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Silicon-based carbon composites are believed as promising anodes in the near future due to their outstanding specific
capacity and relatively lower volume effect compared to pure silicon anodes. Herein, a multilayer spherical core–shell (M-
SCS) electrode with a graphite framework prepared with Si@O-MCMB/C nanoparticles is developed, which aims to realize
chemically/mechanically stability during the lithiation/delithiation process with high specific capacity. An electrochemical-
/mechanical-coupling model for the M-SCS structure is established with various chemical/mechanical boundary conditions.
The simulation of finite difference method (FDM) has been conducted based on the proposed coupling model, by which
the diffusion-induced stress along both the radial and the circumferential directions is determined. Moreover, factors that
influence the diffusion-induced stress of the M-SCS structure have been discussed and analyzed in detail.

Keywords: multi-layer spherical core–shell electrode, diffusion-induced stress
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1. Introduction
Rechargeable lithium-ion batteries (LIBs) have the ad-

vantages of large storage capacity, high energy density, good
stability, and excellent cycle capability, which become dom-
inant power sources in many fields including portable elec-
tronic devices and electric vehicles.[1–5] In recent years, a host
of improved strategies of LIBs techniques are proposed to sat-
isfy the increasing demand for better LIBs’ performance, such
as high efficient manufacturing processes, advanced materials,
innovative and heteromorphic battery.[6–9] The anode, as an in-
tegral part of the LIBs, plays an important role in determining
the key performance including the energy density and the cy-
cle ability.[10] As one of the most promising anodes, silicon
(Si) has drawn great attention due to its high theoretical ca-
pacity of 4200 mAh·g−1.[11] Nevertheless, commercial appli-
cations of Si anodes are hampered owing to their considerable
volumetric changes (greater than 300%) which directly lead to
electrode failures during the lithiation/delithiation process.

Currently, based on mechanical fundamental,[12] studies
on the deformation of Si electrodes have put forward various
diffusion-induced theories,[13–17] meanwhile, damage,[18–20]

and fracture[21] based on diffusion-induced theory also draw
attention. The new solid electrolyte interphase (SEI) layer
forms over the surface, resulting in rapid capacity attenuation
and poor rate performance.[4,22,23] Besides, inherent low con-
ductivity leads to poor rate capacity and low utilization rate of
electrode materials.[24] The structural damage to electrode ma-

terials during charging and discharging processes causes per-
formance degradations.[25,26] In a word, mechanical damages
have a critical influence on the performance and service period
of the LIBs.[27] In recent years, tremendous progresses have
been made on the above mentioned problems by using silicon-
carbon composite (Si/C) with graphite. The Si/C composite
has been proved to be beneficial to decrease the volumetric
variation of silicon anodes.[4]

Especially, structures of Si/C spherical electrodes have
been broadly investigated, such as spherical core–shell
nanoparticles and coated-hollow electrode particles.[28] Spher-
ical core–shell (SCS) electrode is believed as an excellent
structure to realize stable electro-mechanical behaviors.[29]

Mechanical investigation on SCS is indispensable in evalua-
tions for SCS-based LIBs performance and service life. Based
on elastic–plastic theory, evolution law of stress and strain has
been analyzed.[30–34]

As mentioned above, the most previous studies have fo-
cused on deformation and damage of monolayer or bilayer
spherical electrode particles. In this paper, an electrochemical-
/mechanical-coupling model of the multilayer spherical core–
shell (M-SCS) electrode with graphite framework is devel-
oped to maintain the stability of the electrode structure and
to obtain higher capacity density. It is generally known that
the electrochemical/mechanical degradation limits the increas-
ingly wide range of applications of cells with silicon elec-
trode. Accordingly, it is critical to analyze the mechanical per-
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formance of electrode materials for promoting electrochem-
ical performance of LIBs. Similarly, in order to understand
electrochemical-/mechanical-coupling mechanism of the mul-
tilayer spherical core–shell (M-SCS) electrode, it is necessary
to establish diffusion-induced stress models applying to the
M-SCS electrode.

