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Quantum coherence and discord are two kinds of manifestations of nonclassicality. By calculating the coherence
and discord in the specific bipartite quantum systems, we show quantitative connections between the coherence and the
discord in the bipartite quantum systems created from local systems with the help of incoherent operations. We show that
the coherence bounds the dynamical discord, and under particular conditions of the initial quantum states, the coherence of
single systems is equal to the dynamical discord. We extend these results to the multipartite quantum systems.

Keywords: quantum coherence, dynamical discord, relative entropy
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1. Introduction

Quantum coherence is an important feature of quantum
mechanics. In recent years, quantum coherence was con-
sidered to be a physical resource in quantum information
processing!!?! and gained lots of attentions.** Quantum dis-
cord as a kind of quantum correlations, which can exists in
unentangled systems, was regarded as an important quan-
tum resource.’>="! Quantum discord was used to implement

[10

some tasks, such as remote state preparation, ! information

(1) and quantum computation.!!?) These two kinds

encoding,
of resources were considered to be the specific manifestation
of the superposition principle in quantum mechanics. Previous
studies have showed some connections between the quantum
coherence and discord. [13-1°]

Resources can be converted into each other. Local co-
herence can be converted into entanglement via incoherent
operations,'’~1°1 and converting coherence into discord was
studied in Ref. [20]. Other resource conversions among non-
classicality and quantum correlations were also studied in
Refs. [21-26], and some related experiments were made in
the optics and superconducting systems.'?’301 It is benefit for
systematic study of the various notions of quantumness with
resource theories, '3 due to it can quantify the quantum-
ness in an objective manner, and this quantification satisfies
the constraints of monotonicity under incoherent operations.

For better understanding the relations among the vari-
ous notions of nonclassicality, it is meaningful to investigate
the resource conversion from quantum coherence to correla-
tions. Ma et al. showed that quantum coherence can be con-
verted into discord via bipartite incoherent operations, and
the amount of coherence bounds the discord. Based on the
measures of the relative entropy, these two quantities are

DOI: 10.1088/1674-1056/ac16d1

identical.[?”) The similar result is provided for the created en-
tanglement in Ref. [19]. Recently, Theurer et al. studied the
relations between dynamical coherence and dynamical entan-
glement, and they provided a quantitative connection between
the dynamical coherence and the dynamical entanglement. 136!
According to the results of Refs. [19,20], the coherence of sin-
gle quantum systems is equal to the dynamical entanglement
and discord, respectively, and note that these two formulas are
identical. We know that entanglement and discord are different
notions, so there exist some conditions in the initial quantum
state to distinguish it. We focus on the discord in this paper.

For quantifying the coherence with the dynamical dis-
cord, it is necessary to calculate the created discord and the co-
herence of quantum systems. Although the theory of quantum
discord is well developed, calculating the discord of generic
quantum systems is complicated. We adopt two specific quan-
tum systems that the discord and coherence can be calculated,
and these two specific quantum systems are created by inco-
herent operations. Is the created discord equal to the coherence
displaying in the initial quantum systems? What the condi-
tions should be satisfied in the initial states that the coherence
is equal to the created discord? We resolve these questions in
this work.

In this paper, we study the operational resource conver-
sion between quantum coherence and discord via two specific
quantum systems. In the conversion from coherence to dis-
cord, we restrict the operations to the bipartite and multipar-
tite controlled-not gate operations. We find that the coherence
of initial quantum systems bounds the bipartite dynamical dis-
cord and the inequalities are saturated under the particular con-
ditions of the initial state. The similar result is provided for the
multipartite quantum systems. We also show the advantage of
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characterizing coherence with dynamical discord than dynam-
ical entanglement.

2. Preliminaries

We review the definitions of coherence and discord from
resource theories. The relative entropy of resource has an op-
erational interpretation in resource theories, which was firstly
defined for entanglement theory in Ref. [31]. The relative
entropy is a unique measure in reversible quantum resource
theories,*’! and the unique asymptotic rate of interconver-

s.138] The relative

sion among static resources under operation:
entropy of resource is also the optimal rate in the resource
erasure. 340 Due to the properties above, the relative entropy
is an important measure in quantum resource theories. For the
two quantum states p and @, the relative entropy is defined as
S(pllw) = —tr(plogw) —S(p), where S(p) = —tr(plogp)
is the von Neumann entropy of p.[4!]

