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Explosive synchronization in a mobile network in the presence
of a positive feedback mechanism
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Synchronization is a process that describes the coherent dynamics of a large ensemble of interacting units. The study
of explosive synchronization transition attracts considerable attention. Here, I report the explosive transition within the
framework of a mobile network, while each oscillator is controlled by global-order parameters of the system. Using numer-
ical simulation, I find that the explosive synchronization (ES) transition behavior can be controlled by simply adjusting the
fraction of controlled oscillators. The influences of some parameters on explosive synchronization are studied. Moreover,
due to the presence of the positive feedback mechanism, I prevent the occurrence of the synchronization of continuous-
phase transition and make phase transition of the system a first-order phase transition accompanied by a hysteresis loop.
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1. Introduction

Synchronization is a collective phenomenon of a pop-
ulation of dynamically interacting units.  Synchroniza-
tion processes can be observed in many fields, such as
biology, %!

cial sciences.!”l In the past, the Kuramoto model has been

neuroscience,>#! engineering,!>%! or even in so-

widely used in the study of synchronization!®!! because it
captures the essence of collective dynamics. The continuous
and second-order phase transition from the incoherent state to
the synchronous state has been widely studied using the stan-
dard Kuramoto model and its generalized forms.!'*~131 How-
ever, phase transition is first order, abrupt and irreversible
under certain conditions.[*!42% Jesus Gomez-Gardenes et
al.>! discovered this phenomenon firstly in heterogeneous
networks by setting the natural frequency of the oscillator to
be positively correlated with its degree. They named it ex-
plosive synchronization (ES) by referring to explosive perco-
lation. Explosive synchronization has rapidly become a hot
topic in the research frontiers of complex systems. Many
mechanisms have been found to induce explosive synchro-
nization transition, including frequency-weight,[%2223] time
delay, 2241 inertia, > and so on.[*-18,19:26.27]

Recently, positive feedback mechanisms that induce ex-
plosive synchronization have attracted increasing attention.
Zhang et al.!'7 utilized the local-order parameter to adjust the
actual coupling strength of each oscillator. Using this method,
they reported the explosive synchronization transition both in
a single network and a multiplex network. Dai et al.!?%%°]
introduced a positive feedback mechanism between the cou-
pling and the global-order parameter in the D-dimensional Ku-
ramoto model and showed that the synchronization transition

is explosive in all even dimensions, while it is mediated by a
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time-dependent rhythmic state in all odd dimensions. ") Their
studies provide inspiration for the understanding of the mecha-
nism between the coupling of the elementary constituents and
the level of coherence in the system. For example, if two neu-
rons or neuronal systems are always excited at the same time,
a “combination” will be formed. The excitation of one neuron
will promote the excitation of the other. ]

In this work, I study the synchronization phenomenon
Although

the synchronization of moving oscillators has been studied
12,32-35

within the framework of a dynamic network.
recently,| I previous studies mostly explored the role of
mobile networks in promoting synchronization. The method
involving using the average property (global-order parameter
in our work) of the whole system to adjust a single oscilla-
tor is rarely used in mobile networks.!*®! In this paper, T first
propose a Kuramoto model within the framework of dynamic
networks, in which the coupling strength of the oscillator is
controlled by positive feedback of the global-order parameters
of the whole system. In addition, I study the influence of the
symmetry of node frequency distribution on the synchroniza-
tion phenomenon within the framework of a mobile network,
and also discuss the impact of the communication radius on the
phase transition mode. In Section 2, I propose the Kuramoto
model in the presence of a positive feedback mechanism. In
Section 3, numerical simulations are provided to explore the
impact of parameters. Finally, I present a discussion and con-
clusions in Section 4.

2. Model

The N Kuramoto oscillators move in an L x L square area
with the periodic boundary conditions. And each oscillator has

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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its phase 6; (i=1,2,...,N, 6; € [—x, w]). The time evolution
of the phase of the oscillator i is defined as

N
i =wi+Aa; ) Ajjsin(6;—6;), (1)

Jj=1

where @; is the natural frequency of the oscillator i, A is the
overall coupling strength, and A;; are the elements of the adja-
cency matrix A; A;; = 1 if the i-th and j-th nodes are coupled,
otherwise A;; = 0. Hence, the degree of oscillators can be cal-
culated and k; = ):1}/:0A,~ j- In our study, natural frequency is
independent of the degree of the node.

