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In order to understand our previous numerical finding that steady-state entanglement along the instability boundary
remains unchanged in a three-mode optomechanical system [Phys. Rev. A 101 023838 (2020)], we investigate in detail the
boundary entanglement in a simpler two-mode optomechanical system. Studies show that both the mechanism to generate
entanglement and the parameter dependence of boundary entanglement are quite similar in these two models. Therefore,
the two-mode system has captured the main features in the three-mode system. With the help of analytical calculations
and discussing in a much bigger parameter interval, we find that the unchanging behavior previously discovered is actually
an extremely slow changing behavior of the boundary entanglement function, and most importantly, this nearly invariant
boundary entanglement is a general phenomenon via parametric down conversion process in the weak dissipation regime.
This is by itself interesting as threshold quantum signatures in optomechanical phonon lasers, or may have potential value
in related applications based on boundary quantum properties.

Keywords: boundary entanglement, optomechanical system
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1. Introduction
Optomechanics,[1,2] which deals with nonlinear interac-

tion between photons and phonons, has attracted a lot of atten-
tions due to its potential applications in fundamental studies
of quantum mechanics, precise measurement and quantum in-
formation processing. The single-photon optomechanical cou-
pling is experimentally quite weak,[3,4] so a cavity with driv-
ing laser is needed to amplify the interaction effects.[5] With
appropriate driving laser detuning, both cooling and heating
of mechanical motions are reachable.[6] To raise the heating
rate by increasing the driving power, the system goes to in-
stability once the overall mechanical damping rate becomes
negative.[7]

The transition from stability to instability might accom-
panying interesting quantum features in the vicinity of their
boundary, for example, driving the system near the instabil-
ity boundary can enhance the nonlinearity at single-photon
level,[8] or increase the steady-state entanglement,[9] or ex-
hibit divergent as well as negative susceptibilities, which is
beneficial to quantum sensing.[10] Based on a three-mode
optomechanical system, we even recently discover that the
steady-state entanglement along the boundary line remains un-
changed, and it is very robust to thermal phonon noise, thus
providing a strong quantum signature of transitions from sta-
ble fixed points to limit cycles.[11,12] However, due to the cal-
culation complexity, we can only resort to numerical integra-
tions and the parameter space involved is very limited. There-
fore, several questions arise: Does this phenomenon of invari-

ant boundary entanglement depend on the specific model? Can
we learn more from simpler models?

In this article, we will investigate the boundary entangle-
ment in the simplest two-mode optomechanical system, where
one optical mode is coupled with mechanical vibration by ra-
diation pressure force.[13] With the help of some analytical
calculation and discussing in a much bigger parameter inter-
val, we find that the invariant boundary entanglement is by
no means completely invariant, but the change is so small
that it can be regarded as unchanged, and this nearly invariant
boundary entanglement is a general phenomenon via paramet-
ric down conversion process in the weakly dissipative region,
i.e., the vibration has a very high mechanical quality factor Q,
larger than the order of O(103). This happens to be the re-
gion discussed in our previous three-mode system.[11,12] Most
state-of-the-art experiments can reach the resolved sideband
regime and the quality factor can range from 104 to 109.[1]

The nonlinear phenomena can be enhanced in this region with
smaller mechanical damping rate γm = ωm/Q, since it needs
less driving power to get instability. Besides, the nonlinear
dynamics with red laser detuning also show sensitivity to ini-
tial conditions.[14] Here, we focus on the blue laser detuning
to generate photon-phonon entanglement through typical para-
metric down conversion ∝ e−iωL t â†b̂†, where ωL is the pump-
ing laser frequency, â† and b̂† are creation operators of optical
and mechanical modes with frequencies ωa and ωm, respec-
tively. The value of boundary entanglement remains almost
unchanged in a wide driving detuning interval around the res-
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onant driving ωL = ωa +ωm, and equals approximately twice
the ratio of intrinsical mechanical and optical damping rates
when this ratio is much smaller than one. Since both the mech-
anism to generate entanglement and the parameter dependence
of boundary entanglement are quite similar as in our three-
mode system, we believe that the two-mode system has cap-
tured the main features in the three-mode system. The studies
in this paper can not only complement our former study on
boundary entanglement,[11,12] but also extend to a more gen-
eral conclusion that parametric down conversion plus weak
mechanical dissipation can lead to nearly invariant boundary
entanglement.

