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We propose a scheme to realize the SU(3) spin–orbit coupled three-component fermions in an one-dimensional optical
lattice. The topological properties of the single-particle Hamiltonian are studied by calculating the Berry phase, winding
number and edge state. We also investigate the effects of the interaction on the ground-state topology of the system, and
characterize the interaction-induced topological phase transitions, using a state-of-the-art density-matrix renormalization-
group numerical method. Finally, we show the typical features of the emerging quantum phases, and map out the many-
body phase diagram between the interaction and the Zeeman field. Our results establish a way for exploring novel quantum
physics induced by the SOC with SU(N) symmetry.

Keywords: spin–orbit coupling, topological phase transition, optical lattice
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1. Introduction
Spin–orbit coupling (SOC) plays a key role for sev-

eral condensed-matter phenomena, such as quantum spin-Hall
effect[1–3] and topological insulators,[4–7] and it is also cru-
cial for spintronic devices.[8] The recent experimental realiza-
tions of the synthetic SOC in ultracold quantum gases[9–21]

provide an ideal platform to investigate quantum many-body
physics under a gauge field, in which a lot of parameters can
be precisely controlled. In cold-atom systems, the hyperfine
states of the alkaline atoms and the clock states of the alkaline-
earth(-like) atoms have been treated as the internal degrees of
freedom of atoms.[22–26] Coupling the hyperfine (clock) states
through synthetic gauge fields by the two-photon (single-
photon) process, the SOC has been implemented.[27–32]

The experiments in a gas of 87Rb atoms have succeeded
in implementing SOC on spin-1 Bose–Einstein condensates
(BECs),[33,34] thus paving the way towards the exploration of
the interplay between the spinor character and the SOC in de-
termining the novel quantum phases of the system. For ex-
ample, the interesting magnetic physics have been observed
on SU(2) SOC in spin-1 BECs.[35–40] For SU(2) SOC, the
hyperfine states | − 1,0,1〉 are coupled in forms | − 1〉 ↔ |0〉
and |0〉 ↔ |1〉 by couple two-photon Raman process, with the
coupling | − 1〉 ↔ |1〉 missing. After considering the cou-
pling | − 1〉 ↔ |1〉, the SU(2) SOC will be extended to the
SU(3) SOC. Mathematically, the SU(2) spin-1 matrices only
include three spin-1 vectors Sσ (σ = x,y,z). However, there
exist not only three spin-1 vectors but also spin-1 tensors
Nσσ́ = (Sσ Sσ́ +Sσ́ Sσ )/2−δσσ́𝑆

2/3 in the SU(3) spin-1 ma-
trices. The SU(2) SOC system always has trivial topology.

However, the SU(3) SOC involves all the pairwise couplings
between the three internal states, and has no analog in ordinary
condensed matter systems, hence it may lead to new quantum
phases and topological defects.[41–45]

In this paper, we propose an experimental scheme for re-
alizing an SU(3) SOC of fermions in a one-dimensional opti-
cal lattice. For single-particle Hamiltonian, the bulk topolog-
ical physics can be characterized by the Berry phases of the
bands and the winding numbers. The local distribution of the
edge states inside the band gap under open boundary condition
exhibits the bulk-boundary correspondence of the topology.
We discuss the interaction-induced topological phase transi-
tion via the state-of-the-art density-matrix renormalization-
group (DMRG) numerical method.[46,47] By calculating the
entanglement spectrum, entanglement entropies, energy gaps
and magnetic order, we find three topological phase transi-
tions. We then clearly show the three many-body quantum
phases, i.e., two topological insulators and a charge density
wave phase, by the density profile and edge-model density
profile.

The work is organized as follows. In Section 2, we
present the experimental setup and give the effective Hamil-
tonian. We analyze the topological properties of the single-
particle case in Section 3. We study the interaction-induced
topological phase transition and show the many-body phase
diagram in Section 4. The conclusions are given in Section 5.

