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Starting from local coupled Hirota equations, we provide a reverse space-time nonlocal Hirota equation by the sym-
metry reduction method known as the Ablowitz—Kaup—Newell-Segur scattering problem. The Lax integrability of the
nonlocal Hirota equation is also guaranteed by existence of the Lax pair. By Lax pair, an n-fold Darboux transformation is
constructed for the nonlocal Hirota equation by which some types of exact solutions are found. The solutions with specific
properties are distinct from those of the local Hirota equation. In order to further describe the properties and the dynamic
features of the solutions explicitly, several kinds of graphs are depicted.
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1. Introduction

Recently, research of nonlocal equations has become a
hot topic in nonlinear sciences involving quantum theory, non-
linear optics, etc.l'"%1 The research on integrability of non-
local equations not only can enrich the theory of integrable
systems, but also can be used to explain the complex phe-
nomena that occur in multi-place systems, for example, estab-
lishing the relationship between the position (x,#) and (—x,1)
through nonlocal models, and exploring physical phenomena
such as quantum entanglement.!”~°! For the abundant nonlocal
equations, the most important equation is nonlocal nonlinear
Schrodinger (NNLS) equation!!?]

i, (x,1) + guee(x,7) £2q(x,1)g" (—x,1)q(x,1) =0, (1)

which was proposed by Ablowitz and Musslimani. Here, g*
denotes the complex conjugation of g. Equation (1) is nonlo-
cal as ¢ is a function of not only (x, ) but also (—x, t), which
is the case of parity reversal. The Lax pair and conservation
law of Eq. (1) have been given in Ref. [10], which indicates
that Eq. (1) is an integrable system. These interesting results
enrich the range of integrable systems and provide a method
to find more integrable equations. What’s more, Eq. (1) has
some special properties different from the classic NLS equa-
tion, so it has attracted great attention from the researchers.
On the one hand, some researchers have been devoted to gen-
eralizing nonlocal Schrédinger Eq. (1), and proposed the non-
local Schrodinger equation for time reversal, space-time re-
versal simultaneously and the discrete nonlocal Schrodinger
equation.[“‘m On the other hand, some new nonlocal non-
linear equations have also been proposed by using symmetry
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reduction method.12%! For these new nonlocal equations, the
integrability and exact solutions are studied with the method of
inverse scattering, Darboux transformation and the Hirota bi-
linear transformation, etc., and the results show that the nonlo-
cal equation possesses new features which are different from
the corresponding local equation.

This paper, inspired by the study of nonlocal Schrédinger
equation in Ref. [10], deduces the reverse space-time nonlocal
Hirota equation

1ug (x,1) + O (1 (x, 1) +2u2(x7t)u(_xv —t))
F1B (s (x,8) + Ou(x, £ )u(—x, —t)ux(x,2)) =0,  (2)

by a symmetry reduction method. Furthermore, we construct
a Darboux transformation and present several types of explict
solutions for Eq. (2).

The rest of the paper is organized as follows: In Sec-
tion 2, the nonlocal Hirota equation is deduced by the method
of symmetry reduction, and the lax integrability of the equa-
tion is guaranteed. In Section 3, the Darboux transformation
of Eq. (2) is constructed, and then an n-fold Darboux trans-
formation formula is provided. In Section 4, the soliton, kink,
antikink and interaction solutions to Eq. (2) are acquired via
the Darboux transformation. A short conclusion and discus-
sion is included in Section 5.

2. Integrable nonlocal Hirota equation

The well-known Hirota equation has the following

form: 22

iul+Ot(uxx72|u|2u)+iﬁ(uxxx76|u|2ux) =0, 3)
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where o and 3 are real constants. When ¢ =1, § =0, Eq. (1)
is transformed into a general NLS equation.

