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We analytically and numerically study a 1D tight-binding model with tunable incommensurate potentials. We utilize
the self-dual relation to obtain the critical energy, namely, the mobility edge. Interestingly, we analytically demonstrate that
this critical energy is a constant independent of strength of potentials. Then we numerically verify the analytical results by
analyzing the spatial distributions of wave functions, the inverse participation rate and the multifractal theory. All numerical
results are in excellent agreement with the analytical results. Finally, we give a brief discussion on the possible experimental
observation of the invariable mobility edge in the system of ultracold atoms in optical lattices.
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1. Introduction

Anderson localization,!'! a universal phenomenon of
wave propagation in disordered mediums, is an active research
subject in condensed matter physics. With regard to the disor-
dered systems, the scaling theory?! predicts that delocalized-
localized transitions are known to arise in dimension strictly
higher than two. In one- and two-dimensional systems, un-
correlated random disturbances account for why all the wave
functions are exponentially localized. Accordingly, in low-
dimensional disordered systems, there is always a hot topic,
namely the delocalization-localization transition. There is an
energy level threshold which separates the delocalized func-
tions from those are localized. This critical energy is known
as the mobility edge. However, it is still a challenge to observe
the mobility edge in three-dimensional (3D) systems with the
mobility edge in experiment.>=1 Therefore, to acquire more
insights into the mobility edge and uncover its essence, low-
dimensional systems, such as 1D quasiperiodic systems, are a
better choice. After all, there has been a long history to search
the systems with mobility edge and plenty of theoretical mod-

s.110-23] Moreover, the

els are proposed and studied in decade
mobility edge has been observed in recent experiments by ma-
nipulating the cold atoms trapped in 1D quasiperiodic optical
lattice[>*2>] although a precise measurement of its value is still
lacking.

The Aubry—André (AA) model®® plays an important
role to understand the Anderson localization and uncover the
mobility edge. As a paradigmatic 1D tight-binding model, the
AA model has a self-dual symmetry, and the increasingly in-
commensurate potential will make the system undergo a lo-
calization transition, from the extended phase to the localized

phase.>”] Moreover, the mobility edge always appears in the
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extended AA models. For instance, Das Sarma et al. revealed
that there was mobility edge in a class of systems with slow-
varying incommensurate on-site potentials.[!%1?! Biddle et al.
found the exactly solvable mobility edge in the extended AA
model with long-range tunnelings.!!*!4) Ganeshan er al. ver-
ified the existence of the mobility edge which was protected
by the self-dual symmetry.l">! Liu ef al. obtained the exactly
solvable mobility edge in the off-diagonal incommensurate
models.['®!7] Nowadays, the research about the mobility edge

(28-30] where the

has been extended to the non-Hermitian case,
mobility edges were located in the real energy spectra. How-
ever, by comprehensively analyzing the above research results
on mobility edge, we find that the mobility edges change with
the extra parameters that are commonly the strength of the in-
commensurate on-site potentials. We cannot help but ask, is it
a universal phenomenon that the mobility edge changes with
the extra parameters? Is there a special case where the mobil-
ity edge is a constant that is a bit easier to measure experimen-
tally?

In this work, we are motivated to study a 1D tight-binding
model with tunable incommensurate potentials. We make at-
tempt to find out whether there is a mobility edge which keeps
a constant in this model and then extract it analytically, if it
exists. We further verify the analytical result by the inverse
participation rate and the spatial distributions of the wave func-
tions.

The rest of this paper are arranged as follows: In Section 2
we present the model and derive the mobility edge by the self-
dual relations. In Section 3 we verify the analytically obtained
mobility edge by the inverse participation rate and the distri-
butions of the wave functions. Finally, we make a summary in
Section 4.

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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2. Model and the mobility edge

In this section, we consider a 1D tight-binding model with
nearest-neighbor hoppings and incommensurate on-site poten-
tials, and we are devoted to extract the mobility edge analyti-
cally. The static Schrodinger equation is written as

EWn:Wn+l+Wn—l+ )Wm (1)

1 —bcos(2man

where V is the potential strength with 0 < b < 1 being the po-
tential tuning parameter, ¢ is irrational number, which makes
the Hamiltonian incommensurate, and v, is the amplitude of
wave function at the nth lattice site. This model provides an
extension of the quasi-periodic lattice previously introduced in
Ref. [15] and displays a generalized self-duality. To derive the
mobility edge, namely the critical energy E., which separates
the extended wave functions from whose are localized, we first
multiply both sides of Eq. (1) by e!?*®"" and sum it over n.
After setting ¢, = ¥, e127%"y;, we obtain