2. Model and Hamiltonian
We consider a quasi-1D cold atomic gas of alkaline atoms

trapped in an optical lattice potential along the axial direction,
†Corresponding author. E-mail: zhouxiaofan@sxu.edu.cn
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V 1
lat (x) = −V0 cos2 (kLx), with kL = 2π/λL and tightly con-

fined in the transverse directions, as shown in Fig. 1(a). We
use three stand wave lasers Ω1,2,3 along x-direction with the
same Rabi frequency Ω1,2,3 = Ω0 sin(kRx+ϕ) (kR = 2π/λR),
but different polarizations (σ ,π,σ ) to couple the excited states
|e〉 and the ground states |gσ 〉 (σ =↑,0,↓), respectively, as
shown in Fig. 1(b). We set kR = kL/2 to get the special
SOC. The Raman coupling along the x-direction is Mx

σσ́
(x) =

Ω∗σ Ωσ́

∆
= (Ω 2

0/∆)sin2(kRx+ϕ) (σ =↑,0,↓). Three plane wave
Raman lasers along the y-direction with the same Rabi fre-
quency Ω0 e±iky are applied to make the Raman coupling
My

σσ́
(x) = −Ω 2

0/2∆ . The total Raman coupling Mσσ́ (x) =
Mx

σσ́
(x) + My

σσ́
(x) = (Ω 2

0/2∆)cos(kLx + 2ϕ). Here, we
set the phase ϕ = −π/4, thus the total Raman coupling
Mσσ́ (x) = (Ω 2

0/2∆)sin(kLx). The three stand wave Ra-
man lasers along the x-direction support the lattice potentials
V σ

Ram (x) = 2|Ω0 sin(kRx + ϕ)|2/∆ for three spin states |gσ 〉
(σ =↑,0,↓). Another lattice potential V 2

lat (x) = −V σ
Ram (x) is

applied to offset the potential induced by the stand wave Ra-
man lasers. Eliminating the excited state yields the effective
Hamiltonian

Heff = ∑
σ

[
p2

x

2m
+V 1

lat (x)+Γzτz

]
|gσ 〉〈gσ |

+ [Mσσ́ (x) |gσ 〉〈gσ́ |+H.c.] , (1)

where px is the momentum operator, Γz = h̄δ , δ is the two-
photo detuning. Using single-band approximation, the tight-
binding model Hamiltonian can be written as

HTB = −ts ∑
〈i, j〉,σ

ĉ†
iσ ĉ jσ +Γz ∑

i
(n̂i↑− n̂i↓)

+ t i j
so ∑
〈i, j〉σ ,σ́

(ĉ†
iσ ĉ jσ́ +H.c.), (2)

where

−ts =
∫

dxφ
i
σ (x)

[
p2

x

2m
+V 1

lat (x)
]

φ
i+1
σ (x) ,

t i j
so =

∫
dxφ

i
σ (x)Mσσ ′ (x)φ

i+1
σ ′ (x) .

Here, φ i
σ is the lowest-band Wannier function on the ith site.

The interaction of the system we consider is

Hint =U ∑
i,σ ,σ́

n̂iσ n̂iσ́ , (3)

in which the interaction strength U can be tuned via the exter-
nal magnetic field through the Feshbach resonance[48] and the
strength of the confine optical lattices.[49]

Since the time-reversal, particle-hole, and chiral symme-
tries are broken, the topological insulator of HTB belongs to the
unitary symmetry class A (unitary) of the Altland–Zirnbauer
classification and is characterized by a Z invariant.[50–53] In the
presence of weak interaction, the topological insulator with the
Z invariant still exists since the generalized inversion symme-
try remains.[54]
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Fig. 1. (a) Schematics of the system setup. Green arrows represent
the 1D optical lattice along x-direction. Yellow, blue and red arrows
represent three Raman lasers. (b) Energy level and the Raman process-
ing. Ω1, Ω2 and Ω3 couple the ground states |gσ 〉 (σ =↑,0,↓) to the
excited states to achieve the two-photon Raman process. The polariza-
tions of Ω1,2,3 are σ ,π,σ , respectively. (c) Schematic picture of the
tight-binding model. Here, ts is the spin-conserved hopping between
neighboring sites, tso is the spin-flip hopping between neighboring sites,
and U is the on-site interaction.

