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Quantum error correction technology is an important solution to solve the noise interference generated during the
operation of quantum computers. In order to find the best syndrome of the stabilizer code in quantum error correction, we
need to find a fast and close to the optimal threshold decoder. In this work, we build a convolutional neural network (CNN)
decoder to correct errors in the toric code based on the system research of machine learning. We analyze and optimize
various conditions that affect CNN, and use the RestNet network architecture to reduce the running time. It is shortened by
30%—-40%, and we finally design an optimized algorithm for CNN decoder. In this way, the threshold accuracy of the neural
network decoder is made to reach 10.8%, which is closer to the optimal threshold of about 11%. The previous threshold of
8.9%—-10.3% has been slightly improved, and there is no need to verify the basic noise.

Keywords: quantum error correction, toric code, convolutional neural network (CNN) decoder

PACS: 03.67.Pp, 03.67.—a, 87.64.Aa

1. Introduction

Since qubits are not independent in quantum
computers,I!l they will interact with the external environ-
ment during operation, thereby destroying the entangled state
between qubits and causing quantum collapse.[?! In order to
overcome the influence of noise caused by quantum incoher-
ence, the emergence of quantum error correction codes is an
important technology to solve the problem of noise. Accord-
ing to the theory of quantum error correction (QEC), 301 if the
interference intensity generated by noise is less than a certain
threshold, the logical qubits encoded with physical qubits can
be well protected.

In order to make the interference of noise intensity closer
to the threshold level in the experiment, finding a quantum
error correction code with excellent performance is crucial.
The stabilizer formalism!”! is a powerful technique for defin-
ing and studying quantum error correction codes based on the
Pauli operator. It can directly analyze the symmetry of the
code, perform error detection and correction, and describe the
most widely used form of topological codes.®* The stabilizer
code is a quantum error correction code defined in the stabi-
lizer form. It consists of two sets of operators. One set is a
stabilizer generator and the other set codes logical operators.
The stabilizer code can detect errors by measuring the infor-
mation of the stabilizer operator, without changing the coded
information,[!%! so that the qubit information is not detected
and collapsed.

Next, we analyze the error information detected by the

stabilizer operator!!!l and perform a recovery operation to

fCorresponding author. E-mail: hongyang_ma@aliyun.com
© 2022 Chinese Physical Society and IOP Publishing Ltd
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correct the error. The appearance of the decoder allows re-
searchers to find a suitable error correction from the avail-
able classical data, that is, the output of the stabilizer operator

12.13] yegult in the form of +1 is called a decoder.

measurement!
‘We need to find the result that the optimal decoder reaches the
output threshold close to the optimal threshold. For the de-
termination of the best decoder, the decoding calculation un-
der the simplest noise model such as the depolarization noise
model is also a very difficult problem. Therefore, we try to find
a code with a good constrained structure.!'*! The appearance

(15191 provides us with great convenience

of topological code
in decoding calculations. It has a stable generator with local
support, and its stabilizer is geometrically locally, to charac-
terize any return —1 measurement result that does not meet
the constraints of the stabilizer. The result indicates that there
is an error in the qubits near it. Using this scheme, we can
effectively decode. In the choice of decoder, we use the CNN
network structure to provide great convenience for the follow-

ing toric code error correction.

2. Toric codes in dual space

2.1. Quantum toric error correction code under the plane

Toric code20-22]

is a quantum error correction code with
good periodicity proposed earlier. Its typical representative
is that the quadrilateral lattice conforms to the self-dual and
boundary roughness, which perfectly conforms to the error
correction. The code requires regularity and periodicity for

error correction in handling error types. In addition, it is the
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simplest topological code with good local stability, which also
provides a guarantee for it as a good error correction code.
The square is embedded in the toric torus, so that the leftmost
edge is marked on the rightmost side, and the uppermost edge
is marked on the bottom edge. As shown in Fig. 1, the lat-
tice consists of vertices (points where edges intersect), lattices
(closed quadrilaterals surrounded by edges), and boundaries
(consisting of edges on the edges of the lattice). Among them,
boundaries, vertices and grids play a key role in the error cor-
rection process.