32,33]

Compared with previous studies,! our contribution

lies in the coupling strength being tuned by the global-order
parameter R through ¢;. R is used to measure the coher-
ence of the collective motion and can be defined by Re'¥ =
(/M) XL,
herent state when R = 0. The value of R increases gradually

e'%, where 0 < R < 1. The system is in an inco-

while the oscillators perform synchronization. Finally, the sys-
tem is fully synchronized when the value of R reaches 1. Here,
Y represents the average phase of all oscillators and I is the
imaginary unit. I divide the oscillator in the system into two
parts: one is f fraction controlled oscillators, the otheris 1 — f
fraction uncontrolled oscillators. In the controlled oscillators,
®; = R, and o; = 1 in the others. I make the global-order pa-
rameter positive feedback act on the coupling strength of the

17371 1 apply the

oscillators. In contrast to previous research,|
global-order parameter of the whole system to each oscillator
uniformly and positively. By utilizing this positive feedback
control method, it is difficult for the system to generate a syn-
chronized core in the network. Therefore, it is difficult for
local synchronous communities to appear.

I use the dynamic network to describe the coupling rela-
tionship between oscillators. In an L x L square area, each
moving agent denotes an oscillator. In the initial state, all
agents are randomly distributed in the area and move with an-
gle ¢; (¢) and velocity v;(¢). Here, ¢; (¢) (@; (¢) € [—7, 7]) de-
notes the direction of the movement of oscillator i at time ¢,
while v;(f) denotes the speed of movement. Thus, the position
of agent i evolves in time as

xi (t+1) =x; (1) +vi (1) cos ; (1),
yi(t+1) =yi(t) +vi(t)sing;(t),
Qi(t+1) =i (t) +y; (1), )

where x; () and y; (t) denote the horizontal ordinate and verti-
cal ordinate of node i at time 7, respectively. And y;(¢) is the
change in the angle between time ¢ and ¢ + 1. To meet the re-
ality, I use Euclidean distance to judge whether the oscillators
are coupled or not. Euclidean distance is defined as

Dij(t) = /s () =, (0 + [yi (1) — v, (1)

Only when D;; (t) < r, the oscillator i and j can be coupled
and perform synchronization at discrete time ¢, namely, A;; = 1
when Dj; (t) < r otherwise A;; = 0. Here, r is the communica-
tion radius. In wireless sensor networks, the communication
radius refers to the wireless transmission and reception dis-
tance of each agent.’®! In our study, r affects the number of
coupled neighbors of the oscillator. For the sake of simplicity,
I set the communication radius r of all nodes to be the same
without additional explanation.

3. Simulation results

The numerical simulation results refer to a network of N
Kuramoto oscillators. Without affecting the conclusion and
properties of the simulation, I set N = 500 for all plots. Ini-
tially, phase 6;(¢) of all oscillators and the natural frequency
are drawn from a uniform probability distribution in [—7, 7],
unless otherwise specified. To calculate the phase 6;(z) of os-
cillator i in Eq. (1), I solve the differential equations using
the 4th-Runge—Kutta method with the integration time step
dh = 0.01. In addition, to compute a stationary value of the
order parameter, the system is allowed to integrate for a long-
enough time period (10° time step). To observe and track
the phase transition, I change the coupling strength, which
includes adiabatically increasing from the minimum value to
the maximum value, and then adiabatically decreasing from
the maximum value to the minimum value in small steps of
O0A. Furthermore, I take the steady value of the phase ob-
tained from the last calculation as the initial state for the next

iteration.
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Fig. 1. The transition to synchronization. R versus A for different values of
f31fix N =500, A = 0.001 and natural frequency follows random distribu-
tion in [—7, 7r]. The values used for the other parameters are reported in four
plots. In all plots, the blue triangles and solid lines represent forward transi-
tion, while the red circles and dashed lines represent backward transition.