As depicted above, significant volume change of Si elec-
trode hinders its development, giving rise to more mechanical
problems compared with other electrodes Therefore, Chen et
al.[4] prepared carbon-coated silicon-based spherical compos-
ite with consideration of superiority of hierarchical structure to
improve electrochemical performance. However, it is not clear
how the stress affects carbon-coated silicon-based spherical
composite. An Si@O-MCMB/C nanoparticle is hence taken
as an example, in which an electrochemical model with con-
sideration of particles mutually coupling has been presented
and developed. The rest of this article is divided into the fol-
lowing sections. In Section 2, the diffusion-induced stress
model in the M-SCS electrode particles is developed. In Sec-
tion 3, the impact of some parameters on the electrode stress
is discussed and analyzed. Finally, we summarize the work in
Section 4.

2. M-SCS model
2.1. Geometric model

An isotropic diffusion system with three-phase (phases
of α , β , and γ) multilayer-core–shell structure is considered,
taking the Si@O-MCMB/C nanoparticle as an example (see
Fig. 1(a)). To carry out mechanical analysis on the M-SCS
structure, the spherical symmetry is taken into account and
the structure is simplified, as shown in Fig. 1(b). The α-
core is graphite as a framework of the M-SCS structure due
to its excellent electrical conductivity. A combination of Si
and graphite is a fine approach to surmount weakness of low
electrical conductivity of Si.[4,35,36] The γ-outer-shell (carbon)
separates the electrolyte and the electrode (β -medium-layer Si
and α-core graphite). Carbon shell as a protective layer does
not undergo lithiation reaction and contributes to restrain the
fracture of Si.[4,35,36] The three-phase structure allows the ex-
pansion of silicon to receive both internal and external con-
straints, due to the minute deformation of lithiated graphite-
core and non-reaction of carbon-shell with lithium.[4,37] The
structure has a considerable advantage in designing and im-
proving electrodes. The three-phase structure enhances the
capacity, mechanical and chemical stability of Si/C anodes si-
multaneously. The continual solid electrolyte interphase (SEI)
cracking and reforming are restrained, owing to the outward
expansion of the intermediate layer limited by the outer shell,
which ensures to maintain the electric contact between the
electrode and the matrix. A similar structure design shows

the prospect of a high-capacity electrode with hundreds of
cycles.[4] The diffusion-induced stress/strain equation appro-
priate for the core–shell model has been investigated by sev-
eral researchers. However, there are still less reports on the
study of modeling for the stress/strain evolution process within
a multilayer-core–shell framework. Worth mentioning is that
there exists a large discontinuity in composition, stress, and
strain across a propagating phase boundary in lithiated elec-
trode materials. Therefore, it is critical to take into account the
effect of the multi-dimensional inhomogeneity of electrodes
for battery analysis and estimation.

α
β
γ

α β γ

ab

c

carbon

Si

graphite

(b)(a)

Li+

Fig. 1. (a) Schematic diagram of the M-SCS phase, (b) geometric structure
of the M-SCS.

2.2. Stress model of the M-SCS
2.3. Single multilayer-core–shell particle

The structure of the M-SCS electrode particle is spher-
ically symmetric. Hence, the material element in the
multilayer-core–shell structure is subjected to triaxial stress
state,

(
σr,σθ ,σϕ

)
, where σr is the radial component and

σθ ,σϕ are two tangential components. Namely, the equation
of σθ = σϕ is determined, due to the spherical symmetry. Let
σθ = σϕ = σT. At the process of the lithiation reaction, the
electrode material is treated as an isotropic elastic solid and
the charging/discharging process is assumed to be quasi-static.
Consequently, the differential equation of force equilibrium is
characterized as:

∂σr (r, t)
∂ r

+2
σr (r, t)−σT (r, t)

r
= 0. (1)

The diffusion-induced stress is an analogy to thermal
stress according to Prussin’s research.[38] The constitutive re-
lationship equations of the stress and strain can be expressed
as[39]

σr =
E

(1+ v)(1−2v)

×
[
(1− v)εr +2vεT− (1+ v)