Discord is defined as the disturbance of multipartite states
by local measurements.>°! Quantum discord reduces to en-
tanglement for pure states, and separable mixed states can
have nonzero discord. The zero discord states are called clas-
sical states which contain mixtures of locally distinguishable
states, ¢ = an Dy --ky |k1 . kN> <k1 .. 'kNl’ where Dy -ky is a
joint probability distribution and local states |k,) span an or-
thogonal basis.!®! For a quantum state p, the relative entropy
of discord is defined as D(p) = glérle(p| |w) where J denotes

the set of classical states. Let y be the closest classical state to
the quantum state p, and the relative entropy of discord is

D(p) =S(p|[x) =—Tr(plogx)—S(p). (D

Given a quantum state p the relative entropy of coherence is
defined as C(p) = Iar)léITlS (p||w), where T denotes the set of
incoherent states the closest incoherent state pq is the matrix
containing only the leading diagonal elements of p in the ref-
erence basis, ! and the relative entropy of coherence is

C(p)=S(pllpa) =S(pa) =S(p)- ()

The controlled-not gate (CNOT) is a specific case of the gen-
eralized controlled-not gate for two qubits, and has the form

2 2
Un=Y Y li)(i*®|mod (i+,2) (jI®, 3
i=1j=1

where {|i)} and {|j)} are the reference basis of subsystems A
and B respectively, with A as the control qubit and B as the
target qubit.['%]

Recently, the notions of the dynamical coherence and
dynamical entanglement were proposed in Ref. [36], that is,
when a quantum state be generated from local states with the
help of quantum operations, the coherence and entanglement
of the generated state are called dynamical coherence and dy-
namical entanglement, respectively. In a similar manner, in

this paper, the dynamical discord is the discord presenting in
the states which be generated from local states with the help
of quantum operations.

3. Characterizing coherence with dynamical dis-
cord in bipartite pure states

We now analyze the conditions of quantifying coherence
with dynamical discord when a product pure state is converted
to an correlated state via the CNOT gate operation.

Theorem 1 For the initial product state psp =
(a]0)+B 1)) @ (a]0)+b]|1)) the evolved state under the
CNOT gate is Ucn(pag) = aal00) + ab|01) + Ba|ll) +
Bb|10), and if |a|* = 0 or |a|* = 1 the coherence of the co-
herent control states is equal to the dynamical discord of the
evolved states, C (pa) = D (Ucn (PaB))-

Proof: Performing the CNOT gate on the control qubit
and the target qubit pap = (a]0) + B |1)) ® (a]|0) +b]|1)), the
product state evolves into

Ucn (pag) = @a|00) + ab|01) + Ba[11) + Bb[10),  (4)

where |a|? + B> = 1 and |a|* + |b|*> = 1. We have known
that quantum discord reduces to the entanglement for pure
states, for a bipartite pure state, the relative entropy of discord
is equal to the entropy of the subsystem, D(pag) = S(pa),
where ps = trp(pag).l>! We calculate the dynamical discord
of the evolved state,

D(Ucn (pag)) =1+H (x)/2, 5
where H (x) = —(1+x)log(1+x) — (1 —x)log(1—x) and
x = \/1 —4]a)?|B) (la* = |b|*)2. The function H (x) is a
symmetric concave function of x with |x| < 1 the symmetric
pointx =0, H (0) = 0 is the maximal value, such that H (x) <0
and H (x) € [-2,0]. When 0 <x < 1, H(x) is a monoton-
ically decreasing function of x with H (x) € [0,—2]. Hence

the formula D (Ucn (pag)) is also a monotonically decreasing
function of x with D (Ucn (pag)) € [0,1]. For the condition
0<x<1,ie.,4|o*|B*(|a]* = |p|*)? < 1 using the proper-
ties 2| o| |B| < (|a|* +|B/?) and the conditions |a|* 4 |B|* = 1
and |a|* + |b|* = 1, we can prove 4|a|?|B]* (Ja]* — |b|*)? <
(P + BP)2(lal> ~ B2 = 2]af* ~ 1) < 1.