According to the ideas given by Ablowitz, if we want to
construct a nonlocal equation, we must start from a pair of cou-
pled equations. Therefore, we consider the following coupled
Hirota equation:

iuy + 0ttty — 2u%v) 4 1 B (1 — 6uvILy) = 0,
vy — ot (vyy — 2v2u) + 1B (v — 6uvyy) =0, 4)
which can be reduced to Eq. (1) when u = —v*, and v* denotes

the complex conjugate of v. The linear spectral problem (i.e.,
Lax pair) of Egs. (4) is expressed by!%3]

—iA

A B
w=vv=(2%)v ©
with
A=—4BiL% —20iA? —2BiuvAd — atiuv + B (viey — uvy),
B =4Bul®+ (2Biuy +20u) A + otivy — B (1 — 2u*v),
C =4BvA% — (2Bivy —2av)A — aivy — B (v — 20u),

_ (W
w_<%). @)

Using the following condition:

where

U —-V.+[U,V]=0,

we can transform Egs. (5) and (6) to Eq. (4). Through obser-
vation, we find that the structures of the two equations (4) are
very similar. Then, using the idea of Ablowitz, we adopt the
following symmetry transformation,

V(xvt) = —u(—x, _t)v (8)

and substitute Eq. (8) into the system (4) to derive the nonlocal
Hirota equation

ity (2, 1) + 0 (e (x,1) 4 20 (x, 1) u(—x, —1))
+1B (s (0, 2) + 6u(x, £ )u(—x, —1)ux(x,2)) = 0.

Lax pair of the nonlocal Hirota equation is then obtained from
Eqgs. (4) with the help of Eq. (8), which implies that the nonlo-
cal Hirota equation is Lax integrable. Then, we can construct
Darboux transformation for Eq. (2) by Lax pair.

3. Darboux transformation of the nonlocal Hi-
rota equation

Darboux transformation (DT) is one of the important
method to construct exact solutions of local equations.!'®! Of
course, this method has also been widely employed to find ex-
act solutions of nonlocal equations.!'?>*=2%1 This section will
be devoted to the study of DT of the newly obtained nonlocal
equation (2).

3.1. One-fold DT

The basic idea of DT is to construct a transformation that
can keep the spectrum problem unchanged. Consider the fol-
lowing gauge transformation:

y!!l =y, ©
and require t//m satisfying the following equations:

=gty
1//,[” = vyl (10)

Considering the transformation (9) and the conditions (10), the
spectral problem (5) and (6) can be transformed into the fol-
lowing new forms:

Wy] _ (D)[Cl] _|_D[1]U)(D[1])[*1] ‘l’[l] — U[l]w[1]7
llfzm _ (D,m + DMy (DI Tyl =yl (1)

From the expressions (11), it is essential to construct the ma-
trix D'l to make U and U, V' and V in same forms, except
the difference between the old and new potential functions.

In order to get the concrete form of the gauge transforma-
tion, it is necessary to make an appropriate assumption

p =Ar+cll (12)

with [l = (Cz['}] (x,1))2x2, and I is two-order identity matrix.

The following work is to construct the form of Cl!/. By
substituting Eq. (12) into Eq. (11), and making a comparison
with coefficients of A™, we get the following relationships be-
tween the new and the old potential functions:

yll] :v—Zic[Z{]l. (13)

Using the symmetry transformation (8), we derive the fol-
lowing constraint condition:

A (x, =) = e (). (14)

)

To proceed, we need to determine the concrete form of
DI, Let

05 = A B )= R AT
) = @A), ()T = (g1 T

be eigenfunctions of the lax pair (5) and (6) withA = 4; (j =1,
2). From the gauge transformation (9), we obtain the follow-
ing equations:

(g +etDA" + A+ (g + D +clder) =0
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AT+ (A + D AT+ uieble + (A Bhdh =0, (5)

where 11 (j =1, 2) are constants. Equations (15) can be trans-
formed into the following linear algebraic system:

A+l 4o =0,

Mo+ =o, (16)
with
1] 1
fr T 18 .
ajzﬁ, (j=1,2). 17)
fitug

Choose suitable constants A;, u; to ensure the coefficients
(1]
ij
uniquely determined. From Eq. (12), we can derive the fol-

of the determinant of Eq. (16) to be nonzero, then c;; can be

lowing matrix pll:

[ _ A0
o= (53)

1 ( lzdlfﬂ,ldz
0y, — o1 \ 0102(A— A1) Aoy

M=
_M®>,a&

where 07 and o, satisfy the following identities:

Oji = (Bttex — 2iucdj — 2u’v — 41412)
+(2B (2iuvA +4iA3 4+ uv, —vury)
+2ia(uv+21%))o;
+B2uv? = 2iv A +4vA% — ) + o (2vA — ivy),

Ojx = v+2idjo;—uc;, j=1.2,

(iux—|—2u7t))612

and v(x,t) = —u(—x,—1).

Next, U (1] and U s VIl and V will be proved with the same
forms.

As

(o)

(ol + D) (Dl = (21%3 52122%)’) ’

after direct but tedious calculations, we know that p;;(1) (i,
j =1, 2) are polynomials of A, and the highest power of them
are quadratic or cubic. The spectral parameters A; (j =1, 2)
can be proved to be the roots of p;;(A) (i, j =1, 2) with the
help of Egs. (14). Because A; (j = 1, 2) are also the roots of
det D! , we obtain the following identities:

OV 4 ply) (D) = (detD)R(A), (19)
with
1 0 0
R(L) = (R(ll))v(—(i)—)Rgl) <1>R52) o ) , (20)
R, R, A+R),

where Rgll), R(2]2>, and R(O) (i, j=1, 2) are free of A. Using

1y—1 _ (DH)*
(D[ ]) " detplll”

we assert that Eq. (19) has the form

p! + plly = r(1)DY, @1

The comparison of the coefficients of the same powers of A in
Eq. (21) leads to the following equations:

A2 R\ -i=o,
i—rY =0,
A: il R0l R o
16[112] R(le)cglz] +u —Rgg) =0,
—10[211] —Rgll)c[zll] +v(x,t) —R(Z(P =0,

L

0l el ol =0
1l sl o,
e < ol <o,
I D0

By solving the overdetermined system (22) with the help of
Egs. (13), we obtain

m _ .
2 =5h

ulll (x,1),

RY)=—-i, RV =0, R RY =0,
]

Rgg) =u(x,1)+ Zicgl2 =

RO = v(x,1) = 2ich] =y (x,1). (23)
That is to say,
. —iA ulll _
R(A) = ( N ) =yl (24)

Similarly, we can also illustrate that vl and V are in the same

n_ (A B
(e )

form as

with

A = _4ﬁm3 zomm2 2ﬁiu“1v[1u
—aiulW 4+ B(v 1, u“le”),
B, = 4ﬁu[1]lz+(2[31ux +2au[1])7t
+aind! = Bl — 2021y,
¢ = 4pvIA%2 — 2Bl — 2avl)A
aivl! — B —201)2ul1)),

where the relationships of «# and ulll ,vand v[1I are determined
by Eq. (13).

020401-3
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3.2. Two-fold DT
To discuss the 2-fold DT of Eq. (2), we suppose that
) = A A )T = (AN,
() = &1 (2,85 ()" = (e b )T
are solutions of Egs. (5) and (6) at A = A3, A = A4 with uldl,
Employing the one-fold DT, we derive
20y =D AN, gy =
Next, similar to 1-fold DT, 2-fold DT can be established as
v =Dy(M)y, Dy(2)=DFR)D(R),

Dl (gl ghT.