The first step is to study the effect of the positive feedback
of R on the phase transition. I divided the oscillators into the

original oscillators and the oscillators regulated by the posi-
tive feedback mechanism and studied the effect of the positive
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feedback mechanism on the synchronization mode. The sim-
ulations are reported in Fig. 1 and reveal that controlling the
actual coupling strength of the oscillator (also known as the
effective coupling strength) using the global-order parameter
can indeed lead to explosive synchronization (namely, phase
transition is abrupt and discontinuous, accompanied by the
hysteresis loop).

In Fig. 1, the curves of the dependences of the global-
order parameter R and global coupling strength A for forward
transition (FW) and backward transition (BW) are reported for
four values of f. I'set L =10 (I fixed the value of L in all simu-
lations of this study, for the sake of simplicity), v=0.5,r =1,
04 =0.001 in Figs. 1(a)-1(d). And the natural frequencies
o of all the oscillators are uniformly distributed in [—7, 7).
It is clearly shown that the continuous transitions (second or-
der) occur when PF is absent (i.e., f = 0). The two curves of
FW and BW coincide completely. By contrast, the explosive
synchronization emerges when I add the fraction of controlled
oscillators in Figs. 1(b)-1(d). When some oscillators in the
system are controlled by the positive feedback mechanism, the
phase transition is first order and discontinuous, and a hystere-
sis loop also appears between the forward-phase transition and
backward-phase transition. In fact, when the positive feedback
effect does not exist, the phase transition is a second-order and
continuous-phase transition. By comparing with Figs. 1(a)-
1(d), I conclude that the positive feedback can induce explo-
sive synchronization with a hysteresis loop, and increasing the
value of f leads to the increase in the width of hysteresis loop
d. However, the critical coupling strength of the forward tran-
sition (i.e., the state changes from the incoherent state to the
synchronized state) Acp increases with the increase in f. I in-
fer that this is because when oscillators are controlled by the
global-order parameter of the system, it is difficult to form a
local and small synchronous community in the system. Thus,
the positive feedback is also a kind of inhibition. Only when
the coupling strength increases until the critical value is ex-
ceeded, the explosive transition suddenly occurs. Therefore,
the larger the value of f is, the greater the coupling strength
that is needed for transition.

To further investigate microscopic details behind the dy-
namic of ES, I monitor each oscillator’s effective natural fre-
quency in forward transition in Fig. 2, which is defined by

=(1/T) ft“T 6;(¢)d (t), where T is the total time, 7 >> 1,
and fo is the initial transients. I set 64 = 0.01, and the other
parameters are the same as those in Fig. 1. At f = 0.1, just 10
percent of oscillators are under the control of R. As depicted in
Fig. 2(a), the onset of discontinuous and abrupt transition oc-
curs when R ~ 0.4. This transition behavior can be known as
weak explosive synchronization transition.?”) T can well un-
derstand this phenomenon by studying the a)l-eff versus A curve
in Fig. 2(c). As A reaches the critical coupling strength, not
all the oscillators get synchronized abruptly and a few oscil-

lators are still disconnected away from the synchronous clus-
ter. They become part of the largest synchronous cluster only
when A increases beyond the critical coupling strength. In
Fig. 2(c), some wfff of the oscillators jump to a value which
nears the average value of all a)ieffand they gradually reach an
average value when A > A.. At f = 1, the transition behavior
is strong ES transition, as depicted in Fig. 2(b). In Fig. 2(d),

eff of all the oscillators suddenly jumps to the average value
It can be deduced that the positive feedback

in the coupling strength of the oscillators is significant for the

at once, A = Ac.

appearance of ES. It only needs a small proportion of the os-
cillators to be regulated, and the transition behavior can be
abrupt, discontinuous and irreversible.

1.0(() 1.0[b) m—
0.8 r_ 0.8
e 0.6 0.6
0.4 f=0.1]04 f=1.0
0.2 r=1.0/0.2 r=1.0
0 v=0.5 0 ey = (0.5
0 0.2 04 0.6 0.8 1.0 1.0

(c

“53 0
f=0.1
—2 r=1.0
v=0.5
A2 0706 08 10

A A

Fig. 2. The forward transition to synchronization for two values of f (f =0.1
for (a), (c); f = 1.0 for (b), (d)). The top row panels and bottom panels dis-
play the curves of R versus A and effective frequency a)l-eff versus A, respec-
tively. The other parameters are the same as those in Fig. 1.