According to the Eq. (2), we calculate the relative entropy
of coherence of the evolved state

C(pap) =C(Ucn (pag)) = h(x1) +h(x2), (6)

where A (x;) = —xjlogx; — (1 —x)log (1 —x) is the binary
Shannon entropy, the parameters are x; = |ot|* with 0 <x; <1,
and x, = \a|2 with 0 < xp < 1. As well known that & (x;)
is a symmetric concave function of x; with 0 < x; < 1 the
symmetric point is 1/2, h(1/2) = 1 is the maximal value,
hence A(x;) > 0 and h(x;) € [0,1]. Similarly, we obtain
h(xz) € [0,1] and the function of coherence C (pag) € [0,2].
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The coherence can be converted into discord under the
CNOT gate if the control qubit is the coherent states.!?’! If

. . . 2 .
the control state is given, i.e., (x\ = ¢, where ¢ is a con-

stant, then /4 (x;) is also a constant. From the concavity of
the functions H (x) and h(x,) and the majorization theory,
when x; = |a\2 = 1/2, namely, x = 1, we find D (Ucn (pag))
is the minimal value, and simultaneously, C (Ucn (pag)) is
the maximal value. When x, varies from 1/2 approaching to
zero, or x, varies from 1/2 approaching to 1 namely, the vari-

able x varies from 1 to x = |B]> — ||, we get to know that

the quantities D (Ucn (pap)) becomes larger, and the quanti-
ties C (Ucn (pag)) becomes smaller. When x, = |a|* = 0 or
x; = |a|* = 1, namely, x = |B|*> — |at|* we find the maximal
value of D (Ucn (pag)) is arrived, and simultaneously, the min-
imal value of C (Ucn (pag)) is arrived, too. Furthermore, these

two extreme values are equivalent,

C(Ucn (paB)) = D (Ucn (pas))
—|a’log|al* — B[ log|Bl*.  (7)

Unifying the analysis above, we obtain the difference between

the coherence and the dynamical discord

C (Ucn (pas)) — D (Ucen (pag)) > 0, (®)

which holds when |a|* = 0 or |a|* = 1.

The target state is pure incoherent state with the con-
ditions |a|* = 0 or |a]* = 1. Due to the additive properties
of the coherence,!*?! for the product states py ® pp we have
C(pa®pp) =C(pa)+C(pp). So the coherence of the con-
trol state is equal to the dynamical discord of the evolved state
under CNOT gate,

C(pa) = C(pap) = C(Ucn (pag)) = D (Ucn (Pag)) - (9)

In other words, by using the CNOT gate as an incoherent op-
eration on the product states psp, when the coherent control
state is @ |0) + B |1) and the incoherent target states is |0) or
|1), the coherence of the coherent control states is equal to the
dynamical discord of the evolved states. The evolved state are
0 |00)+ B |11) or ¢ |01) 4 B]10). The coherence of the coher-
ent control state is

C(pa) =D (Ucn (pas)) = —|a|*log |a* — |B[*log| B[
(10)
This completes the proof.

4. Characterizing coherence with dynamical dis-
cord in bipartite mixed states

We now analyze the conditions of quantifying coherence
with dynamical discord when a product mixed state is con-
verted to an correlated state via the CNOT gate operation. Per-
form the CNOT gate on the product state ps ® pp, and the

evolved states is

pex = Uen (pa © pi) Ul (11)

Consider the control qubit in the quantum state ps =
(1 +Y;n jcj)/ 2 and the target qubit in the quantum state
PB = (I—i—zjn’jaj) /2, where j € {1,2,3} and o; being the
jth Pauli matrix with n? +n3+n3 < 1 and (n’l)2 + (n'2)2 +
(n'3)2 < 1. For convenience, we assume the Bloch vectors are
n = {n;,ny =0,n3} and n’ = {n},ny, =0,n}}. In the refer-
ence basis {|00),]01),]10),]|11)}, the product state is

P11 P12 P13 P14
L1 pa1 P22 p23 s , (12)
4 | P31 P32 P33 P34

Pa1 P42 P43 Pa4
where p;; = (1—|—n3)(1+n'3), P12 = P21 = (1—|—n3)n’1,
p13 = p31 = ni (1+ny), pia = par = mnj, p3 = P =
niny, p3 = (1—n3)(1+ny), pu = ps = ni(1—njb),
p22 = (14+n3)(1—n}), p3s = ps3 = (1 —n3)n}, and pyy =
(1 —n3) (1 —nj).

