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Stock markets in the world are linked by complicated and dynamical relationships into a temporal network. Exten-
sive works have provided us with rich findings from the topological properties and their evolutionary trajectories, but the
underlying dynamical mechanism is still not in order. In the present work, we proposed a technical scheme to reveal the
dynamical law from the temporal network. The index records for the global stock markets form a multivariate time series.
One separates the series into segments and calculates the information flows between the markets, resulting in a temporal
market network representing the state and its evolution. Then the technique of the Koopman decomposition operator is
adopted to find the law stored in the information flows. The results show that the stock market system has a high flexibility,
i.e., it jumps easily between different states. The information flows mainly from high to low volatility stock markets. And
the dynamical process of information flow is composed of many dynamic modes distribute homogenously in a wide range
of periods from one month to several ten years, but there exist only nine modes dominating the macroscopic patterns.

Keywords: transfer entropy, Koopman operator, stock markets

PACS: 89.65.Gh, 05.45.Tp, 89.75.Fb, 02.10.0x

1. Introduction

The stock markets distributed over the world are net-
worked by complicated and dynamical relationships into a
global system. The relations are integration results of the nat-
ural disasters, the social/political/armed conflicts, and the flow
of capitals. The environmental factors cover a wide time scale
from several days, such as the Suez Canal Blockage!!! to sev-
eral months or even more than one year, such as the novel
COVID-19 pandemic./>>! And the flow of capitals also has a
rich pattern composing of the strategic, tactical, and specula-
tive investments from different institutions. The stock market
network attracts persistent attentions of researchers from di-
verse fields for its potential use in theory and practice.

The relationships between stock markets are currently
detected through the cross-correlation,!®”! the causality
inference,® and the information flow.[) For instance, to de-
tect the influence stored in cross-correlations, the concept of

d.110-14] The influence is realized

time delay stability is designe
by a successive physical process of sending signals from the
influencer, receiving signals by the influenced one and its re-
sponses. The signals may be different completely, but the de-
lay time from the sending to the response is determined by the
intrinsic properties of the systems and keeps unchanged. One
calculates the cross-correlation coefficients between the output
series for different delays and finds the specific delay at which

the absolute value of the cross-correlation coefficient reaches
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the maximum, called time delay for the cross-correlation. !
The value of the cross-correlation and the time delay stability
are used cooperatively to identify the influence. The Granger
causality!!®! of one market, for another example, implies that
the history of the causal market has a significant ability to ex-
plain the present state of the explained market, which is eval-
uated by regressions of the structural equations.!!7-18]

The couplings between the stock markets induce to and
can be represented subsequently with information flows, mea-
sured by various entropy quantifiers.!'2% The present state of
one market depends strongly on its history. Using a specified
number of historical records as a condition, one can obtain
the conditional probabilities and the conditional entropy. ]
Adding the historical recordings for another stock market to
the condition, the conditional entropy will become smaller due
to the newly introduced information. The decreasing quantity
is called transfer entropy.[?8! A higher value of transfer entropy
implies that the added stock market has a significant explana-
tion ability. 831

The index records for the stock markets form a multivari-
ate time series. One separates the time series into segments
with a specified length (e.g., one year) and reconstructs their
corresponding stock market networks, all of which will form a
temporal network.3!! The structural and evolutionary behav-
iors are then displayed using the curves of structural properties

for the snapshot networks versus time. Fruitful findings have
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been reported in recent years. 334! For instance, the mutual
entropy between successive networks for a total of 57 indus-
try portfolios in the American stock market reaches peaks at
financial crises.!!”) According to the signs of components for
the eigenvectors corresponding to several largest eigenvalues
of stock networks, one can separate the stocks into reason-
able groups consistent with that in reality.’>! And the average
transfer entropy for the market network reaches peaks several
months before each financial crisis.3!! But the evolutionary
mechanism underlying the temporal network is still not in or-
der.

Recent years have witnessed a rapid development of dy-
namic mode decomposition (DMD).[34% 1t is built on the
idea of Koopman operator approximation, i.e., though the evo-
lutionary process of a system is generally nonlinear, in each
time step it can be mimicked by a linear one, and in a short
time duration the system obeys the same law. Many works
have shown its powerfulness in discovering the underlying
mechanism from experimental records. It is widely used in the
identification and monitoring of mobile objects, displaying the
complicated dynamical patterns in turbulent fluids, diagnostics
and predictions.#!]