) \%
E —2cos(2 =y, e Iy, (2
[ cos(2moum)| ¢ ;e 1_bcos(27wm)w @

Next, we introduce some self-dual relations, which are
necessary in the following derivation:

cosh(sg) = %7 E =2cosh(s),
Onls) = cosh(s)Si—n;(zz§27ram)7 3)

where s and so are real constants. Therefore, Eq. (2) can be
rewritten as

25inh(s)Qu ()9 = Veoth(so) Y e 1" "Pg. (@)

Then, of Eq. (4) by
Q(s0) 27"k "and sum it over m. After defining the relation-
ship @ = Y, €1 27%" Q. (5)@,,, Eq. (4) is further expressed
as

we multiply both sides

2sinh(s) 2 (s0) @ = V coth(s) ) e FHlsg,. )
k/

We continue multiplying both sides of Eq. (5) by e!27*k4,

and summing it over k. By defining the relationship y, =
Y e2"%a g Eq. (5) is transformed into

5 sinh(s)

co
sinh(so) cosh(so)tlg = Hg—1+ Hgt1 +V —o—== 1

Note that when s = 59, Eq. (3) is reduced to Eq. (1). From
the self-dual relations cosh(s) = 1/b and E = 2cosh(s), we
obtain the mobility edge

E.=2/b. )

Interestingly, for a fixed value of the tuning parameter b, E. is
independent of the potential strength V. The property of “be-
ing constant” of the mobility edge is a intriguing result. In the
following, we will check the predictions of E, in the theoreti-
cal analysis by direct numerical simulations, so as to make the
theoretical analysis convictive.

3. Numerical results and discussions

In this section, we verify the accuracy of the analytically
obtained mobility edge E. by exhaustively numerical analy-
sis. In order to acquire the eigenenergies E of the system
and the associated wave functions ¥, we numerically diago-
nalize the model’s Hamiltonian which is defined in terms of
the Schrodinger equation in Eq. (1). Then, it is convenient
to calculate other typically physical quantities that are needed
in our numerical validation. For example, the inverse partici-
pation rate and the spatial distributions of the wave functions
will be used to distinguish the extended and localized states.
Although our numerical simulations are carried out at the sys-
tem with finite size, our results are exactly consistent with the
theoretical analysis under the thermodynamic limit.

To begin with, we calculate the inverse participation rate
(IPR). As it was studied in Ref. [31], the IPR of a given wave
function v is defined as

L
IPR; =Y ||, (8)
n=1

where W has been normalized, L is the total number of the lat-
tice sites, and j denotes the energy level index. It is widely
known that for the extended wave functions, the correspond-
ing IPRs scale like L~!, which tend to 0 when L — oo, whereas
they keep finite values for localized states.
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Fig. 1. The eigenvalues of Eq. (1) and IPR as a function of V with the
parameter b = 0.5. The total number of sites is set to be L = 500. Differ-
ent colors of the eigenvalue curves indicate different magnitudes of the
IPR of the corresponding wave functions. The black region where the
IPR approaches zero denotes the extended states, and the orange region
with a whitish hue where the IPR tends to 1 denotes the localized states.
The blue solid line represent the boundary between spatially localized
and extended states, i.e., the mobility edge E. =2/b = 4.
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Figure 1 is the energy spectrum which exhibits variation
of eigenenergies E as a function of the parameter V, where
we have considered the size of the system is L = 500 and
the tuning parameter b = 0.5. As shown in Fig. 1, the spec-
trum is not a single band but consists of several bands. The
color shows the IPR of the corresponding eigenenergy. Con-
cretely, the black region where the IPR approaches zero means
the wave functions that these eigrnenergies correspond to are
all extended. On the contrary, the orange region with a whitish
hue where the IPR tends to 1 means the wave functions that
these eigen-energies correspond to are all localized. Intu-
itively, there is a critical energy E, = 4 separating the extended
states and the localized states. The result of this numerical
analysis is consistent with what the theoretical analysis pre-
dicts.

In order to have an intuitive insight into the separation in
the aspect of energy, we plot the spatial distributions of asso-
ciated wave functions, whose corresponding eigenenergies are
near E.. Before performing the numerical calculation, we have
specified that the required parameters are b = 0.5, V = 3.8 and
L =5000. We choose three typical wave functions whose cor-
responding eigenenergies are above, below or close to the mo-
bility edge E. = 4. Figure 2 shows the spatial distributions of
the four wave functions, in which Fig. 2(a) is intuitively seen
that the wave function is extended, whose corresponding en-
ergy is below E; = 4. On the contrary, Fig. 2(c) is the localized
states, whose corresponding energy is above E. = 4. More im-
pressive, the eigenenergy of Fig. 2(b) is closed to E. = 4 and
can be seen as be neither localized nor extended over the whole
space, instead, it displays the characteristic of the critical state.

