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We consider two-dimensional spinor F = 1 Bose—FEinstein condensates in two types of radially-periodic potentials
with spin—orbit coupling, i.e., spin-independent and spin-dependent radially-periodic potentials. For the Bose—Einstein
condensates in a spin-independent radially-periodic potential, the density of each component exhibits the periodic density
modulation along the azimuthal direction, which realizes the necklacelike state in the ferromagnetic Bose—Einstein con-
densates. As the spin-exchange interaction increases, the necklacelike state gradually transition to the plane wave phase for
the antiferromagnetic Bose—Einstein condensates with larger spin—orbit coupling. The competition of the spin-dependent
radially-periodic potential, spin—orbit coupling, and spin-exchange interaction gives rise to the exotic ground-state phases
when the Bose—Einstein condensates in a spin-dependent radially-periodic potential.

Keywords: spinor Bose—FEinstein condensates, spin—orbit coupling, radially-periodic potential
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1. Introduction

Spinor Bose—Einstein condensates (BECs) had been ex-
perimental realized in Na?® and Rb®7 using dipole optical trap
by the Tin-Lun Ho and Tetsuo Ohmi groups in 1998.[>! Three
spin degrees of freedom are shown in spinor BECs, which cor-
responding to the three hyperfine spin states with mp = —1,
0, 1 for F = 1. Within the mean-field theory, spinor F =1
BECs show a rich variety of magnetic phenomena. The fer-
romagnetic state, antiferromagnetic state or polar state are ex-
hibited in spin-1 BECs, the types of the ground-state phases
are depended on the spin-exchange interaction. Many inter-
esting topological excitations of the spin vortex, monopoles,
two-dimensional (2D) skyrmion and three-dimensional (3D)
skyrmion are proposed from these phases.*~'!! In addition,
different types of solitons have been given rise to much at-
tention in spin-1 BECs, such as the dark soliton, bright soli-
ton, bright-dark soliton complexes, gap soliton and rogue
wave, [12-20]

The realization of spin—orbit coupling (SOC) in spinor
gases in experiment!”!] opens fascinating questions about the
physics of spin—orbit coupled ultracold gases, it has aroused
the theoretical and experimental attentions on spin—orbit cou-
pled BECs rapidly.?>=!] Two distinct phases, i.e., single
plane-wave state and density-stripe state are found in a homo-
geneous spin—orbit coupled spin-1/2 BECs!*?! and the quan-
tum states with Skyrmion lattice patterns are emerged!>! in
spin—orbit coupled spin-1/2 BECs loaded in a harmonic trap.
Three kinds of striped phases with qualitatively different be-
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haviors in the modulations of the density profiles in a homo-
geneous spin—orbit coupled spin-1 BECs depended on the an-
tiferromagnetic interaction or ferromagnetic interaction,33-36]
Recently, spin—orbit coupled spinor BECs in the different pe-
riodic potentials, like the toroidal trap, spin-dependent pe-
riodic potential and radially-periodic potential are investi-
gated, which results in many exotic ground-state phases and
solitons. 3746

In this paper, we consider 2D spin—orbit coupled spin-1
BECs in two types of radially-periodic potentials, i.e., spin-
independent and spin-dependent radially-periodic potentials.
For the BECs in a spin-independent radially-periodic poten-
tial, the density of each component exhibits the periodic den-
sity modulation along the azimuthal direction, which realizes
the necklacelike state in the ferromagnetic BECs. As the spin-
exchange interaction increases, the necklacelike state gradu-
ally transition to the plane wave phase for the antiferromag-
netic BECs with larger SOC. The competition of the spin-
dependent radially-periodic potential, SOC and spin-exchange
interaction gives rise to the exotic ground-state phases when
the BECs in a spin-dependent radially-periodic potential.