The present work proposes a scheme that reveals under-
lying dynamical law stored in the information flows between
stock markets. First, we collect the monthly closing price se-

Ay=YoY{

ries for many stock markets and calculate the corresponding
volatility series. The volatility series are separated into seg-
ments with a specified length each. For each segment, we
calculate the transfer entropies between all the markets, form-
ing a weighted-directional information flow network used to
represent the local state of the system in the corresponding
time duration. The successive weighted-directional informa-
tion flow networks make the dynamical process of informa-
tion flow. Then the Koopman operator is adopted to model
this dynamical process with eigenfunctions. The model gives
the dynamical law for the entropy flow in the global stock mar-
ket system. The generated dynamic model displays rich evo-
lution patterns, e.g., the non-normal energy growth indicating
the stock market system jumps easily between different states
(called flexibility of stock market system). Also, the informa-
tion flows mainly from high volatility stock markets to low
volatility stock markets.

The materials and methodologies are introduced in detail
in Section 2. In Section 3 we present the numerical experi-
ments and observations. Summaries and conclusions are pro-
vided in Section 4.

2. Materials and methodologies

Figure 1 illustrates the methodology framework.
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Fig. 1. The methodology framework: The framework shows how the complex systems with the unknown governing equation and nonlinear produce
the multivariate time series data, used to generate the dynamical information model by deploying transfer entropy integrated Koopman mode

decomposition.
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2.1. Data

We collected the monthly closing prices for a total of 22
stock markets from June 1, 2002, to January 1, 2021. The
stock markets distribute over five continents including, South
America, North America, Asia, Europe, Australia, and Africa,
as listed in Table 1. From each continent, we have chosen at
least one market. The data can be downloaded freely from the
website finance.yahoo.com.

Table 1. The list of stock indices.

1D INDEX Economy ID INDEX Economy
1 AEX Netherland 12 NASDQ USA
2 BSESN India 13 NICKEL Canada
3 BVSP Brazil 14 NYA USA
4 CAC40 France 15 SSE China
5 CRUDE OIL USA 16 S&P100 USA
6 DAX German 17 SZIAX USA
7 DJ USA 18 TSX Canada
8 FHI Egypt 19 TWI USA
9 GOLD USA 20 XAX USA
10 HSI Hong Kong 21 FTSE100 UK
11 MSM Oman 22 AORD Austrilia

Let us denote the records for the closing prices with

Py Pp Pz - Pir
Py Py P3 -+ Pr
p={bB1 P B3 -+ P
Py Pp P3 - P

where P, ; means the closing price of the i-th stock index at the
t-th trading month, 7 = 224 is the total number of the records
for each stock market, and I = 22 is the total number of the
stock markets. Adopting the price volatility definition given
by

Xit = ‘ln(Pi,t) - ln(Pi.tfl)L

the closing prices are converted to a multivariate series with
totally 22 variables and a length of 223 (depicted also in
Fig. 2(al)),

X1 X120 X130 ot X1223
X210 X202 X23 X2.223

X =170 X31 X32 X33 X3223 \ (1)
X021 X222 X223 X22.223

Let a window with a specified length w = 24 months (two
years) slide along the volatility series X with a step of one
month, resulting into a total of T —w+ 1 = 200 segments Xj,
k=1,2,...,200. The k-th segment reads

X1,k X1, k+1 X1 k42 X1, k+w—1
X2k X2 k41 X2 k+2 X2, k+w—1

X, =< M.k X3 k+1 X3 k42 X oktw—1 % (2)
X022,k X22, k+1 X22, k+2 X22, k+w—1

The transfer entropy is adopted to measure the informa-
tion flows between stock markets. To calculate the trans-
fer entropy, one has to estimate the conditional probabilities
from the initial volatility series. It requires a large number of
volatilities, specifically when there exists a long-term mem-
ory. The volatility series segments are coarse-grained first,
respectively, to make the calculations reliable. From X; one
extracts the segment corresponding to the i-th stock market,
i.e., Xix = {Xik:Xikt1,-- - Xigsrw_1}. divides the range from
the minimum to the maximum into four bins with identical
width, denoted with identification numbers 0, 1, 2, and 3. Re-
placing all the elements in X; ; with the identification numbers
of the bins they fall in, resulting in a new series of volatil-
ity catalogues. The labels 0, 1, 2, and 3 respectively denote
extremely low, low, high and very high volatilities. The proce-
dure on the whole X; converts the segment of volatility series
to a coarse-grained one,