R: = {P |Pe{1,X,Y,Z}®", PR, :R,P}
_ {P|Pe (1,X,Y,2}®", PL; = L;P, VL,eR,}. 1)

Among them, R represents a type of logical operator, which
is composed of multiple physical qubits, P represents a stable
generator, which is composed of the tensor product of multi-
ple Puli operators, L; is one of the R logical operators group,
and it characterizes the stability of logical qubits. We embed
qubits on each side of the lattice (represented by green cir-
cles in Fig. 1). On the L x L lattice with periodic boundary
conditions, we have 2L edges. When calculating the bound-
aries, care should be taken not to count repeatedly (in Fig. 1,

this, we can calculate that the toric code has n = 2L* physical
qubits. Corresponding to the foregoing, in the toric code, the
vertices and lattices on the lattice constitute two stable gener-
ators, which are define as follows: Ar, and Bp are vertex oper-
ator and plaquette operator:

A= I1 o Be= JI o )
)

JjéEstar(s Jj€boundary(s)

among them, j represents the edge, and both X and Z are Pauli
operators. The plaquette operator is composed of the tensor
product?3?#! of the Pauli Z operator acting on the 4 qubits of
the lattice boundary, as shown in Fig. 1. The vertex operator
consists of the tensor product of the Pauli X operator acting on
the 4 qubits adjacent to the vertex. According to the character-
istics of stable generators (see Eq. (1)), all operators must be
in reciprocity (to ensure that they are not affected by the order
in which errors occur), so all plaquette operators in the lattice
are reciprocal, and so are all vertex operators. More impor-
tantly, adjacent plaquettes and vertex operators are also com-
mutative (the two adjacent ones have two overlapping edges),
but non-adjacent lattices and vertex operators are not commu-
tative, because they are in different qubits forming a non-trivial

the edges of the edges are represented by gray circles). From  ring.[?>%0]
a qubit
Plaquette formed by
—.— Pauli Z operators

Vertex formed by
Pauli X operators

Periodic boundary

Fig. 1. The toric code is a lattice with a boundary after the circular surface located inside the torus is mapped to the plane. The square is
embedded in the toric ring, the leftmost side of the square is connected to the rightmost side of the square, and the uppermost side is connected
to the rightmost side, so we only identify one side. Among them, 4-qubit Pauli Z can form a vertex operator and 4-qubit Pauli X can form a

plaquette operator.

2.2. Toric code mapping under dual lattice

The plane lattice (also called primitive lattice) is given
above. We move the plane lattice up and down by half a unit
to generate the dual lattice.[*’?8] The dotted line indicates the
formation of the dual lattice as shown in Fig. 2. The plane lat-
tice has the same size and boundary, but according to the map-
ping relationship of the dual lattice, we define as follows: A
dual lattice A of lattice A" is a set of vectors X € span(A ) and

satisfies Vv € A : x,v € Z. If we add a linear transformation (%!
to the original lattice (here is rotation), then the dual lattice of
the new lattice RA can be obtained by rotating the original
dual lattice (RA)" = R(A)". We find that no matter what kind
of lattice is, its dual lattice has the following relationship with
1t:

A CASA DAY (AY) =A. 3)
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Fig. 2. Choose a 5x5 toric code, where the dotted line represents the dual double lattice after the plane lattice. Move up and down by half a
unit, the circle represents the physical qubit, the gray circle represents the period. The boundary, the dual double lattice is on the dual lattice.
Topological operators X and Z each form a topological correction chain on the dual double lattice. Finally, the topological correction chains of
X and Z are combined to form a complete correction quaternion. The local stability of the topology is used to facilitate the stable progress of

quantum error correction.

Therefore, we have a characteristic that the dual lattice is
the “reciprocal” of the original lattice. Returning to our toric
code under the dual dual lattice, its vertices are the lattices

e,39311 and vice versa, corresponding in the

of the plane lattic
Pauli operator, the Pauli X operator under the dual double lat-
tice corresponds to the Z operator of the plane lattice, and the
Pauli Z operator under the dual double lattice corresponds to
the X operator of the plane lattice. The dual double lattice
plays an important role in the toric code. We can choose the
most suitable lattice for our calculation to describe the vertices
of the original lattice, which greatly simplifies the calculation
process.*?] For example, in Fig. 2, we can choose a suitable
small grid to understand the tensor product of the operator. We
choose the square as the carrier for studying the toric code. An
important reason is that the dual of the square is also a square.
We call this the dual grid to be self-dual, and this feature is
very suitable for equal protection of topology codes with X
and Z errors.

3. Quantum error correction and CNN decoder
framework

3.1. Error detection

Error detection!3?!

is carried out by measuring the output
result of the stable generator. When there is no error, the stable
generator will output an eigenvalue of +1. When an error oc-
curs, the constraint condition3*! of the stable generator is not
met, and the output is —1 eigenvalues. For the measurement
of stable generators, we do not need to measure all generator

groups, i.e., 2™, because the properties of each group of sta-

ble generators will ensure the independence of each group of
stable generators. Therefore, we only need to measure N-K
stable generators, and the number of measurements is linearly
proportional to the number of physical qubits. When we find
the location of the error, the next step is the error correction
process.