3. Single-particle physics
For single-particle Hamiltonian, one usually fourier trans-

form the real-space Hamiltonian into momentum-space, due
to the fact that the momentum k is a good quantum number.
Firstly, we rewrite the Hamiltonian (2) as

HTB = −ts ∑
i,σ

[
ĉ†

Aiσ ĉBiσ + ĉ†
Biσ ĉA(i+1)σ +H.c.

]
+Γz ∑

i
(n̂i↑− n̂i↓)+ tso ∑

i,σ ,σ́

(ĉ†
Aiσ ĉBiσ́ +H.c.)

− tso ∑
i,σ ,σ́

[ĉ†
Biσ ĉA(i+1)σ́ +H.c.], (4)

where tso = |
∫

dxφ i
σ (x)Mσσ ′ (x)φ

i+1
σ ′ (x) |, and t i j

so = (−1)itso.
This Hamiltonian describes an effective lattice in which there
are two subsites A and B for one cell, as shown in Fig. 1(c).

Fourier transform the real-space operators with spin label
σ and subsite labels A and B into the momentum-space,

ĉ†
Aiσ = ∑

k
e−ikXAi ĉ†

Akσ
, ĉAiσ = ∑

k
e ikXAi ĉAkσ ,

ĉ†
Biσ = ∑

k
e−ikXBi ĉ†

Bkσ
, ĉBiσ = ∑

k
e ikXBi ĉBkσ ,

in which XBi−XAi = a, XA(i+1)−XBi = a, and a is the lat-
tice constant. Thus the real-space Hamiltonian (4) can be
written in momentum-space on the basis of AB cell ⊗ σ (i.e.
Ψ † = [ ĉ†

Ak↑ ĉ†
Bk↑ ĉ†

Ak0 ĉ†
Bk0 ĉ†

Ak↓ ĉ†
Bk↓ ]),

Hk =


Γz C 0 D 0 D
C Γz D∗ 0 D∗ 0
0 D 0 C 0 D

D∗ 0 C 0 D∗ 0
0 D 0 D −Γz C

D∗ 0 D∗ 0 C −Γz

 , (5)

with C =−2cos(k)ts, and D = 2i sin(k)tso.
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3.1. Γz = 0

When Γz = 0, the momentum-space Hamiltonian (5) can
be diagonalized analytically to get the eigenvalues En(k) with
band index n, as shown in Fig. 2(a). The lowest and the second
bands are gapless. The second and third bands are fully degen-
erate. It is hard to explore the band topology. Diagonalizing
the tight-binding Hamiltonian Eq. (2) under open boundary
condition, we can obtain the energy spectrum as a function of
the number of states. There exist four-fold degenerate zero-
energy edge states inside the third and fourth bands, as shown
in Fig. 2(b).

  
↩






↩





↩  
↩





E
m

m

E
m

m

E
k

k/π

(a)

(b)

Fig. 2. (a) The dispersion under periodic boundary conditions, and
(b) the dispersion under open boundary conditions. For all subfigures,
we have tso/ts = 0.6, Γz/ts = 0 and L = 128.

In order to clearly show the band topology, we block
diagonalize the momentum-space Hamiltonian (5) in basis

Ψ
†
=
[

ĉ†
k⇑ ĉ†

k0 ĉ†
k⇓

]
, in which ĉ†

kξ
= [ĉ†

akξ
, ĉ†

bkξ
] (ξ =⇑,0,⇓).