S,k S1 k+1 51, k+2 ST, k+w—1
82k 52, k+1 82, k+2 82, k+w—1

Sp =4 S3.k S3k+1 53 kt2 83 k+w—1 § 3)
8§22, k S22, k+1 S22, k+2 S22, ktw—1

Hereafter, we will use Si, k = 1,2,...,200 to calculate the in-
formation flows.

2.2. Temporal information flow network

As an illustration, let us calculate the transfer entropy
from the m-th stock market to the n-th stock market in the k-th

time duration. The corresponding series read

Sm,k = {sm,kysm,k+17 e Smk4w—1 } 5

Sn7k = {Sn,kvsn,k+1 yoee 7Sn,k+w—1} ’ “)

from which one estimates the conditional probabilities
p(a‘ﬁ) = p(sn,k+l = a‘sn,k = ﬁ) and p(alﬁaY) = p(sn,k+l =
olspi = Bsmrk=7), & B, y=0,1, 2, 3, giving us the one-
step memory effect in S, x, and the influence of the present
state of the m-th and n-th stock markets on the next state of
the n-th stock market, respectively. The transfer entropy is
defined to be the difference between the corresponding two
conditional entropies,

TE*(m — n)

—— Y plalB)nip(alp)

a,=0,1.2.3

o)

a,B.y=0,12.3

p(a|B,y)In[p(e|B,7)]- Q)

The transfer entropies between all the stock markets in the k-th
series segment form a transfer entropy matrix, TEX, a 22 x 22

018902-3
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matrix whose entity TE* (m — n) is the transfer entropy from
the m-th stock market to the n-th stock market. The dynami-
cal process for information flows between stock markets is the
matrix series, TE = {TEX, k=1,2,...,200}, called temporal
information flow network.

Note that we consider only the one-step memory in the se-
ries, while in reality, there exist long-term memories. The one-
step memory gives us with the immediate influence, which
may display the influences much more clearly. If we consider
the long-term memories, there will appear complicated rela-
tionships due to the multi-step responses between stock mar-
kets. The direct influences may be merged in the complicated

responses.

2.3. Koopman mode decomposition

Now we rewrite the dynamical process for the infor-
mation flows TE with a matrix with 22 x 22 rows and 200

columns, denoted with Y, whose entities read

Y(22x(i— 1)+ j,k) = TEX(, j),
ij=12,...22, k=1,2,...,200. (6)

In this procedure, the information flows in the segments are
re-arranged into 22 x 22-rows vectors, respectively.

Assuming the transition from the present information
flow matrix to the successive next one can be mimicked by
using a linear relation K, we have

[Y(:,2),Y(:,3),...,Y(:,200)]
~ K[Y(,1),Y(:2),...,Y(:,199)], @)

denoted with ¥, = KY;, where Y (:, k) refers to the k-th column
in Y, i.e., the information flows between stock markets in the
k-th segment (time duration). The matrix K is called Koopman
operator, satisfying the following equation:

K="y, (8)

where ¥, denotes the Moore—Penrose pseudoinverse!*>43) of
Y. It is currently estimated by minimizing the error

12 = KN[[r = [[Y™ |,

i.e., the Frobenius norm of Y™, \ /3°7 | ¥4, |V |2,
The dynamic modes correspond to the eigenfunctions of
KC. The operator K is a matrix with a size of 484 x 484, im-

plying that we have a total of 484 eigenvalues and correspond-

ing eigenfunctions. In reality, most of the eigenfunctions re-
flect the microscopic details depending on the noises and occa-
sional events. Herein, we are interested in the eigenfunctions
that can give us the intrinsic law in the information flows.
Technically, the singular value decomposition (SVD) is
used. We compute the reduced and appropriately truncated
SVD of Y1, Y1 = U,Z,V;, where r refers to the reduced rank of
the approximated operator less than min(22 -22,199) = 199.
In most cases the intrinsic dynamical law can be captured by
selecting a small value of r. A low-rank approximation of /C
is then defined to be K = K = U*KU, = U/Y,V, X!, whose

eigendecomposition reads
KW =WA, A =diag(A,A2,23,...,4,), )

where the columns of W € C™" and the diagonal entries of
A € C™ are the eigenfunction (eigen-information) and the
eigenvalues of K, respectively. The eigenfunction (eigen-
information) of K corresponding to the A; is