Our paper is organized as follows: in Section 2, we will
review the two-mode optomechanical system and show our
finding of nearly invariant boundary entanglement in this sys-
tem. In Section 3, with some analytical calculation, we ana-
lyze how the boundary entanglement at resonant driving de-
pends on the system parameters, and then compare the bound-
ary entanglement in the weak and strong dissipation regions.
In Section 4, we study and discuss how the boundary entan-
glement changes with various other parameters in the weak
dissipation regime. In all these sections, we will mention the
three-mode situations in appropriate places for comparison. In
Section 5, we summarize our results.

2. Physical system and boundary entanglement
The two-mode optomechanical system, which contains

the main characteristics of photon-phonon interaction, has
been well studied in many aspects.[1] A typical experimen-
tal setup is a driven Fabry–Perot cavity with one mirror fixed
and the other free to vibrate.[5] The Hamiltonian of the whole
system is[13,15]

Ĥ = h̄ωaâ†â− h̄g0â†âq̂+
h̄ωm

2
(p̂2 + q̂2)

+ ih̄Λ(â† e−iωLt − âe iωLt), (1)

where the optical cavity mode with frequency ωa is coupled
with the mechanical vibration by a strength g0. The opera-
tors q̂ = (b̂† + b̂)/

√
2, p̂ = (b̂− b̂†)/(

√
2i) represent the di-

mensionless position and momentum of the mechanical mode
having frequency ωm, respectively. The last term denotes the
driving of cavity mode by a laser with amplitude Λ and fre-
quency ωL.

The dissipative dynamics of the system is described by
the quantum Langevin equations (written in the interaction
picture with respect to h̄ωLâ†â),[16]

˙̂a =
(

i∆ − κ

2

)
â+ ig0âq̂+Λ +

√
κ âin,

˙̂q = ωm p̂,
˙̂p =−ωmq̂+g0â†â− γm p̂+ ξ̂ . (2)

Here ∆ = ωL−ωa describes the driving laser detuning from
the cavity resonance,[17] γm is the mechanical damping rate,
and κ is the cavity intensity decay rate. The vacuum radi-
ation input noise âin with zero mean, has only one nonzero
correlation function 〈âin(t)â

†
in(t
′)〉= δ (t− t ′). The Hermitian

Brownian noise operator ξ̂ , whose average value is also zero,
satisfies〈

ξ̂ (t)ξ̂ (t ′)+ ξ̂ (t ′)ξ̂ (t)
〉
/2 = γm(2n̄+1)δ (t− t ′)

when ωm� γm,[18] where n̄ = [exp(h̄ωm/(kBT ))−1]−1 is the
mean thermal phonon number at temperature T .

In the case of weak coupling g0 � κ and moderate
driving Λ , equation (2) can be solved by the mean-field
approximation,[1] i.e., decomposing each operator Ô into its
mean value 〈Ô〉 ≡ O plus the quantum fluctuation δ Ô around
the mean value. By doing this, the equations of motion can be
separated into two sets, one describes the classical behavior
reflected by mean values, the other provides the quantum fluc-
tuations around the classical orbit. The set of classical mean
value equations takes the following form:

ȧ = (i∆ −κ/2)a+ ig0aq+Λ ,

q̇ = ωm p,

ṗ =−ωmq+g0|a|2− γm p, (3)

whose nonlinear classical dynamics has been widely studied
including bistability,[19] limit cycles,[20] chaos,[21] etc. Its
fixed points are the solutions by letting all the first-order
derivatives to be zeros, i.e.,

ps = 0, qs = (g0/ωm)|as|2,
as = Λ [κ/2− i(∆ +(g2

0/ωm)|as|2)]−1.

Their stability analysis is related to the linearized equations of
motion for quantum fluctuations[16]

𝐴̇(t) = 𝑆(t)𝐴(t)+𝑛(t), (4)

where

𝐴T(t) = (δ â, δ â†, δ q̂, δ p̂),

𝑛T(t) = (
√

κ âin,
√

κ â†
in, 0, ξ̂ (t)),

and the Jacobian matrix 𝑆 is given by

𝑆(t) =


i∆ −κ/2+ ig0q 0 ig0a 0

0 −i∆ −κ/2− ig0q −ig0a∗ 0
0 0 0 ωm

g0a∗ g0a −ωm −γm

 . (5)
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The dynamics of 𝑆(t) is determined by Eq. (3), which com-
bined with Eq. (4) can predict the quantum dynamics of the
whole system as long as none of the Lyapunov exponents of
the classical equations are positive.[22] To judge the stability of
one particular fixed point, we evaluate matrix 𝑆 at that fixed
point. It is stable when all of the eigenvalues of 𝑆 have nega-
tive real parts.