The paper is organized as follows. In Section 2 we in-
troduce the model of 2D spin—orbit coupled spin-1 BECs in a
radially periodic potential. In Section 3 we display the ground-
state phases of spin—orbit coupled spin-1 BECs in a spin-
independent radially periodic potential in Subsection 3.1 and
pin-dependent radially periodic potential in Subsection 3.2. A
brief summary is included in Section 4.
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2. Model and Hamiltonian

We consider spin—orbit coupled spin-1 BECs loaded in
the radially-periodic potential. The Hamiltonian can be de-
scribed by the mean-field approximation, it is

. h2
H = / dry] |:—2mV2+V("“)+vsoc:| ¥,

-l-/dr (;conz—k ;cz|F2> ) (1)
where ¥; (j = 0,%1) is the three-component spinor wave
functions of the atoms in the spin state |[F = 1,mp =
7 The total atomic density n = ny +ny + n_; =
Y,;|¥* and the total particle number N = [¥T¥d%r with
Y = [¥_1(r),%(r),%(r)]'. The density-density and spin-
exchange interactions are ¢y = %hzn(Zag +ap)/m and ¢; =
%hzﬂ(az —agp)/m, respectively. They can be adjusted by the s-
wave scattering length a; (s = 0,2) for total spin 0, 2. The spin
density F = (F,F,,F,) = (PTEY, W E W W EW), where F
is 3 x 3 matrices,

{ 0 1 0
FE=—1|1 0 1 |,

V2 o 1 o

; 0 -1 0
F=—11 -1 ],

V2o 1 o

1 0 0
FE=100 0 (2)

0 0 -1

The SOC effect Vsoc = —ify(Fdy — F,d;) with strength 7. The
external potential V (r) is

V(r) = %a)zrz +Vi(r), 3)

where @ is the harmonic trap frequency, and Vi(r) is the
radially-periodic potential. Here, spin—orbit coupled spin-1
BECs loaded in two types of radially-periodic potentials are
discussed, i.e., spin-independent or spin-dependent radially-
periodic potential. The spin-independent radially-periodic po-
tential is V| () = Vycos?(xr). The spin-dependent radially-
periodic potential is Vi (r) = Vycos?(zr + &), where § = 0 for
the mp = 0 component and § = /2 for the mg = +1 compo-
nents.

3. Spin-orbit coupled spin-1 BECs in the
radially-periodic potentials

We discuss the ground-state phases of spin—orbit coupled
spin-1 BECs loaded in spin-independent and spin-dependent
radially-periodic potentials in Subsection 3.1 and Subsec-
tion 3.2, respectively. Three dimensionless coupled time-
dependent Gross—Pitaevskii (GP) equations are formulated

that from ifi (9W;/dr) = (515/5111].*),

18‘;’_1 = (_1V2+V(r)) Y1+ (con—c2F;) ¥y
t 2
+ 2 F oy +L(—i8 +0y) W
\/E +10 ﬁ 'y x) 10,
. OH 1
la—to = <—2v2+V(r))%+(60n)%+\%F‘1’—1
(&)
—F Y
+\@ !
1 . :
5 (710 = A Wi £ (=10, + 00 ],
oW, 1
iaTl = (_2V2+V(7~)>‘I’1+(60n+62Fz)‘1’1
+2Fl{l+i(—i8 —dy) ¥ “
\/E — 10 ﬁ 'y x) 10,

where Fy = F; £iF,. The length (x and y) is normalized by
= \/M . The time (¢), SOC strength (), and interaction
(co, ¢2) are scaled by ™!, lw, and 7wl /N, respectively.

We obtain the ground-state phases by using the time-
splitting Fourier pseudospectral method with the imaginary-
time propagation, i.e., t — —it.[4”*8] The wave function in
Eq. (4) can be written as Wj(r,t) = Yi—1 Yir(r) exp(—itEy)
with the eigenvalue Ej. After each iteration, each eigen-
function is decayed by exp(—izEy), the returned wave func-
tion eigenvalue becomes lower and lower, it tends to the
ground-state wave function, which lead to the proportion of
the ground-state wave functions becomes larger and larger.
‘When the time is at its limit, the wave functions evolve into the
ground-state wave functions. The density—density interaction
(co = 1000) and the radially-periodic potential depth (Vo = 20)
are fixed.

