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We explore the time evolution law of a two-mode squeezed light field (pure state) passing through twin diffusion
channels, and we find that the final state is a squeezed chaotic light field (mixed state) with entanglement, which shows
that even though the two channels are independent of each other, since the two modes of the initial state are entangled with
each other, the final state remains entangled. Nevertheless, although the squeezing (entanglement) between the two modes
is weakened after the diffusion, it is not completely removed. We also highlight the law of photon number evolution. In the
calculation process used in this paper, we make full use of the summation method within the ordered product of operators
and the generating function formula for two-variable Hermite polynomials.
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1. Introduction
Photon diffusion and photon dissipation are two processes

in optical communications[1–4] in which decoherence usually
happens.[5,6] In previous works, the diffusion and dissipation
of photons have been investigated using different methods.
The diffusion coefficient for photon migration should be de-
pendent on the absorption in an absorbing medium; as a re-
sult, the absorption-dependent diffusion coefficient has been
inferred from diffusion theory.[7] In addition, the evolution
from a single-mode squeezed vacuum state to a squeezed
chaotic state with decreasing squeezing and decoherence in an
amplitude-dissipative channel has been studied.[8] Exploration
has also been made of the evolution of a two-mode squeezed
vacuum when it passes through a two-mode amplitude dissipa-
tive channel, with the same decay rate κ , using the continuous-
variable entangled state approach.[9–12]

In this paper, we study the time evolution of a two-mode
squeezed state,[13,14] which can be generated in a paramet-
ric amplifier, passing through twin diffusion channels, which
means that each mode independently passes through a single-
mode diffusion channel. It should be noted that a two-mode
squeezed state is, itself, an entangled state, which involves the
idle mode and the signal mode, so it is interesting to investi-
gate how these modes evolve and how the photon number in
these modes varies.[15–17] In the following, we make full use of
the summation method within the ordered product of operators
and the generating function formula of two-variable Hermite
polynomials.

Theoretically, a two-mode squeezed state is expressed by

exp
[
θ
(
a†b†−ab

)]
|00〉= sechθ exp

(
a†b† tanhθ

)
|00〉 , (1)

where tanhθ is a squeezing parameter and a,a†; b,b† are the
two modes’photon annihilation and creation operators, which
obey [a,a†] = [b,b†] = 1. The density operator of a two-mode
squeezed state is

ρ0 = sech2
θ exp

(
a†b† tanhθ

)
|00〉〈00|exp(ab tanhθ) , (2)

which is a pure state. To calculate the a-mode photon number
(the b-mode is the same), we set

Tr(ρ0a†a) = x. (3)

Then, from

aexp
(
a†b† tanhθ

)
|00〉

= b† tanhθ exp
(
a†b† tanhθ

)
|00〉 , (4)

we have

x = sech2
θ 〈00|exp(ab tanhθ)a†aexp

(
a†b† tanhθ

)
|00〉

= sech2
θ tanh2

θ 〈00|exp(ab tanhθ)bb†

×exp
(
a†b† tanhθ

)
|00〉

= tanh2
θsech2

θ 〈00|exp(ab tanhθ)(b†b+1)

×exp
(
a†b† tanhθ

)
|00〉

= (x+1) tanh2
θ . (5)

Thus, the a-mode photon number is

Tr
(
ρ0a†a

)
= x = sinh2

θ , (6)

which only relies on the squeezing parameter. In the follow-
ing we discuss the time evolution law of a two-mode squeezed
state passing through twin diffusion channels, and we find that
it evolves into a two-mode squeezed chaotic state, after which,
the photon number variation can be derived correspondingly.
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2. Time evolution of the density operator of a
two-mode squeezed state in twin diffusion
channels
It is known that the time evolution equation for a density

operator in a single-mode diffusion channel is[18,19]

dρ (t)
dt

=−κ
(
a†aρ +ρaa†−aρa†−a†

ρa
)
. (7)

Here, κ is the diffusion coefficient. Using an entangled state
representation[20–23] and integration within the ordered prod-
uct of operators (IWOP),[24,25] we can obtain the solution in
an infinitive summation form[26]

ρ (t) =
∞

∑
m,n=0

Mm,nρ0M†
m,n. (8)