We perform the CNOT gate on the product state, and the

PAQ PR =

initial state evolves into the state
P11 P12 P14 P13

L1
po =t = | 21 P22 |

P31 P32 P34 P33
Calculating these elements of the density matrix, we find when
n’l = 0, the evolved state becomes a two-qubit X-state

p11 0 0 pi3
p _ 110 pnpnuo0
N"410 pspu0
P31 0 0 p33

The Bell-diagonal (BD) states are simple states which keep

(14)

high relevance to the theoretical and experimental research in
quantum information. The BD states also named T-states or
two-qubit states with maximally mixed marginals,*3! which
include the well-known Bell and Werner states!**! and of-
ten be employed as resources for performing tasks such
as entanglement activation and distribution via discord-type
correlations.*7] The BD state is defined as

=Y Ailvi) (wil, (1)
where {|;)} are the four Bell states |®*) = (|00) 4 |11))/v/2
) = (01) £ [10))/v/2, and {4} >0, ¥ A= 1.

i=1

Let the density operators 8;, = |®*) (®*| and 854 =
|¥E) (PF|, where |®*) and |[¥F) are the four Bell bases, and
we define a particular BD state in the form

p =281+ A0+ 4363 + 444, (16)

4
where {4;} >0and ¥ A, =1.
i=1
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Theorem 2 For the particular BD state p = A;6; +
M + X383 + Auds, if {A1, A0} > {A3,A4} or {41, 4} <
{A3,A4}, then C(p) = D(p), otherwise, C(p) > D(p).

Proof: For any BD states p = Y+, A:|wi) (wi| with
M= >
A3 > A4, the closest classical state is given by x =
2(y) (vl +|w2) (wal) + 52 (1ws) (ws| + | ya) (wa]) - with
g = A1+ 22.181 For the BD state p = 4181 + A28, + 4383 +
A404, we list all {A;} in nonincreasing size, i.e., Amax > Asec >
Athi = Amin. According to Eq. (1), we obtain the relative en-
tropy of discord

D(p)

{A;} are ordered in nonincreasing size, i.e.,

—Tr(plogx)—S(p)
=1+ Z?zl Ailog A — (Amax + Asec ) 102 (Amax + Asec)
— (Athi + Amin) 10g(Ahi + Amin)- (17)

For the BD state p = 401 + A28, + A363 + 4404 according to
Eq. (2) , we obtain the relative entropy of coherence,

C(p) = 5(p") =5(p)
= 1+Z AilogA; — ll—&-)q)log(ll-i-).g)
— (A3 +A4)log (A3 + A4) . (18)

For the BD state p = 4101 + A28 + 4303 + A4 0y, if {)ul,lz} >
{A3, A4} or {A1,A2} < {A3,A4}, according to Eq. (17), the
relative entropy of discord is
D(p) = 1+YF Ailoghi— (A +A2) log(Ai + 1)
— (A3 + A4)log(A3 + Ag), 19)

which is identical to Eq. (18) of the relative entropy of coher-
ence, and we get

C(p) =D(p). (20)
If {A1,A3} > {22, A4} or {41,453} < {2, A4}, the relative en-
tropy of discord is
= 1+Z AilogA; — (A1 + A3) log(A + A3)
— (A2 4+ ) log(A2 + Ag). 21
Which can be compared with Eq. (18) of the relative entropy

of coherence. From the concavity of von Neumann entropy

and the majorization theory*!! we obtain the relation

C(p) = D(p). (22)

Note that, the equality holds when A; = A3. If A; = A3, the
conditions {4;,A3} > {42, A4} or {A1, 43} < {2, A4} are iden-
tical to {A,A42} > {A3, A4} or {A1,42} < {A3,A4}. Therefore,
we obtain the result C(p) > D(p) if {A1,A3} > {42, A4} or
{M, 3} <{A2,A4}.

If {A1,2~4} > {12713} or {2,1,)“4} < {}1,2,)“3}, the relative

entropy of discord is

D(p) = 1+Z?:1 Ailog Ai — (A + Ag) log (A + Ag)
— (A2 +A3)log(Az + A3). 23)

Using the similar methods above, we obtain the relations

C(p) = D(p), (24)
which holds when A, = A4. We get C(p) > D(p) if {A1,Aa} >
{A2,A3} or {41, 44} < {A2,A3}. This completes the proof.