1463 —1364 13 —14
x ( 6364(14 713) 1363 714(‘54 ) ’ (26)

and

) + e ()
B+l

3.3. N-fold DT

o= (j=3,4k=2). (27

Furthermore, an n-fold DT for the nonlocal Hirota Eq. (2)
can be derived by the above iteration process, and

u[z] — u[l] +C[112] = M[O] +2i(C[112]—|-C[122]) (25) II/[”] :D["] (/’L)w’
with D,(A) =D (2)Dl" N (2)---D¥ (1) DI(A) (28)
1
D[z] (A) = 7LI+C[2] =Al+ Os— 03 with
|
1 MO 1 — Aop_ 10 Aop_1— A
[ )L A,I C l] ( 2k O2k—1 2k—102k 2k—1 2k > 29
DE(A) =A1+ +62k_62k71 02k~ 102k ( Aok — Aak—1) Aok—102k—1 — Aok Ok (29
(4] (k]
f[k]( )+u,g[](;t)’ (j=2k—1,2kk=12,....n),
(4; )+nu/g] (45)
My
My =" = D) AN (A, A Ao, ),
A2
0 81'(%) (3o 1]
g"(A) = =DM (A)g" (A, Ags s A1, Aog) s (30)
(%] 2
&2 ( )

the matrix CI¥! satisfies

M-ty =Mr), k=120, 3

and

ul (x,1) = u(x,1) +212012xt (k=

1,2,....n). 32)

The above results show that the construction process of the
DT for local and nonlocal Hirota equation is similar, and the
higher order DT formula of them can be obtained through mul-
tiple iterations. However, the existence of the constraint con-
dition leads to big difference for these two cases.

4. Soliton solutions of the nonlocal Hirota equa-
tion

Soliton solutions have been studied well for various non-
linear systems.[27-2931-36] This section aims to construct exact
solutions to nonlocal Hirota Eq. (2) by Darboux transforma-
tion.

4.1. One soliton solutions

‘We can obtain one-soliton solutions to Eq. (2) from a seed
solution # = v = 0. By solving the spectral problem (5) and (6),
we obtain the following eigenfunctions about A = 4;, (j = 1,
2,...,n):

—iA(4BA% 1420 A1 4x)
iy = (7,
gll(a) = ( eil(4ﬁk2(t)+2(x7tt+x) ) ; (33)
and by the expression (17), we have
;= ujeZilj(4ﬁljZl+2a7th+x)7 (j=1,2), (34)
M A=A A (M — M) pp €512 (35)
foes —pest’ predl — el
with
Ej = 2iA;(4BtA} +20td;+x), (j=1,2).
The condition c[l{]z(—x, —1) = C[ZI.]I (x,7) results in
W=y, M= Ui, (36)
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which show that /.112 =1, /.122 = 1. Then the following cases
will be discussed in detail.

Casel uy=—-1,u=1.

Through Eq. (32), the following new solution is obtained

2i(h — Aa)
n_ =8\ =42
T e el (37)

To ensure that there do not exist singular points in the solution,
we require that the expression

|e§1 + e§2|2
= 2elbktSn) (cosh(&1g — Er) +cos(Er — &) (38)

is nonzero, here A; = k; + iwj, kj, w; are are real numbers,
and

Eir =R(§)) = —20x —8w; (3K} — fo; + aw))t,
Eir = 3(&j) = —2xk; +4(2BK; — 6B K0} + ok} + aw? ).

In order to make equation (38) unequal to zero, the A; (j =1,
2) must satisfy the following two conditions:

(a) (014 a)a+2B[w (2K + 1K)+ o (k) +2K2)] =0,

3 4

(b) @ = and

o1 (07 B —3po] - aki) = (035 —3fw; — aky)
do not hold simultaneously. 39)

Next, we discuss some special one-soliton solutions according
to Eq. (37) and conditions (39).

(1) Take k1 = k» and @; = — @, then &g + & = 0 holds
for all (x,¢) € R?, and satisfies the conditions (39). A typical
soliton solution can be derived as follows:

ull (x,) = _9j e 2ikix—2i((2BKi (30f —&7)+a(of—k}))))

x(2w1x — 8wy (0B —3Bx? —aky)).  (40)

When v3f — 3Bk? — aky > 0, the soliton travels to the
right along the x-axis. However, if VI —3Bk7 — aky <0, it
moves to the left. When v28 — 3«7 — k) = 0, the soliton is
stationary. The graphs of the solution (40) are displayed for its

characters.