The mechanism to generate photon–phonon entangle-
ment is easily to be understood from the linearized Hamilto-
nian Ĥeff ' −h̄∆δ â†δ â + h̄ωm(δ p̂2 + δ q̂2)/2− h̄g0(aδ â† +

a∗δ â)δ q̂. When the driving detuning ∆ ' ωm, i.e., ωL '
ωa +ωm, the interaction term ∝ g0(aδ â†δ b̂† +a∗δ âδ b̂) plays
a major role. This term is a typical parametric down conver-
sion process, with in-coming driving photon with frequency
ωL disappeared, meanwhile a cavity photon with frequency ωa

and a phonon with frequency ωm are produced. Moreover, this
two-mode squeezing interaction term will inevitably give rise
to quantum entanglement between the optical and mechani-
cal modes.[16,23,24] Similarly, the parametric down conversion
process ∝ ĉ1ĉ†

2b̂† + ĉ†
1ĉ2b̂ is also utilized to generate entangle-

ment in the three-mode system.[11,25,26] It involves one me-
chanical mode (i.e., b̂) and two optical supermodes (i.e., ĉ1

and ĉ2) separated by frequency difference 2J, where J denotes
the tunneling rate of two local optical cavity modes constitut-
ing the supermodes. When the resonant condition, i.e., the
frequency difference 2J equals the mechanical frequency ωm,
is satisfied, driving the higher frequency supermode (i.e., ĉ1)
with variable laser amplitude and frequency yields the phe-
nomenon of invariant boundary entanglement.[12]

To discuss the boundary entanglement in the two-mode
system, we first plot the stability diagram as a function of the
driving amplitude and driving detuning in Fig. 1(a). The blue
detuning (∆ > 0) region is chosen, where the resonant driving
∆ = ωm is included and each set of parameters has only one
fixed point solution. The boundary line can be solved analyt-
ically from the eigenvalues of 𝑆 matrix, but the expression is
too cumbersome to be presented here. The black boundary line
obtained from the analytical expression is completely consis-
tent with the numerical results. It has a single peak pointing to
the left at the resonant driving, where the interaction is most
efficient thus the instability occurs at the lowest driving power.

Due to numerical discreteness, the points can never be
located exactly on the boundary. When approaching the
boundary from the stable region, the closer the point is to
the boundary, the much longer it takes to converge to the
fixed point. Correspondingly, quantum entanglement will con-
verge to a stable value in a long-time limit. The steady-
state quantum entanglement between optical and mechani-
cal modes is calculated by using logarithmic negativity,[27]

which after the linearization treatment is fully determined by
the covariance matrix V (∞), with its elements given by Vi j =

(〈ui(t)u j(t)+u j(t)ui(t)〉)/2, and uT =((δ â+δ â†)/
√

2,(δ â−
δ â†)/(

√
2i),δ q̂,δ p̂).[28] The logarithmic negativity is defined

as EN = max[0,− ln2η−], where η− is the smaller symplec-
tic eigenvalue of the partial transpose of matrix V (∞).[16] As
pointed out in Ref. [11], quantum fluctuations have a tendency
to diverge in a tiny range close to the boundary, which makes
the linearization method inapplicable. Therefore, this tiny
range is excluded in the calculation, but the selected bound-
ary points are close enough to indicate the boundary. In the
numerical integrations, we start from a set of random initial
conditions until EN reaches a steady value.

  

↼Λ/κ↽ ↼↽













stable

unstable

(a)

(b)

0

0.005

0.010

0.015

0.020

0.025

0 5 10 15 20 25
Λ/κ

E
N

↪b
Λ

/
κ

Fig. 1. (a) Two-dimensional stability diagram of the system with respect
to the driving amplitude Λ/κ and driving detuning ∆/κ , where parameters
used are g0/κ = 0.02, ωm/κ = 20, and γm/κ = 0.01. The yellow part on the
left is the stable area, and the blue part on the right is the unstable area. This
color division is the result of numerical calculation, while the black bound-
ary curve is given by a lengthy analytical expression. (b) The corresponding
boundary entanglement EN,b of panel (a) as a function of driving detuning
∆/κ with n̄ = 0.