Let the BD state p = 4101 + 426, + 4363 + 4404 be equal
to Eq. (14) of the final X-state, i.e., the corresponding ele-
ments of the two density matrices are all identical,

pii = (14+n3) (14n3) =2(A + 1),
p13 = par=ni (1+n;) =2(h — L),
p33 = (1—n3) (14n3) =2(A1 + 1),
P = paz=n1 (1—n3) =2(A3—A4),
pn = (1+n3) (1—n3) =2(3+A4),
pas = (1—n3) (1—=n3) =2(A3+M\). (25)

Based on these equations, we obtain the following rela-
tions:

= (1+n +ny+mny) /4, 2o=(1—ni+ny—nnj)/4,
= (14+n —ny—mn3) /4, A4=(1—n1—nj+nmny)/4,
= 0. (26)

That is to say when the control state and the target state
are in the forms of n = {n;,n, =0,n3=0} and n' =
{n} =0,n} =0,n}}, respectively, the product state of the two
qubits evolves into the BD state under the CNOT gate,

Pén =M 61+ A28 + A3 83 + A4 64, (27)

where {A;} satisfy these equations (26).

Corollary 1 For the initial product state ps ® pp where
pa = (I+n;01)/2 and pg = (I+nf03)/2, the evolved BD
state under the CNOT gate is ply = Ucn (pa @ pB) UEN =
M6 +A,8 + A303 + A404. When
of the coherent control states is equal to the dynamical discord
of the evolved states C(ps) = D (UCN (pa®pB) UéN> .

Proof The evolved BD state p/y = 4101 + 20, + 1303 +
A4 04 has the following relations in terms of Eq. (26):

M= (L+n s +mny) /4, Ao = (1—ni+ny —ninj) /4,
A= (1+n —n—mns) /4, Ao = (1—n —ny+mnj)/4.

According to Theorem 1 we know in the BD states

P = M + A8 + A303 + Ads, if {A1, A} > {A3, A4}

or {A,4} < {A3,A}, then C(p) = D(p), otherwise,
C(p) > D(p). Now, for the evolved BD states ply =

A161 + A6 + A303 + A4 64, the condition {)q,lz} > {13,2,4}
{(1 +ni+n5+mnk), (1 —np+nj —nlng)} >
{(1+ny —nf—nmnf), (1 —ny —nf+niny)}. After calcula-

becomes

tion, we obtain

—nj < {nl,—nlng} <nj. (28)

120304-4
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Similarly, the condition {A;,A2} < {A3,A4} be-
{(A+n+nf+mny), 1 —ni+n5—mny)} <
{(1+n; —nf—ning),(1 —ny —nf+ninf)}.  After calcula-

comes

tion, we obtain
n’3 < {nl,—n]ng} < —n'3. 29)

Unifying these two conditions (28) and (29), we have

C(ply) = D(ply) when {|n1|,‘n1n'3’} < |n’3| (obviously,
|ninfy| < |nj]), such that we have the condition of C(pfy) =

D(ply) in the BD states ply = 2101 + A28, + 4303 + A4 64,
namely,

| < |n’3|

Using the additive properties of coherence for the prod-
uct states py ® pg, we have C(ps ® pg) = C(pa) + C(ps).
As known that the unitary operation cannot change the co-
herence of a quantum state in the fixed reference basis and
we have C(p) =
C(Ucnp UEN). According to Corollary 2, for the coherent con-

the CNOT gate is an unitary operation!>°!

trol states ps = (I+n;07)/2 and the incoherent target states
ps = (I+n}03)/2, with [n;| < |n}|, the evolved state under
CNOT gate is the BD states ply = 4101 + A28, + 4303 + 4404
and we obtain the relations,

Clot) =D(ply).  GO)

That is to say, by using the CNOT gate as an incoherent op-
eration on the product states ps ® pp with ps = (I +n;01)/2,
p = (I +n503)/2,
herent control states is equal to the dynamical discord of the

C(pa) =C(pa®pp) =

evolved states. The coherence of the coherent control state is
Clpa) =D (Uen (pa @ ps) Uty ) = —H (m)/2, (1)

where H (n) = — (1+ny)log(1+n1) — (1 —n;)log (1 —ny).

With expanding the initial product states ps ® pp to
general states, its Bloch vectors are n = {nj,ny,n3} and
n' = {n},ny,ny}, respectively. After calculation, we find if
0} and n’ = {n} =0,ny =0,n}} with
Ini| < ‘ng ‘ the coherence of the coherent control states is equal

n={n,np=0,n3=

to the dynamical discord of the evolved states under CNOT
gate, C(pa) =D (UCN (Pa®pPa) U&)-
the BD states ply = 4161 + 420, + 4383 + 4404 is obtained
by CNOT gate operating on the product states p4 ® pg, with
{A;} satisfy Egs. (26) and |n;| < , we have C(pa) =
D (UCN (pa®pB) USN)

It is already known that the coherence of single-party sys-

In other words, if

. This completes the proof.

tem is equal to the dynamical entanglement, %% and the dis-
cord is a quantum correlation beyond entanglement. A ques-
tion arises: Is it possible that the coherence be equal to the dy-
namical discord without generating dynamical entanglement?
The answer will be presented in the following.