3.1. Spin-independent radially-periodic potential

We first study on the ground-state phases of spin—orbit
coupled spin-1 BECs loaded in a spin-independent radially-
periodic potential. For the ferromagnetic BECs with spin-
exchange interaction ¢, = —200, the ground-state density pro-
files are shown in Fig. 1. The SOC strengths in panels (a)—
(d) are y=0, 1, 3, and 5, respectively. The columns from
left to right are the densities of the mrp = —1 component, the
mp = 0 component, the mp = 1 component, the total compo-
nent, the density difference of the mr = 1 component, and the
mp = —1 component, the phase of the mr = —1 component
and the phase of mrp = 0 component. The density of each
component is uniform distributed in the same ring without
SOC, as shown in Fig. 1(a). By considering SOC, we can find
that the density of each component exhibits the periodic den-
sity modulation along the azimuthal direction. For the small
SOC strength ¥ = 1, the densities of the mr = —1 and the
mp = 1 components mainly occupy right and left sides, they
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are symmetric about the y axis, one can be seen in Figs. 1(bl)
and 1(b3), respectively. The density difference of the mp = 1
component and the mr = —1 component in Fig. 1(b4) also
shows this character. In Fig. 1(b2), the mg = 0 component
density shows a necklacelike state, the numbers of petals dou-
ble increase as the ring expands one ring outward. With the
SOC strength enhances, the phenomena of the periodic density
modulation in each component become more obvious. The
phases of the mp = —1 and the mr = 1 components exhibit the
rotational symmetry with ¥ = 3 in Figs. 1(c6) and 1(c7), how-
ever, they show the alternating plane waves that propagating
on opposite directions along the y axis for larger SOC strength
in Figs. 1(d6) and 1(d7), which are similar to the character of
the supersolid state.[+!:4?]

Y L S L S L F, 61 6o
¢ (ab) (ab) (aT)

Il

-5 0 5
x
[ — ] [ e ]
0 0.01 0.02 0.03 —0.02 0.02 —2 0 2

Fig. 1. The ground-state density profiles of spin-1 BECs with SOC loaded
in a spin-independent radially periodic potential. The SOC strengths in pan-
els (a)—(d) are y =0, 1, 3, and 5, respectively. The columns from left to

right are the densities of the mg = —1 component, the mr = 0 component,
the mp = 1 component, the total component, the density difference of the
mp = 1 component, and the mr = —1 component, the phase of the mp = —1

component and the phase of the mr = 0 component. The spin-exchange in-
teraction ¢y = —200.

We also study the ground-state phases of spin—orbit
coupled spin-1 BECs loaded in a spin-independent radially-
periodic potential with the spin-exchange interactions ¢, =
200 in Fig. 2 and ¢, = 2000 in Fig. 3. For the antiferromag-
netic BECs without SOC, the spin-exchange interaction favors
a state with no spontaneous magnetization, the order param-
eter of the ground-state phase is { = (1,0,1)T/v/2, which
results in the density of the mr = 0 component is blank and
the densities of the mp = —1 and the mp = 1 components are
uniform, one can be seen in Fig. 2(a). By considering SOC,
the ground-state phases with the SOC strengths Yy =1, 3, and 5
are respectively shown in panels (b)—(d) in Figs. 2 and 3. The
density of atomic gases starts to occupy the mr = 0 component
with the small SOC strength. Each component also shows the
density periodic modulation along the azimuthal direction in

[w_,[? ] |, o1 01

-
0.005 0.015 0.025 -20 2

Fig. 2. The ground-state density profiles of spin-1 BECs with SOC loaded
in a spin-independent radially periodic potential. The SOC strengths in pan-
els (a)—(d) are y =0, 1, 3, and 5, respectively. The columns from left to
right are the densities of the mg = —1 component, the mr = 0 component,
the mp = 1 component, the total component, and the phase of the mp = —1
component. The spin-exchange interaction ¢, = 200.

v, %] |v,]? |26

e E——— T —— ]
0 0.005 0.015 0.025

-2 0 2

Fig. 3. The ground-state density profiles of spin-1 BECs with SOC loaded
in a spin-independent radially periodic potential. The SOC strengths in pan-
els (a)—(c) are y=1, 3, and 5, respectively. The columns from left to right are
the densities of the mr = —1 component, the mr = 0 component, the mp = 1
component, the total component, and the phase of the mrp = —1 component.
The spin-exchange interaction ¢, = 2000.