ΩC (r, t)
3

]
, (2)

σT =
E

(1+ v)(1−2v)

[
vεr + εT− (1+ v)

ΩC (r, t)
3

]
, (3)

εr =
1
E
(σr−2vσT)+

1
3

ΩC (r, t) , (4)

εT =
1
E
[(1− v)σT− vσr]+

1
3

ΩC (r, t) , (5)

where E is the Young’s modulus and v is the Poisson’s ratio.
Since we consider the response as quasi-static in this study, E
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and v are assumed to be constant. C (r, t) is the molar concen-
tration of lithium with insertion into material elements, and Ω

is the partial molar volume of solute. The displacement field
is radially symmetric due to the spherically symmetric struc-
ture of the material. Meantime, the radial and tangential strain
of the multilayer-core–shell spherical nanoparticle can be ex-
pressed with functions of radial displacement ur, as

εr =
dur

dr
, εθ = εϕ = εT =

ur

r
. (6)

For the local coordinate system is used for a single parti-
cle, there is no displacement at the center of the nanoparticle,
and thus ur(0) = 0. The displacement u(r) is expressed as[39]

u(r) =
1+ v
1− v

Ω

3
1
r2

∫ r

r0

C (r, t)r2 dr+ rP+
Q
r2 , (7)

where P and Q are parameters, which can be determined by
the boundary conditions for α , β , and γ phases. r0 is the inner
radius of the three-phase. In accordance with the boundary
conditions for the multilayer-core–shell spherical nanoparti-
cles, the following equation is determined,

σr|= 0, σr|= finite. (8)

Therefore, the radial and tangential stress are given as

σr (r, t) = − 2ΩE
3(1− v)

1
r3

∫ r

r0

C (r)r2 dr

+
E

1−2v
P− 2E

1+ v
Q
r3 , (9)

σT (r, t) =
ΩE

3(1− v)
1
r3

∫ r

r0

C (r)r2 dr

+
E

1−2v
P+

E
1+ v

Q
r3 −

Ω

3
EC (r)
1− v

. (10)

Specifically, the hydrostatic stress is expressed as follows:

σh =
1
3
(
σr +σθ +σϕ

)
=

1
3
[σr (r, t)+2σT (r, t)]

=
E

1−2v
P− 2Ω

9
EC

1− v
. (11)

According to Fang et al.’s work,[40] the surface/interface
stress has a significant impact on diffusion-induced stress of
the spherical core–shell electrodes. In this research, we take
into account its effect on diffusion-induced stress of the M-
SCS electrodes. Furthermore, the influence of coreshell sur-
face/interface stress modulus ratio on silicon sandwich layer
was studied. For an elastically isotropic model, the sur-
face/interface stress Sθ can be expressed as

Sθ = τ +K
(

εθ −
ΩC

3

)
, (12)

where τ is the deformation-indepent residual surface/interface
stress. K is defined as the surface/interface modulus, and εθ is
the surface strain corresponding to Sθ . The molar concentra-
tion equations can be further written as

Cα
ave (r) =

3
r3

∫ r

0
C (r)r2 dr, 0≤ r ≤ a,

Cβ
ave (r) =

3
r3−a3

∫ r

a
C (r)r2 dr, a≤ r ≤ b,

Cγ
ave (r) =

3
r3−b3

∫ r

b
C (r)r2 dr, b≤ r ≤ c,

(13)

where a, b, and c are the outer radii of each material phase in
multilayer-core–shell, as shown in Fig. 1(b).