For any particular

" Ai|wi) (yi|, where A; are ordered in nonincreasing size,
ie., ll > A» > A3 > Ag, p is entangled when A; > 1/2.148] For

Bell-diagonal states p =

the evolved BD states ply = 4161 + A28, + A383 + A4 84, the
maximal value of {A;} is Apax = (l + ||+ |ng| + ’nln’3|)/4,
and when Anax > 1/2, the evolved BD states is an entangled
state. Let

Ao = (14 || [+ [mms ) <2, (32)

then the entanglement of the evolved BD states ply is zero.
‘We have known when

| < |n5], (33)

the coherence is equal to the dynamical discord, C(ps) =
D (p{y). Combining these two formulas (32) and (33) , we
find if

| < |ns| = V21, (34)

the coherence of single-party systems is equal to the amount
of the dynamical discord without generating dynamical entan-
glement via the CNOT gate operations. That is to say, charac-
terizing the coherence with dynamical discord possesses more
advantages than dynamical entanglement.

To better investigate the condition of characterizing co-
herence with dynamical discord, we now use another ap-
proach to quantify these two kinds of resources. We
quantify the coherence with the /; norm of coherence!!!
which measures coherence via the off-diagonal elements of
= Lizj|oijl-
trol states pys = (I+n101)/2, the I} norm of coherence is
Cy, (pa) = m|.
ric measure of quantum discord for the BD state, p{y =
A6 + A8, + 4303 + 4404, the geometric discord is in the

a density matrix, Cj, For the coherent con-

We quantify the discord with the geomet-

form of D(pty) = \/(mms|>+Inl?)/2. where n; is the

lower value of {[ni[,|n|}.*) If |ny| > we have

D(pey) = \/|n1n3‘ —|—‘n3‘ /2<\/ 1—&-‘113‘ |n1| )/2 <
, namely, D(ply) < Cj, (pa). If|mi] < we have
D(ple) =/ (mims [+ ) /2 = \/((1+|n’3|2)|n1|2)/2 <

|n1|, which holds when |n5| = 1, namely, D (ply) < C, (pa)-
That is to say, when the initial quantum states satisfy |n’3| =1,
the coherence of single-party systems is equal to the dynami-
cal discord via the CNOT gate operation.

Through the above analysis, we conclude that the condi-
tions of the initial quantum states for characterizing coherence

with dynamical discord are different from different measures.

5. Characterizing coherence with dynamical dis-
cord in multipartite systems

The multipartite controlled-not operation (MCNOT) can
be written as!>!

Umen =

2 2
LY o L0t lmod(i+,2) (il

Jn=1

HMN

@@ |mod (i + jn,2)) (jin[*V, (35)
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“®|jn)
®1j1)) =
®|mod (i+ jy,2)). For multi-qubit
, what conditions should be satisfied if the

which takes any pure incoherent qubit state |i) @ |j;) - -
to another pure incoherent state, Unien (|i) @ | 1) -

i) @[ mod (i+j1,2)) -
systems pg ® p®N !
coherence of the control state is equal to the dynamical discord
of the evolved state under the MCNOT gate?

Extending the above results to the multi-qubit systems we
can obtain the following results. For the initial product state
with a pure coherent control state and an N — 1-partite pure
incoherent target state (o¢|0) + B 1)) ® |0)*¥~!, the evolved
state under MCNOT gate is

p = Uniew ((@[0)+B[1) @[0)" ") = a]0)* 4B 1)
(36)
which is the so-called maximally correlated state.l>!l While
quantum discord reduce to entanglement for pure states,!>’]
we can calculate entanglement to represent the discord in mul-
tipartite quantum systems. For quantifying entanglement in
multipartite quantum systems, the genuine multipartite entan-
glement measures are generalized from the bipartite entangle-

ment measures,[51]

ESME (p) = minE, (p), (37)
{2}
where p is an N-partite quantum state and ) denotes all pos-
sible bipartite partitions x /¥ in the composite systems. After
calculation, we obtain