Fig. 2(b) with the weak spin-exchange interaction ¢, = 200.
The densities of the mr = —1 and the mg = 1 components
can be self-symmetric, which are different from the ferromag-
netic BECs with y =1 in Fig. 1(b). The second inner ring
shows square lattice structure in the mr = £1 components and
two sets of periodic structures in the mr = 0 component with
strong spin-exchange interaction ¢, = 2000. For the larger
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SOC strength y = 3, the ground-state also remains necklace-
like structure, however, the rotational symmetry is broken in
the innermost ring, the density realizes the plane wave, one can
be seen in the phase of the mg = —1 component in Fig. 2(c5).
With the spin-exchange interaction increases, the plane wave
character becomes more obvious, as shown in Fig. 3(b). In
Figs. 2(d) and 3(c), when the SOC strength is increased be-
yond a critical value, the periodic density modulations along
both the radial and the azimuthal directions appears in inner
rings of each component.

3.2. Spin-dependent radially-periodic potential

We next consider spin—orbit coupled spin-1 BECs loaded
in a spin-dependent radially-periodic potential. The ground-
state density profiles are shown in Fig. 4 with the different
spin-exchange interactions strengths ¢, = —200, 200, and
2000 in panels (a)—(c), respectively. The SOC strength y = 5.
The competition of the spin-dependent radially-periodic po-
tential, SOC and spin-exchange interaction gives rise to the
exotic ground-state phases. For the ferromagnetic BECs, the
spin-dependent radially-periodic potential and SOC break the
translational symmetry of density along one direction, and the
translational symmetry along the direction that perpendicu-
lar to it is preserved. For the antiferromagnetic BECs, the
density of each component shows the ring structure with spin-
exchange interaction ¢, = 200 in Fig. 4(b). The innermost
rings consist of two semicircles in the mp = £1 components,
which results in the density of the mr = 0 component is di-
vided into two half arcs. The structure of innermost rings of

lv_,|? || |2 |v]? 0,

I | aaeess |
0 0.01 0.02 20 2

Fig. 4. The ground-state density profiles of spin-1 BECs with SOC loaded in
a spin-dependent radially periodic potential. The spin-exchange interactions
in panels (a)—(c) are c; = —200, 200, and 2000, respectively. The columns

from left to right are the densities of the mrp = —1 component, the mr =0
component, the mg = 1 component, the total component, and the phase of
the mp = —1 component. The SOC strength y = 5.

the total density is similar to the double lung of human organs.
An interesting phenomenon in Fig. 4(b5), the phase profile of
the mrp = —1 component consists of alternating vortices along
the opposite directions, which is caused by the spin-dependent
radially-periodic potential and SOC. As the spin-exchange in-
teraction increases, the ring structures are broken. The double
vortices are shown in the phase profile of the mr = —1 com-
ponent in Fig. 4(c).

4. Summary

In summary, we have investigated 2D spin—orbit coupled
spin-1 BECs in two types of radially-periodic potentials, i.e.,
spin-independent and spin-dependent radially-periodic poten-
tials. For the BECs in a spin-independent radially-periodic
potential, the density of each component exhibits the periodic
density modulation along the azimuthal direction realizes the
necklacelike state in the ferromagnetic BECs. As the spin-
exchange interaction increases, the necklacelike state gradu-
ally transition to the plane wave phase for the antiferromag-
netic BECs with larger SOC. The competition of the spin-
dependent radially-periodic potential, SOC and spin-exchange
interaction gives rise to the exotic ground-state phases when
the BECs in a spin-dependent radially-periodic potential.
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