Here, ρ0 is the initial density operator and Mm,n is

Mm,n =

√
1

m!n!
(κt)m+n

(κt +1)m+n+1 a†m
(

1
1+κt

)a†a

an, (9)

which must satisfy
∞

∑
m,n=0

M†
m,nMm,n = 1 to guarantee Trρ (t) =

1.
Another equation describing the evolution of b-mode dif-

fusion channels is

dρ (t)
dt

=−κ
(
b†bρ +ρbb†−bρb†−b†

ρb
)
. (10)

For both the a mode and the b mode, the density operator
solution to the diffusion equation is

ρ (t) =
∞

∑
m,n,m′,n′=0

Mm′,n′Mm,nρ0M†
m,nM†

m′,n′ . (11)

By substituting Eq. (2) into Eq. (11) and using Eq. (9), we obtain

ρ (t) = sech2
θ

∞

∑
m,n,m′,n′=0

1
m!n!m′!n′!

(κt)m+n+m′+n′

(κt +1)m+n+2+m′+n′ a
†mb†m′

(
1

1+κt

)a†a+b†b

×anbn′ exp
(
a†b† tanhθ

)
|00〉〈00|exp(ab tanhθ)a†nb†n′

(
1

1+κt

)a†a+b†b

ambm′ . (12)

It is difficult to perform summation over the operators,
since creation operators do not commute with annihilation
operators. Thus, we should adopt the method of summa-
tion within the ordered product of the operators,[27,28] because
within an ordered product of operators, permutation is possi-
ble. Let us first examine the part of Eq. (12)

anbn′ exp
(
a†b† tanhθ

)
|00〉

= an (a† tanhθ
)n′

exp
(
a†b† tanhθ

)
|00〉 , (13)

where we have used[
b, f
(
b†)]= ∂

∂b† f
(
b†) . (14)

Due to a |z〉= z |z〉, we can employ the over-completeness
relation of the coherent state

∫
(d2z/π) |z〉〈z| = 1 and the

IWOP method, which leads to

ana†n′ = (−i)n+n′ : Hn′,n
(

ia†, ia
)

:, (15)

here

Hn′,n
(

ia†, ia
)
=

min(n,n′)

∑
l=0

n′!n!(−1)l

l!(n′− l)!(n− l)!

×
(

ia†)n′−l
(ia)n−l . (16)

The Hn′,n
(

ia†, ia
)

is a two-variable Hermite polynomial.[29–31]

It then follows from Eq. (13) that

anbn′ exp
(
a†b† tanhθ

)
|00〉

= tanhn′
θ (−i)n+n′ : Hn′,n

(
ia†, ia

)
: exp

(
a†b† tanhθ

)
|00〉

= tanhn′
θ

min(n,n′)

∑
l=0

n′!n!a†(n′−l)an−l

l!(n′− l)!(n− l)!

×exp
(
a†b† tanhθ

)
|00〉 . (17)

Further, using the operator identity

eABe−A = B+[A,B]+
1
2!
[A, [A,B]]

+
1
3!
[A, [A, [A,B]]]+ · · · , (18)

we can deal with the terms in Eq. (17) and obtain

a†(n′−l)an−l exp
(
a†b† tanhθ

)
|00〉

= a†(n′−l) exp
(
a†b† tanhθ

)
exp
(
−a†b† tanhθ

)
×an−l exp

(
a†b† tanhθ

)
|00〉

= a†(n′−l) exp
(
a†b† tanhθ

)
·
(
b† tanhθ

)n−l |00〉 , (19)

therefore

anbn′ exp
(
a†b† tanhθ

)
|00〉

= tanhn′
θ exp

(
a†b† tanhθ

)
020301-2
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×
min(n,n′)

∑
l=0

n′!n!a†(n′−l)

l!(n′− l)!(n− l)!
(
b† tanhθ

)n−l |00〉

= (−i)n+n′ tanhn′
θHn′,n

(
ia†, ib† tanhθ

)
×exp

(
a†b† tanhθ

)
|00〉 . (20)

Going back to examine ρ (t) in Eq. (12) and using(
1

1+κt

)a†a+b†b

= exp
[(

a†a+b†b
)

ln
1

1+κt

]
(21)

to operate on Eq. (20), we obtain(
1

1+κt

)a†a+b†b

anbn′ exp
(
a†b† tanhθ

)
|00〉

= exp
[(

a†a+b†b
)

ln
1

1+κt

]
(−i)n+n′ tanhn′

θ

×Hn′,n
(

ia†, ib† tanhθ
)

exp
(
a†b† tanhθ

)
|00〉

= (−i)n+n′ tanhn′
θHn′,n

(
ia†

1+κt
,

ib† tanhθ

1+κt

)
×exp

[
1

(1+κt)2 a†b† tanhθ

]
|00〉 . (22)