We extend the diffusion-induced stress solution from a
single phase to three-phase in spheroidal particle. For the
three-phase multilayer-core–shell structure, there are six con-
stants of the three materials denoted by P1 and Q1 of material-
α , P2 and Q2 of material-β , P3 and Q3 of material-γ . For the
α-core with 0≤ r ≤ a, there are


σr (r, t) =−

2Ωα Eα

9(1− vα)
Cα

ave (r)+
Eα

1−2vα

P1,

σT (r, t) =
Ωα Eα

9(1− vα)
Cα

ave (r)−
Ωα

3
EαC (r)
1− vα

+
Eα

1−2vα

P1.
(14)

At the center of spheroidal core–shell electrode particle (r = 0), Q1 = 0 as a result of ur = 0. For the β -medium-layer (Si)
with a≤ r ≤ b, there are

σr (r, t) =−
2Ωβ Eβ

9
(
1− vβ

) (1− a3

r3

)
Cβ

ave (r)+
Eβ

1−2vβ

P2−
2Eβ

1+ vβ

1
r3 Q2,

σT (r, t) =
Ωβ Eβ

9
(
1− vβ

) (1− a3

r3

)
Cβ

ave (r)−
Ωβ Eβ

3
(
1− vβ

)C (r)+
Eβ

1−2vβ

P2 +
Eβ

1+ vβ

1
r3 Q2.

(15)

For the γ-outer-shell with b≤ r ≤ c, there are
σr (r, t) =−

2Ωγ Eγ

9
(
1− vγ

) (1− b3

r3

)
Cγ

ave (r)+
Eγ

1−2vγ

P3−
2Eγ

1+ vγ

1
r3 Q3,

σT (r, t) =
Ωγ Eγ

9
(
1− vγ

) (1− b3

r3

)
Cγ

ave (r)−
Ωγ Eγ

3
(
1− vγ

)C (r)+
Eγ

1−2vγ

P3 +
Eγ

1+ vγ

1
r3 Q3.

(16)
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At the outer surface, there is

σr−γ

∣∣
r=c =−

2 Sθ |r=c
c

. (17)

At the junction interface of two materials, there are

σr−α |r=a−σr−β |r=a =−
2Sθ |r=a

a
,

σr−β |r=b−σr−γ |r=b =−
2Sθ |r=b

b
,

ur−α |r=a = ur−β |r=a,

ur−β |r=b = ur−γ |r=b. (18)

2.4. Diffusion equation in spherical multilayer-core–shell
electrodes

In the multilayer spherical core–shell (M-SCS) the
lithium-ion transport is a concentration driven diffusion
process.[41] The species flux is expressed as[42]

J =−MC∇µ, (19)

where M is the mobility of the lithium-ion. The driving force
for the movement of lithium-ion is the gradient of chemical
potential µ ,[43] considering the effect of the hydrostatic stress
on diffusion

µ = µ0 +RT lnX−Ωφσh, (20)

in which µ0 is the constant, R and T are the gas constant and
the absolute temperature, respectively. X is the molar fraction
of the lithium-ion. Besides, the diffusion coefficient is writ-
ten as D = MRT . Substituting Eq. (20) into Eq. (19), we get
another expression of parameter J with assumption of temper-
ature uniformity as follows:

J =−D
(

∇C− ΩC
RT

∇σh

)
= D(1+θC)∇C, (21)

where D = MRT is the diffusion coefficient. θ is a normal
constant describing the extent of the influence of hydrostatic
stress on the diffusion flux,[40] θ = 2Ω 2E/[9(1− v)RT ], ob-
tained from Eq. (11). The conservation of species is given by

∂C
∂ t

+∇ · J = 0. (22)

Finally, substituting Eq. (21) into Eq. (22), we can obtain
that

∂C
∂ t

= D
[

∂ 2C
∂ r2 +

2
r

∂C
∂ r

+θ

(
∂C
∂ r

)2

+θC
(

∂ 2C
∂ r2 +

2
r

∂C
∂ r

)]
. (23)

The initial and boundary conditions are


C(r, t = 0) =C0,

D(1+θC)
∂

∂ r
C(r = 0, t) = 0,

D(1+θC)
∂

∂ r
C(r = c, t) = Js.

(24)

At the interface of the α/β , it can be obtained that

{
C1(r = a, t) =C2(r = a, t),
J1(r = a, t) = J2(r = a, t).

(25)

At the interface of the β/γ , it can be obtained that

{
C2(r = b, t) =C3(r = b, t),
J2(r = b, t) = J3(r = b, t).