D(p)= —|Bl*log|BI*.  (3%)

Considering Eq. (10), we obtain the results

C(pa) =D (Unex ((@l0) +B1) @ 1)) (39)

For the initial product state with a mixed coherent control state
and an N — 1-partite pure incoherent target state 5 (I +n101)®
10) (0]“N~! (note that, 7 = 1 in this formula), the evolved state
under MCNOT gate is

EME (p) = —|af’log|a®

1
Umcen (2 (1+I’l10’1) & |O>< |®N 1) UMCN

= 2 (0 O+ (-4 [0) 11 1) 0) . 40)

Compared with the bipartite discord, characterizing multipar-
tite discord is more complicated. Rulli et al.”! proposed the
global quantum discord (GQD) in multipartite systems, which
is obtained in terms of relative entropy and local von Neumann
measurements. The GQD for any multipartite state Py ...4, un-
der a set of local measurements {H/J;'l ®X® Hf;’;’v } is defined

as

N
DmAl"'AN)E?Ii?[S@AI"'AN ||CI>(PA|<~AN Z PA; HCD PA; )]
k =1
(41)
@; (ij) = Z/]'Hz{ljpi‘?jnéj and' D (pa--ay) =
Y ILkpa,ay Ik, with T = Hi‘l ® - ®HX}(] and k denotes

where

the index string (ji - jn).

Let us analyze the GQD in the evolved multipartite mixed
states. Since all {ij} are proportional to identity opera-
tors, we have S(ij ||<I>j (ij)) = 0. Due to the evolved
state under MCNOT gate possess identical structure with p =
A101 + A2 6;, the quantum discord is obtained by a systematic
extension of the bipartite quantum discord. Hence, the GQD
is simply given by

D (UMCN G (I+n101)®10) <0|®N_1> U&CN> =—H(m)/2,
(42)
where H (n;) = — (14+ny)log(1+n1) — (1 —ny)log (1 —ny).

Considering Eq. (31), we have

1
C(pa)=D (UMCN <2 (I+ni01)®]|0) <0|®N_1> U;/ICN) :
43)

ON=1"if the initial quantum

For multi-qubit systems ps ® pg
state with particular conditions as above, the coherence of the
control state is equal to the dynamical discord of the evolved
states under the MCNOT gate.

6. Conclusions

In summary, we provide a mathematically rigorous ap-
proach to quantify coherence with dynamical discord in two
specific quantum systems, that is, the bipartite pure states and
the BD states. In order to directly compare the quantities be-
tween the coherence and the dynamical discord, we quantify
these two kinds of resources with the relative entropy of co-
herence and discord, which can be calculated for these two
specific quantum states. In the resource conversion from co-
herence to discord, we restrict the incoherent operations to the
CNOT gates. In our results, we show that any nonzero amount
of coherence in the control qubit A can be converted into the
discord between A and an initially incoherent target qubit B
under CNOT gate. Particularly, we find the conditions of the
coherence of the control state are equal to the dynamical dis-
cord of the evolved state. Namely, the initial bipartite pure
product state consists of any coherent state and a pure inco-
herent state, , the initial bipartite mixed product state consists
0} and
0 n3} and
the parameters satisfy |n;| < |n3| Note that, this results is
different from that in Ref. [20]. We also show that quantify-
ing the coherence with the dynamical discord possesses more

of the control state in the form of n = {n|,n, =0,n3 =
the target state in the form of n’ = {”1 =0,n) =

advantages than the dynamical entanglement. We extend the
results of bipartite quantum systems to multipartite quantum
systems, for the multipartite correlated state, and the discord
is calculated by the global quantum discord. This builds the
conditions under which the coherence as a universal resource

can be converted into the discord of various quantum systems.
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These results demonstrate a fundamental qualitative and quan-
titative equivalence between the coherence and discord, and
provide an specific operational scheme to interchange these
two quantum resources for suitable applications in quantum
technologies.

Via this process of resource conversion, we show the re-
lations between the coherent states and the genuine corre-
lated states by the coefficients of the initial quantum states.
Through revealing the connections between the coherence of
single quantum systems and the dynamical discord in particu-
lar composite systems, this work provides useful methods for
realizing experiment of quantum resources conversion. It is
important to realize a unification between the notions of co-
herence and discord from a quantum informational viewpoint,
and we confirm this work makes a practical step in this direc-
tion.
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