¢ =LVE (10)

where w; is the i-th column of W. Approximating the snapshot
y; with Ky;_1, we reach a coupled spatial-temporal model

(1) = K'yo = PA'D, 1)

where @ € C"*" consists of the columns of ¢;, and b is a set
of weights satisfying yg = Pb.

3. Experimental results and observations

Figure 2(al) shows the volatility series for all the stock
markets. The FHI stock market in the Egypt economy area
(ID = 8) has higher volatilities than others. The flow process
is not random, i.e., there exist spatial patterns evolving slowly
along time, as shown in the heat-map for constructed infor-
mation flow process in panel (a2). In panel (bl) the singular
values of Y is ranked in descending order. The ranked sin-
gular value turns out to decrease faster than an exponential
law. Actually, the first nine of the square singular values dom-
inate up to 93% of the sum of all the square singular values
(see panel (b2)). The most dominant one contributes 75%,
reflecting the clear demarcation of the information flows be-
tween and within the stock indices. The eigenvalues for the

nine dominant modes read

A ={0.9047 £0.111i, 0.9935, 0.8823, 0.9182 4 0.04441, 0.9563 +0.00741, 0.9347},

which are obtained by using the Koopman mode decomposition after truncation of the singular values. Because the step in our

calculation is one month, the corresponding periods for these modes are > 1/0.111 ~ 9 months.
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Fig. 2. (al) The monthly volatilities for the 22 stock markets in Table 1, (a2) the heat map of the temporal information flow of Y, (b1) the logarithm
of the singular values. (b2) The cumulative sum of the probability of the square singular values. The top nine dominate up to 93% of the sum of all
the square singular values, called dominant modes. (b3) The eigenvalues of /C, in which the dominant modes are marked with solid circles. (b4) The

distribution of the imaginary parts of the eigenvalues of /.

From Eq. (11) one can find that the specific characteristics
for each component are determined by three factors, includ-
ing the amplitude stored in @, the period determined by the
imaginary part of the eigenvalue stored in A, and the decaying
speed determined by the real part of the eigenvalue stored in A.
Hence, the modes whose eigenvalues have small or even zero
imaginary parts and positive real parts determine the macro-
scopic behavior of the information flows. The modes whose
eigenvalues have large imaginary parts or negative real parts
reflect the microscopic behaviors of the information flows or
simply the noises, because a large imaginary part implies a
rapid oscillation and a negative real part an odd—even oscil-
lation with a period of one month. In panel (b3) we display
all the 199 eigenvalues of K (open circles), in which those
corresponding to the nine dominant modes are marked with
solid circles. The eigenvalues distribute mainly on a circle
with several exceptions, and are symmetrical with respect to
the level line imag(A) = 0. The real parts of the eigenvalues
are all less than one, i.e., the system is stable. The dominant
modes have smaller or even zero imaginary parts and large real
parts, corresponding to the macroscopic behaviors of the in-
formation flows. From the distribution of the imaginary parts
for the 199 eigenvalues (panel (b4)) one can find that besides
the nine dominant modes around the zero point of imaginary
part, the modes distribute homogenously in the wide range
of (—0.7,+0.7), i.e., the corresponding modes cover a wide
range of periods from about one month to more than twenty
years, without a characteristic period. The ignorable contribu-
tions for the modes can be explained by the small or negative
values of the corresponding real parts.

The dynamical model is finally constructed as

V(6) =[0G, 1) %A, 0(:,2) A3, 0(:,9)1 % A5] b, (12)

Generally speaking, the system shows a damping behavior.