0.2 ; ; ;
— (a) E=3.9322, below edge
0
—0.2 ‘ ‘ ‘ ‘
0 1000 2000 3000 4000 5000
02— (b) E= 3.93'507 near 'edge
> 0
—0.2 . . . .
0 1000 2000 3000 4000 5000
05— (c) E=4.0304, above edge
0
—0.5 . \ \ \
0 1000 2000 3000 4000 5000

Site number

Fig. 2. Wave functions obtained from Eq. (1) withb=0.5,V =3.8 and
L = 5000 nearby the mobility edge E. = 4. Three different eigenener-
gies: (a) low energy extended state below the mobility edge, (b) critical
state near the mobility edge, and (c) high energy localized state above
the mobility edge.

To further verify the reliability of the analysis results of
IPR and wave functions, we use the multifractal theory, which
has been widely applied to standard quasiperiodic models.3?!
For each wave function l//,{, a scaling exponent ﬁ,{ can be ex-

tracted from the nth on-site probability P} = |y|* ~ (1/ Fm)ﬁ'{ .

According to the multifractal theorem, when the wave func-
tions are extended, the maximum of P/ scales as max(P,{ )~
(1/E,), ie., Br{]in = min(B7) = 1. On the other hand, when
the wave functions are localized, P} peaks at very few sites
and nearly zero at the other sites, yielding max(P,{ )~ (1/F)°
and ﬁ]{l

the corresponding ﬁI{lin

= min(B;) = 0. As for the critical wave functions,
is located within the interval (0, 1),
and can be used to discriminate extended and critical states. In

order to reduce finite-size effects, we use ﬁ]{ﬁn

to distinguish
different wave functions in numerical calculations.

Figure 3 plots By as a function of the inverse Fibonacci
index 1/m. It clearly shows that B, is between 0 and 1 in
the large L limit for the eigenenergy E = 4.0, hence suggest-
ing that wave functions closed to the mobility edge are crit-
ical. However, for the eigenenergy E = 3.9, By asymptot-
ically tends to 1 in the thermodynamic limit, indicating that
the corresponding wave function is extended. Conversely, for
the eigenenergy E = 4.1, Bin asymptotically tends to 0 in the
thermodynamic limit, indicating that the corresponding wave
function is localized. Thus, the above numerical results are in
excellent agreement with the analytical results. We have also
checked other combinations of parameters and get the same
results as expected.
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0.6

Bmin

0.4f

0.2

0 0.05 0.10
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Fig. 3. Behavior of By, as a function of the inverse Fibonacci index
1/m for various eigenenergies when V = 3.75. The brown markers cor-
respond to the critical state with E = 4.0 closed to the mobility edge E,
the black markers correspond to the extended state with E = 3.9 below
the mobility edge E., and the red markers correspond to the localized
state with E = 4.1 above the mobility edge E..

Finally, we would like to point out that this invariable
mobility edge can be realized in the ultracold-atom experi-
ment. Using synthetic lattices of laser-coupled atomic mo-
mentum modes, the authors of Ref. [33] experimentally re-
alized a recently proposed family of nearest-neighbor tight-
binding models having quasiperiodic site energy modulation
that host an variable mobility edge protected by a duality sym-
metry. The experimental method in this paper is based on mo-
mentum space lattice tuning. The on-site potential at each lat-
tice point in momentum space is equal to the detuning of Ra-
man coupling between different momentum states, hence the
on-site potential form required for the precise modulation of
these detuning to match is obtained.

027101-3



Chin. Phys. B 31, 027101 (2022)

Alternatively, we can utilize synthetic dimension to sim-
ulate this type of on-site lattice. For example, we can use each
spin state of large spin atoms (such as Dy atoms) as lattice
points, and use Raman Coupling to couple adjacent spins (i.e.,
the coupling of adjacent lattice points), then realize the on-
site potential by controlling the detuning property of Raman

coupling. 13436

4. Summary

In conclusion, we have studied a 1D tight-binding model
with tunable quasi-periodic potential. It is revealed that there
exists mobility edge in this model, and its analytical expres-
sion is obtained by the self-dual relations. Surprisingly, unlike
previous studies, the mobility edge in our model keeps invari-
able with the strength of the potential, which is only deter-
mined by the control parameter b. This finding may contribute
to a more convenient observation of the mobility edge in the
future experiment. Detailed numerical analyses, such as the
inverse participation rate and the spatial distributions of wave
functions, demonstrate that our results are reliable.
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