We define Q as the Pauli error operator.3>! If it is in a
pairwise relationship with the stable generator S, then we can
set |y) as the initial state before the error occurs, so

Oly) = 0S|y) = SOy). “)

It can be seen that the state Q|y) after the error occurs is
the +1 eigenvalue of S. Similarly, if Q and S are anti-
transformation relations, then

Oly) = 0S|y) = —S0|y). (5)

It can be seen that the state Q|y) after the error is the —1
eigenvalue of S. Since we only consider the errors caused
by Pauli operator (because the measurement of the stabilizer
operators projects converts more general errors into Pauli er-
rors), any two Pauli operators with n-bit qubits are either com-
mute or anti-commute?®! easy, so all error cases are suitable
for our analysis above. For simpler noise models, the pro-
cessing of depolarized noise models"®’! is independent and
the generation of each error type with the same distribution
is Py = Py = Pz = Ptr/3. Among them, pes is the error rate
characterizing the error correction capability. Since different
errors will produce the same syndrome, the equivalence class
members of logical operators are the main reason for the im-
pact.
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° Z string operator string
error operator pair

Stabilizer operator X
X trivial cycle

X string operator string
error operator pair

Fig. 3. The two strings (red and yellow in the figure) formed by the Z
error on the original lattice can form the same syndrome. In the stabi-
lizer, errors can be corrected and combined into a set of closed loops to
form a stabilizer operator.

3.2. Error correction

We can regard the syndrome as a charged quasi-
particle.38#!1 ‘When the measurement output is +1, the
charge is 0 (we call it no particle). When the measurement re-
sult is —1, the charge amount of 1 is the quasiparticle related
to the vertex and the grid. According to the error correction
rules, the Z error in the error-free state will create a pair of +1
charged quasiparticles at adjacent vertices. When an error oc-

curs, the Z error adjacent to the 41 quasiparticle will move the
quasiparticle to the case that, if the error is adjacent to another
vertex, then another quasiparticle is moved here, they will be
annihilated, and the qubit at the vertex will be in a zero charge
state, thus achieving an error correction process. As shown in
Fig. 3, the error correction capability also depends on the in-
tensity and type of errors. We define the error correction and
elimination rules of toric codes as follows:

EKXEK:l, WMXWMZI, (6)
EKXEK:WMXWM:L (7)

among them, the subscript k represents the excited state at the
toric code grid, and the subscript m represents the excited state
at the vertex. From this, we can conclude that the excited state
of the error particle is generated in pairs to form a closed loop
for the excited state annihilation. Can be generated individu-
ally, which will cause errors that cannot be corrected.

In the past, we can determine the appropriate syndrome
according to the statistical mapping method. However, due to
the strong spatial correlation between the grid and the vertices
of the toric code, it is difficult for us to use the usual statistical
methods to select*?! to make selections. Therefore, we now
propose a machine learning-based CNN decoder to determine
the best syndrome more quickly, and continue to optimize the
conditions to achieve the maximum good threshold. Given er-
ror Q and stabilizer element S, when the errors Q and S Q lead
to the same measurement result (produce the same syndrome),
we need to automatically select the error correction operator
from a set of stabilizer measurement results, which is called a

r, [43-45

decode 1 as shown in Fig. 4.

O Error operator generated by Z and X

@ Error operator generated by vertex operator

@ Error operator generated by plaquette operator

@ Correct X operator after syndrome processing O Operators after X and Z error correction

@ Correct Z operator after syndrome processing

Fig. 4. Z will generate two pairs of green syndromes at the four adjacent vertices, and X will generate a pair of upper and lower red syndromes.
When two syndromes of the same type generated by errors appear in the same position, they will cancel out. When different types of syndromes
appear in the same position, they will be marked as new yellow syndromes.

3.3. Convolutional neural network architecture

Convolutional neural network consists of three structures:
convolution, activation and pooling. The reason why the CNN
model can be designed by using the strong spatiality in the im-
age is that the grid and vertices of the toric code have a strong
correlation, and the feature space (syndrome) will be used as

the input of the fully connected neural network. The fully
connected layer is used to complete the mapping from the in-
put feature space to the label set (recovery operator after error
correction), that is, to achieve the classification effect. In the
early stage of the experiment (or operation), we will train the

neural network decoder, starting with smaller data and shorter

010303-4
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code distance,*®*7] and when the training threshold is close
to the optimal threshold we want, we will expand the amount
of data. At the same time, the expansion of the amount of data
will lead to an increase in training time and the requirements
for the machine will be particularly high. Therefore, we must

Input

Convolutional layer

reduce the cost of training by optimizing various conditions of
the CNN network structure. CNN achieves the training effect
by iteratively adjusting the network weights through training
data, which is called a backward propagation algorithm, 3] as
shown in Fig. 5.