The next interesting question is whether or not the
probability density distribution of natural frequency may af-
fect the feature of phase transition. I compare different
distributions of natural frequency, and focus on two sym-
metric distributions g(®), such as normal distribution and
Lorentzian distribution, and two asymmetric g(®), such as
power-law distribution and Rayleigh distribution. I set 64 =
0.01 and the other parameters are the same as those in
Fig. 1(d). In our study, the Lorentzian distribution has the ex-
= (1/m) ((v/(@—@)?) +7), with & =0
and y = 0.5, while the normal distribution follows g (@) =
(1/V27c)e” /20 with @ =0 and 62 = 1. For the
asymmetric distribution, I replace random distribution with
~ O~ % with
® >0 and o =3, and the Rayleigh distribution following
g(w) = ((D/Bz)e_“’z/zﬁz, with @ >0 and B =2. In Fig. 3,

I draw not only the curve of R versus A, but also the curve of
eft

pression g(o)

the power-law distribution, which follows g(®)

o™ versus A. As illustrated in Fig. 3, explosive synchroniza-
tion takes place in four simulations with different natural fre-
quency distributions, although the curves in Figs. 3(al)-3(d1)

are not quite the same. Therefore, in our study, the distribution
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of natural frequency does not affect the occurrence of synchro-
nization. All the effective frequencies of the oscillators, whose
natural frequency distributions follow the normal or Rayleigh
distribution in Figs. 3(b2) and 3(d2), get locked to the aver-
age value. However, for the Lorentzian and Rayleigh distri-
butions, a few of the oscillators cannot synchronize with the
others, while the effective frequencies of most of the oscil-
lators get locked. I consider that this is because of the wide
range of probability density function (PDF) of the Lorentzian
and Rayleigh distributions. Some oscillators’ natural frequen-
cies are far from the value of the average natural frequency
of all oscillators. Thus, it is hard for them to synchronize with
the other oscillators. Going back to Figs. 3(al)-3(d1), the loop
sizes of the hysteresis in Figs. 3(b1) and 3(d1) are larger than
those in Figs. 3(al) and 3(c1). The narrower distribution range
may lead to a wider hysteresis loop, which means it is easier
for ES transition to occur in the system.

L0} (a1) 100 (a2)
iy 0
. —— Forward B} I EEE—————
= o Thadamd | 50—
. Lorentzian —
0.2 r=1.0 =50
0 v=0.5 ~100
0 0.2 04 0.6 0.8 1.0 0 0.2 04 0.6 0.8 1.0
A
1.0f(b1) —
0.8 :
0.6 —— Forward
~ o Backward
0.4 Normal
r=1.0
0'3 | v=0.5
0 0.2 04 06 0.8 1.0
A
1.0t (cl)
0.8
0.6 ——Forward
~ 0.4 - Backward
. Power_law
0.2 r=1.0 5
0 v=0.5
0
0 0.2 04 0.6 0.8 1.0 0 0.2 04 06 0.8 1.0
A A
1.0f(d1) e — 7
0.8 : g
——Forward
[aef 0.6 = Backwar g 4
0.4 Rayleigh 3 31
0.2 i iy =
SIS | : 1
0 [ =
0 0.2 04 0.6 0.8 1.0 0 0.2 04 0.6 0.8 1.0

A A

Fig. 3. The panels in the left column and right column display the rela-
tionships of R versus A and a),-eff versus A, respectively. We focus on two
symmetric distributions g(®), such as normal distribution and Lorentzian
distribution, and two asymmetric g(®), such as power-law distribution and
Rayleigh distribution (see text for detail parameters).