Figure 1(b) shows the boundary entanglement EN,b of
Fig. 1(a) as a function of driving detuning. The entanglement
rapidly increases from zero to a saturation value ' 0.0198.
In the case of resonant driving with ∆/κ = ωm/κ = 20, the
efficiency of generating entanglement is the highest and the
threshold of instability is the lowest. While in the case of driv-
ing away from resonance, the instability threshold increases
despite the decrease in efficiency. These two factors compen-
sate each other to keep the boundary entanglement increas-
ing more and more slowly as the detuning increases, almost
looking like a horizontal line. The entanglement values are all
very close to the saturation value 0.0198 for ∆/κ ∈ [15,28].
This segment can be regarded as having a invariant bound-
ary entanglement value. It cannot be invariant in the entire
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range, because different segment ranges may correspond to
different interactions. When ∆/κ is close to zero, the effec-
tive Hamiltonian has another half contribution from the beam
splitter interaction ∝ g0(aδ â†δ b̂+ a∗δ âδ b̂†), and the entan-
glement is zero. By increasing the driving detuning, the two-
mode squeezing term becomes more important and the entan-
glement increases quickly to a saturation value. This slower
and slower increasing behavior of boundary entanglement is
also true for ∆/κ goes beyond 28. But when ∆/κ is large
to a certain extent, the contribution of both two-mode squeez-
ing and beam-splitter interactions are negligible due to large
detuning, the whole system is always stable. Thus the bound-
ary line will first increase and then drop down as the driving
amplitude increases. The smaller the mechanical frequency,
the smaller the value of ∆/κ at the turning point where the
boundary line rises and then falls. We are only interested in
the vicinity of the resonant driving where the parametric down
conversion is most prominent, so the maximum ∆/κ is set to
be 28. In our former work,[11,12] the phenomenon of invariant
boundary entanglement has been discovered around the reso-
nant driving, here we give its overall change based on a sim-
pler system, and further find that the boundary entanglement is
actually nearly invariant in a larger driving detuning interval.

3. Weak versus strong dissipation
In this section, we will first try to figure out how this satu-

ration value of boundary entanglement depends on system pa-
rameters. Since this value is also the boundary entanglement
at resonant driving ∆/κ = ωm/κ , this special boundary point
can be focused for analysis. Here, we take advantage of ana-
lytical calculation, which cannot be possible in the three-mode
system. In the case of ωm� γm and after the rotating wave ap-
proximation with ∆ = ωm, the linearized quantum Langevin
equation can be equivalently written as follows:[1]

δ ˙̂a =
(

iωm−
κ

2

)
δ â+

√
2

2
ig0aδ b̂† +

√
κ âin,

δ
˙̂b =

(
−iωm−

γm

2

)
δ b̂+

√
2

2
ig0aδ â† +

√
γmb̂in, (6)

where b̂in accounting for zero mean input noise for mechan-
ical vibration satisfies 〈b̂in(t)b̂

†
in(t
′)〉 = (n̄ + 1)δ (t − t ′) and

〈b̂†
in(t)b̂in(t ′)〉 = n̄δ (t − t ′). By standard Fourier transforma-

tion method,[9] we can get the solution for steady-state covari-
ance matrix as

V (∞) =


V11 0 0 V14
0 V11 V14 0
0 V14 V33 0

V14 0 0 V33

 (7)

with

V11 =
−γm(2g2

0|as|2 +κγm)

2(2g2
0|as|2−κγm)(γm +κ)

+
κ

2(γm +κ)
,

V33 =
−κ(2g2

0|as|2 +κγm)

2(2g2
0|as|2−κγm)(γm +κ)

+
γm

2(γm +κ)
,

V14 =
−
√

2g0|as|κγm

(2g2
0|as|2−κγm)(γm +κ)

, (8)

where we have set n̄ = 0 for simplicity. All the elements only
depend on two ratios: g0|as|/κ and γm/κ . After substituting
them into the smaller symplectic eigenvalue