Fig. 2. (a) Evolutionary graph of Eq. (40) with parameter k| = —5, ® = %,a =—1,B=1,and v} —3Bx? — aks < 0. (b) The images of

the real part of the solution. (c) The imaginary part of the solution.

(a) ull]

3 4

Fig. 3. (a) Stationary graph of Eq. (40) with p; = — %, vy = %, a=

of the solution. (c) The imaginary part of the solution.

—1, B =—1,and v} — 3Bk? — ak; = 0. (b) The images of the real part

(2) Take @, = 0, k» = —2k;, then &>z = 0 holds for all (x,7) € R?, and the complexiton solution

ul

1] 2i(3Kk; +iwp)e*i® (x+4x (4B K —a)r)

= I e2(1)1(—x+8([3w13—3[3w1 K7 —aky ) )t—2i(—3Kk1x+(12B Ky (0F —3K7)+2a (0} +3k7))))

(41)

020401-5



Chin. Phys. B 31, 020401 (2022)

can be derived. From the solution (41), we find that if @; < 0, the complexiton travels like a kink wave, and it presents the

antikink shape if @; > 0. Similarly, the soliton propagates to the right of the x-axes when v% B -3 K'12 — ok > 0, and to the left
if o} —3Bk7 — aky <0. While as ®7 8 — 3B k7 — akj = 0, the soliton is stationary.

(a) |ult] (b) R(ull)

1 4

Fig. 4. (a) Structure of solution (41) with parameter k; = — %, o =-3

imaginary part of the solution.

(a) |ulM]

%, o =3, 0= %, B = —2. (b) The images of the real part of the solution. (c) The

Fig. 5. (a) Structure of solution (41) with parameter k3 =
imaginary part of the solution.

Case2 = =1oru =u=-1
Similar to the analysis of Case 1, we derive the following
solution

i 2ie =)

ebl —e& “42)

from the expression (42). It shows that when (x, ) satisfies the
following equation:

\eé‘ _ e§2|2
= 2eGIRTER) (cosh (&g — Eag) — cos(Eir — &) =0,

that is,
cosh(&1r — &ar) —cos(&17 — &ar) =0,

ie., élR — €2R =0, 611 — 521 = 2kx, the solution (42) has in-
finitely many singular points.

Likewise, one can also discuss the following three cases:
wm=1uw=—1u =i, gyp =—i;and y; = —1i, Up =1i.
|

(c) S(ult)

= %, B = —2. (b) The images of the real part of the solution. (c) The

(c) S(ul)

4.2. Two-soliton solutions

This section gives two-soliton solutions of the nonlocal
Hirota equation with the 2-fold DT. Firstly, using Eq. (26)
with the help of Eq. (30), we can determine 0[12]2 Consider-
ing the condition c[122](—x, —t) = c[zzl] (x,), we obtain the rela-
tionships u3 = 1, u7 = 1. To meet the above condition, we
take Uy = —1, up =1, u3 = —1, g = 1. Next, the following
two different types of interaction solutions will be considered
through taking different eigenvalues.

(1) Interaction solutions between bright and bright soli-
tons.

The eigenvalues are conjugate complex numbers, A; =
A =Kk +iw, A3 = A = ko + i, then through Eq. (32),
ul? is derived as follows:
4iH,