(26)

2.5. Numerical solutions

The governing equations obtained above are numerically
solved. Owing to the central symmetry, the structure of spher-
ical particles can be simplified as a one-dimensional model
from Eq. (14) to Eq. (23). Finite difference method (FDM) is
applied herein to solve nonlinear Eq. (23) based on the bound-
ary conditions Eqs. (24)–(26). Subsequently, the stress values
are determined through by means of fitting the discrete con-
centration to a continuous concentration function. Material
properties of the employed three materials are listed in Table 1.
The constant of lithium ion concentration is set to be 1.2×104

as on the outer surface of the spherical electrode active mate-
rial particles during the lithiation process.

Table 1. Parameters of the materials.

Parameters α-core (Gr) β -medium-layer (Si) γ-outer-shell (C)

E (GPa) 12[44] 40[17] 1∼20[40]

v 0.25 0.22[17] 0.3[40]

D (m2/s) 2.1×10−13 [9] 1×10−16 [17] 1×10−14 [40]

Cmax (mol/m) 3.06×104 [45] 3.11×105 [46] 2.0×104 [40]

Ω (m3/mol) 4.17×10−6 [44] 4.63×10−6 [29] 5.0×10−6 [32]

3. Results and discussion
To reveal the effect of the diffusion-induced stress with

carbon shell, two situations are compared firstly: one contain-
ing carbon shell, the other in the absence of the carbon shell.

During the lithiation process, in contrast with the other two

phases, the silicon material phase experiences maximum ten-

sile stress due to the large volume expansion. Figure 2 shows

the diffusion-induced stress of the two cases when the max-
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imum tensile stress occurs in the silicon layer. Both shell
thickness ratio of the carbon phase (∆2/c) and shell thickness
ratio of the silicon phase (∆1/c) are 1/3, and Young’s modu-
lus of the carbon shell is 1 GPa. Because of the discrepancy
of the three material properties and the influence of the sur-
face/interface stress, the discontinuity and jump of the stress
distribution are observed clearly in the two cases. Besides,
there are mild stress changes in the graphite material phase and
dramatic stress changes in the silicon material phase, related
to the concentration gradient. From Fig. 2, the presence of the
carbon shell greatly decreases the maximum tensile stress of
the silicon material phase. Silicon-based spherical core–shell
electrode particles employ carbon shell where lithium reaction
is not produced, hence the stress of the carbon shell mainly
results from the silicon expansion. The carbon shell in turn
limits the increase of stress in the tangential and radial direc-
tion.

0 0.2 0.4 0.6 0.8 1.0

0

100

200

300

400

r/c

σ
r
 (

M
P
a
)

σ
θ
 (

M
P
a
)
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(a)

(b)

Fig. 2. Diffusion-induced stress of two cases when the maximum tensile
stress occurs in the silicon layer: (a) radial stress and (b) tangential stress.

3.1. Effect of elastic modulus ratio on sandwich silicon ma-
terials

Since Young’s modulus of the carbon shell ranges from
1 GPa to 20 GPa, it is necessary to study the impact of the vari-
ation of Young’s modulus of the carbon shell on the stress field
of multilayer core–shell structure. E3/E1 equaling to 0.1, 0.5,
1, and 1.5 respectively is investigated. The shell thickness ratio
of the carbon material phase and silicon material phase is still
1/3. As shown in Fig. 3, the diffusion-induced stress with four

different Young’s modulus versus r/c is obtained when ten-
sile stress in the silicon material phase reaches the maximum.
In the radial direction, the tensile stress of the three-phase re-
duces with the decrease of E3/E1. Similarly, in the tangential
direction, both the tensile stress in the graphite/silicon and the
compressive stress in the carbon also reduce when E3/E1 de-
creases. To sum up, the decrease of E3/E1 not only makes
the diffusion-induced stress of carbon tend to be zero, but also
alleviates the tensile stress of inner materials.