As shown in Fig. 3(a), the eigen-information flows between
154—176 modes are significantly higher than that between oth-
ers, i.e., there exist strong-directional information flows from
the indices with high volatilities to that with low volatilities.
Also, the eigen-information reflects the exact-true information
flows because in each segment, there is no information flow
within the same stock indices.
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Fig. 3. The three most dominant eigenfunctions (eigen-information) of Y'1.
(a) Reflect the exact-true information flows because, in each segment, it has
no information flows (quantified as 0) within the same stock indices. The
other two (shown in panels (b) and (c)) do not show a clear demarcation
between and within the stock indices since they have no information flows
between the stock indices.
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Fig. 4. Correlations between the eigenfunctions: The distributions of the Koopman decomposition modes are not orthonormal. They are no significant linear
correlation, between most of the eigenfunctions. Panels (a), (n), and (q) display the strong correlations between the eigenfunctions with its conjugate.

Figure 4 shows the relations between the 9 eigenfunc-
tions. The correlations between the eigenfunction pairs num-
bered {1,2}, {5,6}, and {7,8} each are strong, actually
their cross-correlation coefficients are all +1, as shown in
the panels (a), (n), and (q). The two eigenfunctions in each
pair correspond to two eigenvalues conjugating each other.
The correlations between the other eigenfunctions are very
weak. The Koopman mode decomposition produces non-
orthonormal eigenfunctions.

The transfer entropy eigenfunctions (eigen-informations)
are presented in Figs. 5(al)-5(f1), where each 484-row eigen-
function vector is recovered to a 22 x 22 matrix. The direc-
tional information flows are also displayed with the networks
in the panels (a2)—(f2). The broader a link, the stronger in-
fluence between the linked stock indices. For visual conve-
nience, we filter out the weak flows less than 0.05. The pan-

els (a3)—(f3) are the distributions of the information flows in
the panels (al)—(f1). Most of the dynamic information flows
in panel (cl) are less than 0.05, resulting in the sparse direc-
tional linkages in panel (c2). And they distribute randomly
(panel (c3)). Its corresponding eigenvalue is 0.8823 (the least
one). In panel (bl), most of the dynamic information flow
values are greater or equal to 0.05, leading to a densely con-
nected network (panel (b2)), implying the clear demarcation
information flows between and within the stock indices. The
corresponding eigenvalue is 0.9935 (the largest one). The FHI
with ID = 8 has no in-flow information, while the information
from this stock index flows out to all the 21 stock indices. The
information flows between the remaining 21 are bidirectional
(panels (b2) and (b3)). The most stronger influences occur
on the linkages FHI—-+S&P100(8,16), TWI—-NASDQ(19,12),
FHI—NICKEL(8,13), and FHI-NASDQ(8,12) (panel (bl)).
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Fig. 5. Eigenfunctions: (al)—(f1) the underlying information flows, which are displayed also with networks in panels (a2)—(f2). In the networks for
which the weak information flows less than 0.05 are filtered out for visual convenience. Panels (a3)—(f3) are information flow distributions. Panels (al)—
(a3), (b1)—(b3), and (f1)—(f3) correspond to the eigenvalues of 0.9047 +0.111i, 0.9935, 0.8823, 0.9182 +0.04441, 0.9563 £ 0.00741, and 0.9347,

respectively.

Table 2. Real modes power (P, = (¢;, ¢;)2 = ||¢:] \%), and numbers for
information flows, and mono-directional information flows.

Modes power 0.9871 0.8780 0.7870
In/outflows 441 194 157
Mono-direction flows 1 12 16

As shown in Table 2, the increase of mode power im-
plies the increase of double-directional information flow,
but the mono-direction flow increases with the decreasing
power. When the mode power is 0.9871 the mono-directional
stock is FHI, and the bi-directional stocks are AEX, BSESN,
BVSP, CAC40, CRUDE OIL, DAX, DJ, GOLD, HSI, MSM,
NASDQ, NICKEL, NYA, SSE, S&P100, SZIAX, TSX, TWI,
XAX, FTSE, AORD. For 0.8780 mode power, the mono-

directional stocks are CAC40, CRUDE OIL, DAX, FHI, HSI,
MSM, NASDQ, SSE, SZIAX, TSX, TWI, and FTSE, and
bi-directional are stocks AEX, BSESN, BVSP, DJ, GOLD,
NICKEL, NYA, S&P100, XAX, and AORD. For 0.7870
mode power, the mono-directional stocks are CAC40, CRUDE
OIL, DAX, FHI, GOLD, HSI, NASDQ, NICKEL, NYA,
SSE, S&P100, SZIAX, TSX, TWI, XAX, and FTSE, and bi-
directional are stocks AEX, BSESN, BVSP, DJ, MSM, and
AORD. For all real power modes, FHI is mono-directional,
and the bi-directional are stocks AEX, BSESN, BVSP, and DJ.