η
− =

1
2
(V11 +V33)−

1
2

√
(V11−V33)2 +4V 2

14 ,

the steady-state entanglement at resonant driving EN,res is also
a function of g2

0|as|2/κ2 and γm/κ .
The boundary point can be found by demanding the total

effective mechanical damping rate γeff = γm + γopt = 0, where
γopt is the optomechanical damping induced by the radiation
pressure force.[1] In the resolved sideband regime (ωm� κ),
γopt ' −2g2

0|as|2/κ .[1] Combined with |as|2 ' Λ 2/(κ2/4 +

ω2
m), we can obtain the resonant driving threshold

Λth,res '
ωm
√

γmκ√
2g0

, (9)

and the corresponding boundary entanglement

EN,b,res '− ln
(

1− 2γmκ

(κ + γm)2

)
. (10)

It is interesting that EN,b,res is only determined by the ratio
γm/κ . As already mentioned, the steady-state entanglement
has two variables, i.e., EN,res(g2

0|as|2/κ2,γm/κ). Especially
at the boundary, g2

0|as|2/κ2 ' g2
0Λ 2

th,res/(ω
2
mκ2) ' γm/(2κ),

which immediately leads to EN,b,res(γm/κ). Furthermore,
these two expressions are symmetric with respect to inter-
changing γm and κ . This is due to the symmetry implicit in
Eq. (6) that the status of the two interacting modes is equal,
except their damping rates are different. If γm � κ as as-
sumed above, the vibrational degree of freedom gets instability
to produce optomechanical phonon lasing, while in the oppo-
site case γm� κ , the optical cavity mode undergoes transition
to optomechanical Brillouin lasing when the effective optical
decay rate κeff goes to zero.[29] Because of the inherent sym-
metry, equations (9) and (10) derived in smaller mechanical
damping rate actually work in all ratios of γm and κ as long as
ωm� γm.

The boundary entanglement at resonant driving EN,b,res

as a function of γm/κ is plotted in Fig. 2. It increases lin-
early when γm/κ is very small, i.e., EN,b,res ' 2γm/κ , fur-
ther increases with the increase of γm/κ to reach a maxi-
mum at γm/κ = 1, then decrease monotonously when γm/κ

> 1. The numerical integration adopted in Section 2 and
the analytical result in Eq. (10) agree very well almost in the
whole range, only deviating a little bit when γm/ωm is larger
than 0.1. When γm is very small, the boundary threshold
power Λ 2

th,res is also weak, resulting in small entanglement.
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Increasing γm can raise the threshold power Λ 2
th,res, thus en-

large the effective coupling strength g0as. However, the larger
γm, the more impact from the environmental noise. There
is a trade-off between these two factors. From the symme-
try, the entanglement EN,b,res only depends on ratio of two
damping rates and none of the two modes is more special.
Consequently EN,b,res(γm/κ) = EN,b,res(κ/γm) and the max-
imum is achieved when γm/κ = κ/γm = 1. There is one
by one correspondence for all the other ratios, for example
EN,b,res(0.5) = EN,b,res(2)' 0.588.



.

.

.

    

γ
m
/κ

E
N
↪b

,r
e
s

numerical solution

analytical solution

γ
m
/κ

Fig. 2. Variation of boundary entanglement at resonant driving EN,b,res (i.e.,
boundary entanglement at ∆/κ = ωm/κ) with mechanical damping rate
γm/κ , where solid black line is plotted by Eq. (10), and the red dotted line is
obtained from numerical calculation with the same parameters as in Fig. 1
except that γm/κ is now a variable. The curve satisfies a linear relationship
EN,b,res ' 2γm/κ when γm/κ is very small.

To check how the ratio γm/κ affect the boundary entan-
glement, we compare the boundary entanglement with differ-
ent values of γm/κ , while keeping all the other parameters
fixed, therefore only the mechanical quality factor Q is varied.
Figure 3(a) shows the boundary curves under different choices
of γm/κ . The resonant driving threshold moves to the right
in proportional to