With this result and using the new generating function
formula[32] for Hm,n (x,y):

∞

∑
m,n=0

smtn

m!n!
Hm,n (x,y)Hm,n

(
x′,y′

)
=

1
1− st

exp
[

sxx′+ tyy′− st (xy+ x′y′)
1− st

]
, (23)

we can convert Eq. (12) into

ρ (t) = sech2
θ

∞

∑
m,m′=0

a†mb†m′

m′!m!

(
κt

κt +1

)m+m′

a†mb†m′

×
∞

∑
n,n′=0

1
n′!n!

(κt)n+n′

(κt +1)n+n′+2

×
(

1
1+κt

)a†a+b†b

anbn′ exp
(
a†b† tanhθ

)
|00〉

×〈00|exp(ab tanhθ)anbn′
(

1
1+κt

)a†a+b†b

ambm′

= sech2
θ

∞

∑
m,m′=0

a†mb†m′

m′!m!

(
κt

κt +1

)m+m′

×
∞

∑
n,n′=0

1
n′!n!

(κt)n+n′

(κt +1)n+n′+2

×(−i)n+n′ tanhn′
θHn′,n

(
ia†

1+κt
,

ib† tanhθ

1+κt

)
×exp

[
1

(1+κt)2 a†b† tanhθ

]
|00〉

×〈00|exp

[
1

(1+κt)2 ab tanhθ

]

×Hn′,n

(
−ia

1+κt
,
−ib tanhθ

1+κt

)
× tanhn′

θ (i)n+n′ ambm′ . (24)

Remembering the vacuum projector |00〉〈00| =:
exp
(
−a†a−b†b

)
:, we see

ρ (t) = sech2
θ

∞

∑
m,m′=0

a†mb†m′

m′!m!

(
κt

κt +1

)m+m′

×
∞

∑
n,n′=0

(κt +1)−2

n′!n!

(
κt tanh2

θ

κt +1

)n′(
κt

κt +1

)n

× : Hn′,n

(
ia†

1+κt
,

ib† tanhθ

1+κt

)
×Hn′,n

(
−ia

1+κt
,
−ib tanhθ

1+κt

)
×exp

[
tanhθ

(1+κt)2

(
a†b† +ab

)]
×exp

(
−a†a−b†b

)
: ambm′ , (25)

where the summation over n,n′ is now within normal order-
ing; therefore, the creation operators can be permuted with the
annihilation operators within : :, and the summation over n,n′

is feasible. Using Eq. (23), we obtain

ρ (t) =
sech2

θ (κt +1)−2

1− (κt)2 tanh2
θ

(κt +1)2

∞

∑
m,m′=0

a†mb†m′

m′!m!

(
κt

κt +1

)m+m′

× : exp

{
1

(κt)2 sech2
θ +2κt +1

κt tanh2
θ

κt +1

×
[(

a†a+b†b
)
+

κt tanhθ

1+κt

(
a†b† +ab

)]}

×exp

[
tanhθ

(1+κt)2

(
a†b† +ab

)]
×exp

(
−a†a−b†b

)
: ambm′ . (26)

Noticing that the right-hand side is still in normal order-
ing, the summation over m,m′ can be performed as well. The
result is

ρ (t) =
sech2

θ

(κt)2 sech2
θ +2κt +1

× : exp
[(
−1

κt +1

)(
a†a+b†b

)]
×exp

[
tanhθ

(κt +1)2

(
a†b† +ab

)]

×exp

{
1

(κt)2 sech2
θ +2κt +1

κt tanh2
θ

1+κt

×
[(

a†a+b†b
)
+

κt tanh2
θ

1+κt

(
a†b† +ab

)]}
:

020301-3
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=
sech2

θ

(κt)2 sech2
θ +2κt +1

× : exp

{
1

(κt)2 sech2
θ +2κt +1

[
(a†b†

+ab) tanhθ −
(
κtsech2

θ +1
)(

a†a+b†b
)]}

: . (27)