In Fig. 6, the panels (al)—(b1) present the dynamic infor-
mation flows obtained with the original definition of transfer
entropy and their average. In panels (a2)—(b2) the dynamic
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information flows reconstructed from the Koopman mode de-
compositions and their average are shown, respectively. Ini-
tially the system grows then decays to the equilibrium points
(see panel (b2)). This behavior in physics, specifically in fluid
dynamics, is commonly known as transient energy growth-
decay,!** occurring when the eigenvalues are very close with
or equal to each other with the corresponding nearly parallel
eigenvectors.[*46] The constructed model’s transient energy
growth—decay property is consistent with the presence of sec-
ular term (texp(®t)) in the dynamic system. Hence, the dy-
namic model for the stock market system can be approximated
with

exp(wit) texp(wit) 1t2exp(wit) ...

0 exp(wat) texp(mat)
Z= 0 0 exp(@wst) ...|>

where @) =~ @y ~ w3 ~ ---. The Koopman operator approxi-

mately reads

n
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small error, i.e.,
[|[Y2—-KY1|| =~ €.

Finally we reached a one decimal approximate Koopman op-

erator
10 0 0 0 —0 0.1 —0 —0 —0.1
010 0 01 -0 0.1 -0 0 -0
0 010 0 -0 0 -0 01 0
0 -0 009 -0 -0 0 0 O
K=l0 -0 0 0 09 0 0 -0 —0|. (13)
0 -0 0 0 0 09 0 01 0
0 0 0 00 0 09 -0 0
0 0 000 -0 0 09 —0
Lo 0 0 0 0 -0 0 0.1 09|

The eigenvalues for this Koopman operator read 1, 1, 1, 0.9,
0.9,0.9,0.9,0.9, 0.9, i.e., they are very close with each other,
implying that the eigenfunctions parallel with each other. In
the field of of complex fluid, the concept of flexibility is cur-
rently used to describe the frequently and almost freely transi-
tions of a macro-molecule between different geometrical con-
figurations (shapes) due to the small energy gaps between the
states. Accordingly, the fact of ease transitions between stock
market states is defined herein to be flexibility of the stock

market system.
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Fig. 6. (al) The information flows obtained with the transfer entropy definition and their average (bl). (a2) The information flows reconstructed with

the Koopman decompositions and their average (b2).

4. Conclusion

In this article, a novel scheme for revealing the dynamic
law from the temporal network proposed. It is illustrated by
using monthly volatility series for 22 stock market indices dis-
tributed over the whole world. Let a window covering two
years slide along the multivariate volatility series with a step of
one month to extract the segments. The segments are coarse-
grained by mapping the volatilities into very low, low, high,

and very high catalogues, denoted with 0 to 3, respectively.
The transfer entropy is adopted to construct the information
flows between all the stock markets within the segments, form-
ing a temporal information flow network. The Koopman oper-
ator is then used to extract the evolutionary law of the entropy
flows between the stock indices.

It is found that the stocks with higher levels of volatili-

ties send information to those with lower levels of volatilities,
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i.e., the influences are asymmetrical in the stock market sys-
tem. The dynamic modes distribute homogenously in a wide
range of periods from one month to more than twenty years.
However, there exist only nine modes whose eigenvalues have
large positive real parts and small or even zero imaginary parts,
dominating the macroscopic patterns of the information flows.
Generally speaking, there are no significant linear correlations
between the eigenfunction, except between the eigenfunctions
whose eigenvalues are conjugating with each other. The eigen-
values of the Koopman operator turn out to be nearly equal,
and the corresponding eigenfunctions are parallel with each
other, which imply high flexibility of the stock market system.
And the real parts of the eigenvalues are less than one, indicat-
ing that the system is stable.

We hope the reconstructed model (Koopman operator)
can find its application in prediction, intervention, and even
control of the stock market system’s evolution. The proposed
scheme can also be extended straightly to find the evolutionary
law in systems composing of multi-subsystems each, such as
in the physiological system of a human body.
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