σ
r
 (

M
P
a
)

σ
θ
 (

M
P
a
)

0 0.2 . . . .
-100

0

100

200

300

400

500

r/c

∆2/c=1/3

∆2/c=1/3

0 0.2 . . 0.8 1.0
-800

-600

-400

-200

0

200

400

600

800

1000

r/c

(a)

(b)

E3/E1/.

E3/E1/.

E3/E1/.

E3/E1/.

E3/E1/.

E3/E1/.

E3/E1/.

E3/E1/.

Fig. 3. The diffusion-induced stress of four different Young’s modulus, (a)
radial stress and (b) tangential stress.

3.2. Effect of surface/interface modulus K ratio on sand-
wich silicon material

Next, the effect of surface/interface stress is considered.
The residual surface/interface stresses τ in the three sur-
face/interface are all supposed to 0 N/m. To investigate re-
spectively effect of surface/interface modulus K1, K2, K3 on
multilayer core–shell structure, one of surface/interface mod-
ulus is assumed to 0 N/m and ±10 N/m respectively and the
other two surface/interface modulus keep constant. Otherwise,
the dimensionless time D2t/c2 equals 0.1, shell thickness ra-
tion of the carbon material phase and shell thickness ratio
of the silicon material phase are 1/3, and E3 = 1 GPa. Fig-
ures 4(a) and 4(b) indicate that positive interface modulus K1

tends to decrease diffusion-induced stress in the graphite ma-
terial phase, on the contrary, negative interface modulus K1

increases diffusion-induced stress. However, positive inter-
face modulus K2 leads to increasing diffusion-induced stress
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in the graphite material phase and in the silicon material phase,
and negative interface modulus K2 reduces diffusion-induced
stress, as shown in Figs. 4(c) and 4(d). Similarly, in Figs. 4(e)
and 4(f), positive surface modulus K3 increases diffusion-
induced stress in the entire structure, and negative surface

modulus K3 reduces diffusion-induced stress. To sum up, as
the surface/interface modulus change, the diffusion-induced
stress of material phase which is wrapped by surfuce/interface
is influenced. Moreover, the effect of K2 on the silicon mate-
rials phase is the furthest.
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Fig. 4. The effect of surface/interface modulus K on stress distribution: (a) and (b) K1, (c) and (d) K2, (e) and (f) K3.

3.3. Effect of shell/core thickness o on sandwich silicon ma-
terials

Finally, the effect of the carbon–shell thickness is also
studied. The carbon–shell thickness ∆ is subsequently cho-
sen as 0.5 nm, 2.5 nm, 5 nm, and 7.5 nm. the other param-
eters E3 = 1 GPa and D2t/c2 = 0.1. Figures 5(a) and 5(b)

show the distribution of radial and tangential stress. they indi-
cate that the stress can be reduced effectively by the increase
of the carbon–shell thickness. However, the increase of the
carbon–shell thickness leads to decreasing the specific capac-
ity of electrode particles. As a result, carbon–shell thickness
is as thin as possible within the endure of material strengths.
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Fig. 5. The effect carbon thickness on diffusion-induced stress: (a) radial stress and (b) tangential stress.

4. Conclusion
In this work, an electrochemically-/mechanically coupled

model for a novelly proposed M-SCS structure made from
Si@O-MCMB/C nanoparticles has been established, in which
the diffusion-induced stresses along various directions in each
material phase can be expressed and determined based on the

finite difference method (FDM). Through a calculation for the

stress, it can be concluded that, compared with those tradi-

tional dual-layer core–shell (CS) structures, the M-SCS with

an external carbon-shell can remarkably reduce the tensile

stress of the β -medium-layer, namely the silicon layer. More-

over, influences of parameters including the Young’s modulus,
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the surface/interface modulus, and the thickness of each layer
on the stress have been also presented. Results show that, (i)
with the Young’s modulus of the carbon–shell decreasing, the
expansion of the silicon phase is effectively limited and the
tensile stress in the silicon reduces, (ii) the parameter of K2

affects the stress of the silicon phase furthest among all the
surface/interface modulus, (iii) on the premise of the strength
requirements, the smaller the thickness of the carbon shell can
be, the higher the specific capacity of the overall structure can
achieve.
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