This result indicates that after passing through twin dif-
fusion channels, the initial two-mode squeezed state ρ0 (pure
state) evolves into the squeezed chaotic state (a mixed state)
described by Eq. (27),[33] where the exponential term involv-
ing

(
a†a+b†b

)
embodies the chaos. Clearly, when t = 0,

Eq. (27) reduces to Eq. (2).
On the other hand, from Eq. (27), we can see that the

original squeezing parameter tanhθ has changed to

tanhθ

(κt)2 sech2
θ +2κt +1

, (28)

and due to

(κt)2 sech2
θ +2κt +1 = (κt +1)2− (κt)2 tanh2

θ > 1, (29)

we conclude that after passing through the twin diffusion
channels, the squeezing becomes weaker. Nevertheless, even
though the squeezing (entanglement) between the two modes
is weakened after the diffusion, the entanglement is not com-
pletely removed.

We let A = (κt)2 sech2
θ + 2κt + 1; we can now put the

final density operator into a neater form

ρ (t) =
sech2

θ

A
: exp

{
1
A

[(
a†b† +ab

)
tanhθ

−
(
κtsech2

θ +1
)(

a†a+b†b
)]}

:, (30)

and it is necessary to check

Trρ (t)

=
sech2

θ

A

∫ d2z1 d2z2

π2 〈z1,z2| : exp
{

1
A

[(
a†b† +ab

)
tanhθ −

(
κtsech2

θ +1
)(

a†a+b†b
)]}

: |z1,z2〉

=
sech2

θ

A

∫ d2z1 d2z2

π2 exp
[

1
A
(z∗1z∗2 + z1z2) tanhθ − 1

A

(
κtsech2

θ +1
)(
|z1|2 + |z2|2

)]
=

sech2
θ

A

∫ d2z2

π

A
κtsech2

θ +1
exp
[
− A

κtsech2
θ +1

|z2|2
tanh2

θ

A2

]
exp
[
− 1

A

(
κtsech2

θ +1
)
|z2|2

]
=

sech2
θ

κtsech2
θ +1

∫ d2z2

π
exp
(
− sech2

θ

κtsech2
θ +1

|z2|2
)
= 1, (31)

which confirms the correctness of our calculations.

3. The photon number in the final state
After performing a partial trace over the b mode for Eq. (27), we derive

Trbρ (t) =
sech2

θ

A

∫ d2z2

π
〈z2| : exp

{
1
A

[(
a†b† +ab

)
tanhθ −

(
κtsech2

θ +1
)(

a†a+b†b
)]}

: |z2〉

=
sech2

θ

A

∫ d2z2

π
: exp

[
1
A

(
a†z∗2 +az2

)
tanhθ − 1

A

(
κtsech2

θ +1
)(

a†a+ |z2|2
)]

:

=
sech2

θ

κtsech2
θ +1

: exp
(
− sech2

θ

κtsech2
θ +1

a†a
)

:, (32)

which results in a chaotic field in the a mode; we then deduce the a-mode photon number in the final state

Tra
[
Trbρ (t)a†a

]
= Tra

[
Trbρ (t)aa†]−1

= Tra

[
Trbρ (t)a

∫ d2z2

π
|z1〉〈z1|a†

]
−1

=
sech2

θ

κtsech2
θ +1

∫ d2z1

π
〈z1| : exp

(
− sech2

θ

κtsech2
θ +1

a†a
)

: |z1|2 |z1〉−1

=
sech2

θ

κtsech2
θ +1

∫ d2z1

π
|z1|2 : exp

(
− sech2

θ

κtsech2
θ +1

|z1|2
)

:−1

=
κtsech2

θ +1
sech2

θ
−1 = κt + sinh2

θ . (33)
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By comparison with the initial photon number in Eq. (6),
we find that in the final state, the a-mode photon number has
increased by an amount κt, which is proportional to the diffu-
sion parameter. The b-mode photon number also increases by
the same amount κt.

4. Conclusion
We have discussed the time evolution law of a two-mode

squeezed state passing through twin diffusion channels, and
we find that it evolves into a two-mode squeezed chaotic state.
The photon number in each mode increases by an amount κt.
In the calculation process used in this paper, we have made full
use of the summation method within the ordered product of
operators and the generating function formula of two-variable
Hermite polynomials. We also pointed out the law of photon
number evolution.
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