Output

Fig. 5. The input is mapped to the convolutional neural network from the dual dual lattice with vertices and plaquette dual channels respectively.
A certain size of convolution kernel is selected in the convolution layer. If it is wrong in the output layer, the eigenvalue of the output is +1. If

it is wrong, the output eigenvalue is —1.

We clearly know that the training of the correction pro-
cess as a classification is a supervised learning,*”! our loss
function is the classification cross entropy [see Eq. (7)]. In or-
der to ensure that the value obtained during each classification
cross entropy can be best close to the true value, we introduce
the currently popular Adam optimizer.%>!1 On the one hand,
it performs gradient descent after each iteration of entropy to
prevent local optimal conditions. To avoid the phenomenon
that the error is too large, on the other hand, the normaliza-
tion process can minimize the loss function. Due to the large
number of iterations and the huge amount of data, we use the
RestNet network°>33! structure in the CNN network. This ar-
chitecture makes a reference (X) for each layer of the iteration
and learns to form the residual function. We pass 7 or 14 itera-
tions, after that, the residual block will be obtained, which will
reduce the dimensionality of our convolution operation, thus
ensuring the improvement of the iteration speed, and further
reducing the dimensionality of the convolution kernel, which
can increase the iteration depth by 50%, a good convolution
effect can be achieved. This is achieved by introducing the
remaining shortcuts, connecting to perform identity mapping,
and skipping stacked layers. The shortcut output is added to
the output of the stacked layer, and when moving from one
stage to the next, the number of filters is doubled.

c=Tyels (2)]+(3-3)
x log {—1> - 7> <;>)] ) 3

where — is the classification bit string for input —, (—>) is the
Vi Xi f(x;
likelihood vector returned by the neural network.

3.4. Training

In order to better predict the correction model, we need to
train the data set through the CNN network model, and train

the syndrome that can successfully mark various error rates!>*!

below the threshold. Since syndromes with a higher error rate
are generally more challenging for classification, it is desir-
able to train the neural network mainly in a configuration cor-
responding to an error rate close to the threshold. First, we
train with a small code distance through the collected data set,
choosing RestNet7 and RestNet14 as the network architecture,
and the prediction model is generated on this lower error rate
data set.

Then we increase the code distance, use a data set with the
same error rate for prediction training, and stop training when
we are close to the threshold. Finally, when the code distance
is increased again, we can find that the prediction result of the
data set with the same error rate is far from the threshold value,
which means that we have trained the prediction model closest
to the threshold value under this data set. As shown in Fig. 6,
the prediction model under the smaller code distance is still far
away from our training model. Through further optimization,
as shown in Fig. 7, we find that the error rate of the prediction
model is almost the same as our training error rate.!>>! Consis-
tent in Table 1, we provide the training data set, the number of
iteration steps and the accuracy rate, and then use the training
model to correct the detection process.

e gt RN
0.09¢ e -' =
g 0.07 -
~ -
= v
8 =
< 0.05 gl
= ..
- ® Training
0.03} =& Predicting A
- . . . . .
0 50 150 250 350 450

Sample

Fig. 6. The accuracy of the RestNet7 network layer is much lower than
that of the prediction model when the number of samples is small. With
the continuous increase of training samples, the prediction accuracy ap-
proaches the training accuracy, which can get about 65.547%, better
predicting the model we need.
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Fig. 7. Compared with RestNet7, the RestNet14 network layer has a
better fitting effect in accuracy. A very good prediction can be achieved
from the first few samples, but the accuracy is low. When the number
of training samples continues to expand, the accuracy can be 65.987%
in increase. Because the code distance and the influence of external
factors are also involved, when the code distance is increased, the pre-
diction accuracy rate reaches a saturation level.

Table 1. The accuracy of prediction model.

Trainable datas iteration Accuracy
RestNet7 1.32x 103 1000 65.547%
RestNet14 3.76 x 103 1500 65.987%

3.5. Result

When we correct and predict the trained convolution
model, we need to do some processing on the convolution. As
shown in Fig. 6, in order to ensure the boundary and period-
icity of the grid after each step of convolution, we need to fill
it regularly. First assign a random error rate pgg to each edge.
Then, we sample the errors based on the error rate of each edge
and calculate the syndrome. In the process of correction, we
use psil to characterize logical errors and find their intersec-
tion with different code distances. We draw the threshold of
the CNN decoder under the depolarization noise model.>°! In
Table 2 we give the training parameters, steps and thresholds
under different code distances. From the table, we can con-
clude that as the distance of the code increases, the accuracy of
the correction will increase. However, due to the influence of
the amount of data and training time, the threshold will reach
a saturation level, and increasing the amount of data again will
have the opposite effect.