√
γm/κ , and the peak pointing to the left

gets more and more sharper until γm/κ = 1. The γm/κ = 0.5
and 2 correspond to each other in EN,b,res and their boundary
lines are almost coincident under the driving of large detun-
ing. The impact of γm/κ on the boundary entanglement is
significant. The boundary entanglement with weak and strong
mechanical damping rates are shown in Figs. 3(b) and 3(c) re-
spectively. The nearly invariant boundary entanglement only
appears in the weak dissipation regime. In Fig. 3(a), the satu-
ration value increases linearly with the increase of γm/κ , and
meanwhile the curves have a more obvious upward trend with
increasing driving detuning. In order to achieve a very good
invariant entanglement result, i.e., the difference between the
maximum and minimum is on the order of one thousandth,
the mechanical Q factor should be larger than 103. This is
well within the linear relationship segment in Fig. 2. In the
case of strong dissipation, this phenomenon of nearly invariant
boundary entanglement disappears completely. The γm/κ = 1

curve is on the top, and curves for γm/κ = 0.5 and 2 have
two intersections, where one of them is at the resonant driv-
ing ∆/κ = 20, as seen in Fig. 3(c). In the three-mode system,
the value of invariant boundary entanglement with γm/κ much
smaller than 1 is approximately (3/2)γm/κ , with only a differ-
ent linear coefficient,[12] while the parameter space with large
mechanical damping rates has not being touched.
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Fig. 3. (a) Stability boundary curves with different mechanical damping
rates γm/κ , while keeping all the other parameters as in Fig. 1. The cor-
responding boundary entanglement curves are divided into two groups of
weak and strong dissipation, respectively, placed in panels (b) and (c) for
comparisons.

4. Discussion on weakly dissipative region
In the following, we will elaborate on how other parame-

ters affect the boundary entanglement in the weak dissipation
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regime. The γm/κ = 0.01 is fixed as that in Fig. 1 for com-
parisons, so the remaining parameters are g0/κ , ωm/κ , and n̄.
While discussing one of the them, the other parameters are the
same as in Fig. 1.

   

↼Λ/κ↽ ↼↽
















∆
/
κ

     

∆/κ

0

0.005

0.010

0.015

0.020

0.025

E
N

↪b

g
0
/κ/.

g
0
/κ/.

g
0
/κ/.

g
0
/κ/.

g
0
/κ/.

g
0
/κ/.

(a)

(b)

Fig. 4. Stability boundary curves and corresponding boundary entanglement
with different choices of g0/κ are given in panels (a) and (b) respectively,
while keeping all the other parameters as those in Fig. 1.

Figure 4(a) depicts the boundary curves for different val-
ues of g0/κ and figure 4(b) shows that the corresponding
curves for boundary entanglement completely overlap. As
g0/κ increases, the boundary line moves to the right and
becomes sharper. However, the key point is that values of
g2

0|as|2/κ2 for different boundary curves are all equal for the
same detuning ∆/κ . This can be understood from γopt '
1
2 g2

0|as|2κ([κ2/4+(∆ +ωm)
2]−1− [κ2/4+(∆−ωm)

2]−1) for
γm � κ ,[1] therefore γm + γopt = 0 leads to g2

0|as|2/κ2 =

F(γm/κ,∆/κ,ωm/κ). With γm/κ and ωm/κ unchanged,
g2

0|as|2/κ2 is only a function of ∆/κ . In the most general
case, the boundary entanglement is a function of four vari-
ables, i.e., EN,b(g2

0|as|2/κ2,γm/κ,ωm/κ,∆/κ), which com-
bines with the feature just analyzed, can explains straight-
forwardly why the boundary entanglement does not change
with g0/κ . The boundary entanglement curves also overlap
with each other for different values of g0/κ in the three-mode
case.[12]

In Fig. 5(a), the resonant driving peaks of boundary lines
shift up or down with the mechanical frequency ωm/κ , and
the lowest driving threshold Λth,res/κ , which is proportional to
ωm/κ , cause the curves to move left and right. The shape of

boundary lines below the resonant driving also becomes less
concave with smaller ωm/κ . Figure 5(b) demonstrates the
boundary entanglement with different values of ωm/κ . The
entanglement curves have very similar behavior, rising from
zero and approaching the same saturation value quickly, which
can be approximately viewed as translation of curves. This is
consistent with the result that the saturation value is only deter-
mined by γm/κ . As mentioned above, the condition to observe
invariant boundary entanglement in the three-mode system is
2J = ωm. Changing ωm/κ alone means deviating from that
resonant condition, the boundary entanglement curves will
drop down with increasing driving detuning.[12] However, if
ωm/κ and J/κ change at the same time to maintain the res-
onant condition, different curves will overlap in the form of
horizontal straight lines.
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Fig. 5. Stability boundary curves and corresponding boundary entanglement
with different choices of ωm/κ are given in panels (a) and (b) respectively,
while keeping all the other parameters as those in Fig. 1.

