and ga < 1). In such cases due to the equality Q(k,s) = Q(—k,s) the expression

(27) takes the form

D(gcosBx,q) —cos(q-g)Q(qcosOx,q)

fw(ﬁ)ﬁ(p) = -

D2 (gcos 0x,q) — Q% (gcos B, q)
1—cos(q-g)

1+cos(q-g)

4. Discussion

The starting point for the development of the considered
model was the mechanism of a sound detection by the lateral
line of fishes proposed in Refs. [20,21], where the correspond-
ing analysis was generally qualitative. In the present paper we
develop a quantitative approach, which allows to distinguish
the pressures caused by an external source on the lateral lines
on the different sides of the fish body trunk and to calculate
the differential cross section of sound scattering on the lateral

line.
" b
100 10 h (b)
= 10 =
g 3
S <
o g
0.01 -

£ L
T K
0 1.0 2.0 3.0 0 0.5 1.0 1.5

¢ (rad)

Fig. 4. The ratio of the pressure amplitudes and the phase difference
for pressures P(!)(r), P)(¢) on the flanks of the fish, calculated by for-
P (1)
P2 (1)

Ox (rad)

mula (17) for the frequency corresponding to ga = 7/6: (a) ‘
1)
1)

for different values of @; (c) arg (ﬁ;—;i;;) as a function of ¢ for different

) as a function of Oy for different values of

1
function of ¢ for different values of 8y; (b) ‘ IIZEZ;E as a function of Oy

PO ()

values of Oy; (d) arg <P(2) o
¢. In images (a) and (c), solid, dashed and dash-dotted lines correspond
to Ox = 15, &, 4 respectively. In images (b) and (d), solid, dashed
and dash-dotted lines correspond to ¢ =0, %, %, respectively.

[P/ P

P (1)

Fig. 5. The ratio ‘ for different ga and 6x (¢ = 0 (blue) and

¢ =T (green)).

P2 (1)

1
2 [ D(gcos 6x,q) — Q(gcosbx,q)

. 28
D(gcos 6x,q) 4+ Q(qcos bx,q) @8

\

The expressions obtained for the excess pressures on the
lateral line on opposite flanks of the fish caused by a remote
point source demonstrate a pronounced dependence of those
pressures both on the sound frequency and source position rel-
ative to the fish body in terms of the angles Oy and ¢ (see
Figs. 4 and 5).

Dependence on the angles becomes stronger with increas-
ing sound frequency and manifests itself strongly for the phase
shift and amplitudes quotient for fluctuations of excess pres-
sures on both sides of the lateral line along sides of the fish.

In the case of sound scattering on a lateral line within the
framework of the considered model, the projections of wave
vectors of the incident and scattered sound waves onto the lat-
eral line, as expected from symmetry considerations, are pre-
served. Note that in this case the dependence of the scattering
amplitude on angles Ox and ¢ becomes more pronounced with
the increasing frequency (Fig. 6).

|fu(Ox.0) 1202

Fig. 6. The differential scattering cross section |fg (6x, (Z))|2 calculated
by formula (28) for the frequency of the sound wave corresponding to
ga= {5 (a) and ga = Z (b).

Of course, due to the excessive sketchiness of the pro-
posed model and insignificant simplifications in the calcula-
tions, the results obtained do not reveal the entire function-
ality of the lateral line of fishes. However, the model can
be improved. Instead of point potentials, one can use res-
onators with a point window approximation (see Refs. [30,31])

or point potentials with an internal structure.!*®! For fishes
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with lateral lines of the “surface” type, Green’s function for
free space might be replaced by Green’s function for two half-
spaces with different speeds of sound,*”-33] and for fishes with
lateral lines of the “cannel type”, i.e., by Green’s function for
three-dimensional space with a potential with periodic internal
structure, concentrated on two parallel lines. All these changes
make it possible to expand the scope of the model under con-
sideration. However, these improvements are unlikely to sub-
stantially change the pronounced binaural effect (see Figs. 4
and 5), which, in our opinion, allow fishes to determine the
bearing of sound sources.

Note that even in the present form the model and its re-
sults can be useful for the rapidly developing field of the devel-
opment and application of an artificial later line and different

5.139:401 Sych sensors find their use in

42-45]

later-line-inspired sensor

aeroacoustic measurements, [*!l hydrodynamic sensing,!

as a navigational instrument for robotic fishes, [46-49] egc,
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