In many natural instances, the structures of networks al-
ways change constantly. Previous studies have shown that ex-
plosive synchronization is closely related to the network struc-
ture. Thus, I study the communication radii of the mobile os-
cillators, which are the inherent parameters of parameters and
affect the topology of the network. To understand the role
that different values of the communication radius r play in

changing transition behavior, I alter the value of the commu-
nication radius r and plot curves of R versus A for selected
r(0.4,0.6,0.8,1.2) in Fig. 4. I fix A = 0.01, and the other
parameters are the same as those in Fig. 1(d). For r = 0.4,
synchronization does not occur when R =~ 0, although I in-
crease the coupling strength to 2. I deduce that the positive
feedback mechanism of the order parameter prevents the syn-
chronization in our model. I set f = 0 again, and the other
parameters remain unchanged. The insert depicts the rela-
tion of the global-order parameter and the coupling strength.
The system reaches synchronization when f = 0; however, the
phase transition is continuous. In the dynamic network model,
r can determine the critical connectivity of the network. For
N =500, L = 10, the critical communication radius r; =~ 0.54
((N —1)zre/L* ~ 4.511381) if all nodes own neighbors in the
single time step ¢. Due to the oscillators’ motion, the system
can also reach synchronization when PF is absent. However, it
is hard for the system to synchronize under the positive feed-
back and inhibition of the global-order parameter R. When
the communication radius r exceeds r., I see that ES transi-
tion emerges in Figs. 4(b)—4(d). I also notice that the critical
coupling strength Acp and loop size of hysteresis d both de-
crease with the increase in r. This phenomenon may come
from the fact that a larger value of r leads to the oscillator hav-
ing more neighbors, so it is easier for each oscillator to syn-
chronize with their own neighbors and the system needs less
coupling strength to synchronize.

1.0F — Forward =
of® TR w203
2 0.6} r=0.4 =0
0.4F v=0.5 0
0.%. f=1.0 0 1 2
0 0.5 1.0 15 2.0
1.0} - T
8%:(13) o %(%gvlzgvraid
= oaf v=08 '
0.2} f=1.0
ot
0 0.5 1.0 1.5 2.0
1.0F
ost (C) - ——Forward
b --o- Backward
x© 82 r=0.8
0.2: v=0.5
2 F=10
0 0.5 1.0 1.5 2.0
1.0F
0.8t (d) ‘f fgorvl\{/ardd
- 82 r:l.aQC war
0ot ‘ v=0.5
2 . | o =10 .
0 0.5 1.0 1.5 2.0

A

Fig. 4. Dependence of the global-order parameter R versus coupling strength
A in forward transition (blue open triangle) and backward transition (red open
circle), for different values of the communication radius r ((a) r = 0.4; (b)
r=0.6; (c) r=0.8; (d) r = 1.2), when N = 500 and the natural frequency
follows random distribution. The insert in panel (a) reports the dependence
of the global-order parameter and coupling strength when f = 0.

4. Conclusion

In this article, I have presented the Kuramoto model
within a dynamic network framework, wherein the oscilla-
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tors’ coupling strength is controlled by positive feedback of
the global-order parameter of the whole system. The explo-
sive synchronization transition behavior can be controlled by
simply adjusting the fraction of controlled oscillators. And the
loop size of the hysteresis increases with the increase in the
fraction of controlled oscillators. However, the transition is
continuous (second-order transition without a hysteresis loop)
when positive feedback of the global-order parameter is com-
pletely absent. By focusing on different probability density
distributions of natural frequency, I further find that, whether
the frequency distribution of nodes is symmetrical or not, this
does not affect the synchronization behavior of the system.
The effective frequencies of all oscillators get locked to the av-
erage value of the natural frequencies when the system reaches
full synchronization. Lastly, I explore the role that the commu-
nication radius plays in ES transition. I note that a larger com-
munication radius contributes a smaller loop size and transi-
tion cannot occur if the value of r is less than the critical com-
munication radius in our model. Moreover, the system can-
not reach synchronization by second-order phase transition, in
our model, when r < r, and all oscillators are controlled by
global-order parameters. The model with Kuramoto oscilla-
tors in the presence of a positive feedback mechanism of the
global state within a dynamic network framework will be of in-
terest in neuro science 3! and social sciences.!7%! In addition,
there is little doubt that research can be verified and promoted
in a more traditional experimental environment. For exam-
ple, driverless vehicles that receive surrounding information
through laser radar can synchronize driving behavior in traffic
flow through global information regulation that reduces con-
flicts between other vehicles. Therefore, this paper provides
cues for further research on synchronization in more specific
dynamic networks.
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