Finally, the influence from temperature is considered, em-
bodied by the mean thermal phonon number n̄. Figure 6(a)
shows how the boundary entanglement at resonant driving
in Fig. 1(b) varies with n̄. It decreases approximately lin-
early with the increase of n̄, i.e., EN,b,res ' max[0.0198−
0.0002n̄,0]. At n̄ = 100, the entanglement drops to zero. We
expect that the boundary entanglement curve behave similarly
as in Fig. 1(b) with only the saturation value decreased with
larger n̄. However, smaller driving detuning is more sensi-
tive to n̄ as shown in Fig. 6(b), thus in contrast to the almost
horizontal line with n̄ = 0, the curves have a more obvious
upward trend as n̄ increases, reducing the effect of obtain-
ing nearly invariant boundary entanglement in a wide detun-
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ing interval. For n̄ = 10 and ∆/κ ∈ [16,24], the difference
between the maximum and minimum is about 5%. If you
narrow this segment, the difference will be smaller. This is
why invariant boundary entanglement can be observed with
n̄ = 50 in our former work.[11] The temperature influence on
the boundary entanglement curves has not be discussed in the
three-mode case.[12] Figure 6(c) shows the steady-state entan-
glement EN,res along the resonant driving ∆/κ = 20 with dif-
ferent n̄. The entanglement near the instability boundary is
robust to thermal phonon noise, while the entanglement far
away from the boundary drops down quickly with a non-zero
n̄. With n̄ = 0, the entanglement changes very slowly when
approaching the boundary, which facilitates the experiment to
observe the value of boundary entanglement if the fluctuations
of driving field intensity is considered.
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Fig. 6. Influence of temperature on various steady-state entanglement based
on the stability diagram in Fig. 1: (a) boundary entanglement at resonant
driving EN,b,res (i.e., ∆/κ = 20), where the expression for linear fitting line
is given in the main text; (b) the boundary entanglement curve EN,b; (c) the
entanglement at resonant driving EN,res, which shows how the entanglement
changes when approaching the boundary from the stable region.

5. Conclusion
To summarize, we have studied in detail the boundary

entanglement in the simplest two-mode optomechanical sys-
tem. Through this simpler system, we fully understand the
phenomenon of invariant boundary entanglement numerically
discovered in our former work.[11,12] The word “invariant”
here is by no means completely invariant, but the change in
a large parameter range is so small such that we regard it as
unchanged. To be more precise, “nearly invariant” bound-
ary entanglement could be better. Besides, all the same pa-
rameter dependencies in the weakly dissipative region as that
in previous three-mode optomechanical system are obtained,
i.e., the value for boundary entanglement is proportional to
the ratio of mechanical and optical damping rates, and it does
not change with the optomechanical coupling strength or the
mechanical frequency.[12] The similarities of both the mech-
anism in generating the entanglement and the parameter de-
pendence of boundary entanglement fully illustrate that the
two-mode system has captured the main characteristics of the
three-mode system. Furthermore, we give an overall picture
of how the boundary entanglement changes in a much bigger
driving detuning interval, assisted by some analytical calcula-
tion and combined with the common results of both models
to find out that the nearly invariant boundary entanglement is
a general phenomenon produced by parametric down conver-
sion in the weakly dissipative region. The temperature will in-
fluence the effect of keeping invariant in a wide driving detun-
ing interval. However, with very high mechanical frequency
and low temperature, mean thermal phonon number smaller
than 1 should be possible. With thermal phonon number al-
most zero, the value of boundary entanglement could still be
observed in spite of fluctuations of driving field intensity. The
main challenge is that the invariant boundary entanglement
is weak, which might be difficult to measure in realistic sys-
tem. For example, with γm/κ ' 1.6× 10−5 in Ref. [30], the
value for boundary entanglement is only 3.2× 10−5. Any-
way, the nearly invariant boundary entanglement is definitely
interesting as threshold quantum signatures in optomechanical
phonon lasers, or might have potential applications where the
quantum properties of the boundary is utilized.
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