Table 2. Different code distance thresholds.

Trainable parameters Steps Thresholds
d=3 0.5x10% 1.25 x 10° 3.547%
d=5 1.0 x 10* 2.75 % 10° 5.987%
d=17 1.5 % 10* 3.45 % 10° 8.987%
d=9 2.0 x 10* 4.25 % 10° 10.8%

Under the code distance of d = 3 and d =5 in Fig. 8, the
logic error ratel>” rises faster at the beginning and reaches the
threshold level later. Therefore, when we increase the code
distance, we must also consider the amount of training data
and the effect of correction time. When we increase the code
distance but do not increase the amount of training data, as
shown in Fig. 10, we can see that the initial effective error rate
rises relatively slowly, and the training speed is also limited

and increases with the code distance. When we increase the
training data set, it can be seen that the initial logic error rate
increases faster than Fig. 9 with the increase of the effective
error rate function, but the two curves are basically flat when
the pegr reaches about 0.18.

0.36 T T — =
Depolarization (threshold = 3.5%) ///;’ 1=
a7
- *u
0.32 r
7*/;:’::_“
):(/f
028} 47
E *— k- R 2
S v T
0.24F - )7 ¢
¥ /{
L0, -+ -d=3
0.20¢ ¥ -%-d=5
’ e -d=T7
0.16
0.16 0.18 0.20 0.22
Pett

Fig. 8. Under the code distance of d = 3, 5 and 7, the logic error rate
shows a gentle increase. There is not much difference in the growth
rates for the three curves, and the threshold level can only reach about
3.5%, which is still far from our ideal optimal threshold.

0.6} Depolarization (threshold = 5.90/%& ;Ii;—jii
//« //
/,/ﬁ «
U
- ot P
£ ),
S 04r x
g
- * ,\ 4
e & -%-d=3
,g:ﬁfj;’t % -d=5
x « o -d=T
0.2 L L
0.16 0.18 0.20 0.22

Pett
Fig. 9. Under the same code distance, we switch to the RestNet14 net-
work layer. It is obvious that the logic error rate has a rapid increase

in the initial trend, and the threshold level has also been well improved,
reaching about 5.9%.

1.0 T T
Depolarization (threshold =8.9%)
-4
;‘; ////IL ~
0.8f oA 1
//‘ 7z
¥/3/(
= %
£ 0.6 =¥ 1
= -
-
RS vrs
0.4f _EIe* -%-d=5 1
B Al -x-d=T7
%" - %-d=9
L
0.2 L L
0.16 0.18 0.20 0.22
Pett

Fig. 10. When we increase the code distance, d =5, 7 and 9, the logic
error rate is initially higher than before. However, the error rate will
slowly increase when it reaches the middle position, until it reaches a
plateau and the threshold is raised to about 8.9%.

In Fig. 11, we increase the data set while increasing the

[58-60] 1t is obvious that the logic error rate of

code distance.
d =9 is significantly higher than the other three pictures, and
it can reach the threshold level faster. However, as the pegf in-
creases, the logic error rate tends to be stable, and increasing

the data set again will have a reduced effect.
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Fig. 11. In order to further improve our threshold level, while increas-
ing the code distance, we also replaced the high-accuracy RestNet14
network layer. It can be clearly seen that the logic error rate has a larger
threshold in the initial stage. As pegr increases, our threshold level ap-
proaches 10.8%, and we have the ideal threshold level we need.

4. Conclusion

We still have a long way to go in our search for quan-
tum error correction. We need more powerful code support to
solve the impact of complex noise models, and the increase in
code distance beyond the threshold limit will lead to low pro-
ficiency of error correction. Therefore, we need to find more
powerful algorithm support in the optimization of the decoder,
and we also need to develop more sophisticated instruments in
terms of the accuracy of the training process. Mature neural
network decoders also need to consider the possibility of sta-
bilization errors, and the influence of this factor is not added in
this training process. The toric code threshold for this training
has reached 10.8%, which is very close to the optimal thresh-
old desired by the busy schedule. However, its accuracy is far
from enough to control the influence of various factors in the
operation of quantum computers. We still need more in-depth
research to fully grasp the fault tolerance and error correction
mechanism of quantum computers!
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