2] - _
u(x,t) 0

(43)

where

Hy = e 1036ty (2 12— (k) — k)?)(cosh(3E 1) + 3cosh(&ig))
+2ie 136+ vy (k) — Ky ) (sinh (&) + sinh(3& 1))
— 2% (0f — 0F + (k1 — K2)?)[2cosh(Exr) + cosh(2Eg + Exr) + cosh(2E1g — Exg)]
—2i %% @ @y (k) — K2)[2sinh(Exg) +sinh (2 g + &) — sinh(2E1r — Exr)),
Hy, = —4io;w, cosh(2&g)(e!out6) 4 e =1(Cu=4u)y _ 4i @, gy (e Pou+ea) 4 ¢ —1(Gu—40u))
+ie 3% cosh (&g — Ear) (B3(0F 4 03) + 201 0 + 3(K) — K2)?)
—ie Y% cosh(&ig + Er) (3(@F + ©F) — 20102+ 3(k1 — K2)?)
—ie 3% cosh(3E 1k — Er) (i (K1 — ko) — (01 4+ @) (i (K1 — K2) + @) + )
020401-6
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—je 3Gy cosh(3& g+ &) (i(K1 — 12) + 0 — ) (i(K) — k) — @) + @3).

The corresponding graphs for soliton (43) are given in Fig. 6.

(a) lul]

(b) R(ul?)

Fig. 6. (a) The interaction of bright-bright soliton (43) with parameter k| = %, o)}

the real part of the solution. (c) The imaginary part of the solution.

From Fig. 6, we find that the propagation velocities and
directions of two solitons have not changed while the phase
shift of every soliton is accompanied with each other, and the

t
A
|

through Eq. (32), we obtain another interaction solution be-
tween a kink and soliton as follows:

H,
interaction solution shows the elastic collision quality. W x,n) = -2, (44)
(2) Interaction solutions between kink and bright solitons. :
Here, we take Aj =0, Ay = 5, A3 = —5, A4 = —5, then  where
|
Hy = _e—llﬁt—Zx(S(exfiatHSﬁt + eﬁt+6x72iat) +7(62x72iat+l7ﬁt + ezﬁt+5x7iaz)

+3(e3x—31at+16ﬁt + eSﬁt+4x) _ 2(62x—4106t+11[3t + elOﬁt+3x+31aI) +4(63x—51at+10[3t

+e9[3!+4x+2106t) _ 2(e4x—61at+9ﬁt + e8ﬁt+5x+1at) + e19ﬁt + e7x731m)7

Hy = e—2x—10[3t (Zex—iat+17ﬁt + er—2ioct+16/3: + elSﬁt _ 662x+4i(xt+10[3t _ 2063(x+iat+3ﬁt)

_2264x+2i(xt+8[3t _8 eSx+iat+7ﬁt + 665x—iat+ﬁt +3 e6x—2i0tt +3 e4x+2ﬁt)

The corresponding graphs for Eq. (44) are given in Fig. 7.

(a) |ul]

Fig. 7. (a) The interaction of kink and soliton solution (29) with parameter k; = %, 0]
of the real part of the solution. (c) The imaginary part of the solution.

From Fig. 7, we find that before and after interaction, the
kink is still kink only with phase shifts and the soliton re-
mains the same. However, the background wave of the soli-
ton changes from zero background wave before the collision
to nonzero background wave after the collision.

5. Summary and discussion

This paper presents a reverse space-time integral nonlocal
Hirota equation by the symmetry reduction method and con-
structs the Darboux transformations of the equation. Next, we
investigate special exact solutions from the corresponding one
and two-fold DT, including soliton, kink, antikink and inter-
action solutions. Furthermore, we depict the graphs of soliton

(b) R(ul2l)

solutions, and illustrate the dynamical behavior of the obtained
solutions.

In many aspects of research on nonlocal equations, con-
structing exact solutions for nonlocal equations is a very mean-
ingful work. There are many methods for studying exact so-
Iutions of nonlocal equations, and each method has its own
advantages and disadvantages. The DT is a valid approach to
construct multi-soliton solution of nonlocal equations, but the
premise is that equation must have lax pairs. However, there
are some methods that do not need to consider the Lax pair,
and can also give birth to rich exact solutions of the nonlocal
equation, such as inverse scattering method, Riemann—Hilbert
approach, and bilinear method. In the future work, we will
consider to use more methods to study nonlocal equations and

020401-7
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expect to get some more interesting results.
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