The operators in the basis Ψ are composed of operators in the
basis Ψ , ĉ†

a(b)ξ = ∑σ ασ ĉ†
Aσ

+βσ ĉ†
Bσ

, with ασ and βσ being
the spin-dependent complex numbers. Then, we can obtain a
new Hamiltonian H ′k,

H ′k =

 H ′⇑k 0 0
0 H ′0k 0
0 0 H ′⇓k

 , (6)

where H ′⇑k = h⇑x σx + h⇑y σy, with h⇑x ≈ 1.5cos(k)ts −
1.3sin(k)tso and h⇑y ≈ −1.3cos(k)ts − 1.5sin(k)tso. H ′0k ≈
h0

yσy+h0
z σz, with h0

y =−4sin(k)tso and h0
z = 2cos(k)ts. H ′⇓k =

h⇓x σx +h⇓y σy, with h⇓x ≈−1.5cos(k)ts−1.3sin(k)tso and h⇓y ≈
1.3cos(k)ts− 1.5sin(k)tso. After analyzing the symmetry of
the H ′k, we find that H ′⇑k, H ′0k, and H ′⇓k have the chiral symme-
try. We calculate the winding number to character the topol-
ogy, which can be define as

ωξ =− 1
2π

∫
dk ·
[
ℎξ (k)×

∂ℎξ (k)
∂k

]
, (7)

with flavors ξ =⇑,0,⇓. Figure 3 shows the windings of
ℎξ (k). Numerically, the winding number ω⇑ = 1, ω0 = −1
and ω⇓ =−1.

↩
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


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
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x
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


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


↩





x

(b)

y

z

↩





↩




↩





x

(c)

y

z

Fig. 3. (a) ℎ⇑ (k), (b) ℎ0 (k), and (c) ℎ⇓ (k). For all subfigures, we have tso/ts = 0.6 and Γz/ts = 0.

We fourier transform the block diagonalized Hamilto-
nian (6) into real-space. The real-space effective Hamiltonian
can be written as

H ′TB = ∑
j

Aĉ†
a j⇑ĉb j+1⇑+Bĉ†

a j+1⇑ĉb j⇑+H.c.

+2tso

(
−ĉ†

a j0ĉb j+10 + ĉ†
a j+10ĉb j0 +H.c.

)
+ ts

(
ĉ†

a j0ĉa j+10 + ĉ†
a j+10ĉa j0 +H.c.

)
+Cĉ†

a j⇓ĉb j+1⇓+Dĉ†
a j+1⇓ĉb j⇓+H.c., (8)

where A = 0.75ts + i0.65tso− i0.65ts− 0.75tso, B = 0.75ts−
i0.65tso− i0.65ts+0.75tso, C =−0.75ts+ i0.65tso+ i0.65ts−
0.75tso and D=−0.75ts− i0.65tso+ i0.65ts+0.75tso. The en-
ergy spectrum of H ′TB under an open boundary condition has

six-fold degenerate edge states in zero energy.

3.2. Γz > 0

When Γz > 0, the band gaps are opened. It is convenient
to study the band topology by diagonalizing the momentum-
space Hamiltonian (5). Diagonalizing Hamiltonian (5), we can
reach the Berry phase[55–57]

γn = i
∫

dk 〈ψn (k)|∇k |ψn (k)〉 , (9)

in which |ψn (k)〉 is the corresponding eigenvectors. The Berry
phases γn as a function of Γz/ts are shown in Fig. 4(a). When
0 ≤ Γz/ts < 2, γ1/π = 1, γ2/π = −1 and γ3/π = −1. When
2 < Γz/ts < 4, γ1/π = 1, γ2/π = −1 and γ3/π = 1. When
Γz/ts > 4, γ1/π = 1, γ2/π = 1 and γ3/π = 1. As demon-
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strated in Fig. 4(b), we plot the energy spectrum E of tight-
binding Hamiltonian (2) under an open boundary condition.
When increasing the Zeeman field strength Γz/ts from 0, the
zero-energy model splits into two nonzero models, and the
gap close at Γz/ts = 2.0 and then reopen with two zero-energy
models in the gap. Further increasing Γz/ts, the gaps inside the
second and third bands close and reopen at Γz/ts = 4.0.

We then clearly show the edge-models of different Γz

regimes. As demonstrated in Fig. 5, we plot the dispersion and
wave function n( j) of the edge-model inside the energy gaps
with (a) Γz/ts = 1.0, (b) Γz/ts = 3.0, and (c) Γz/ts = 5.0. For
Γz/ts = 1.0, there are four edge models near the zero energy,
with two of them are degenerate, as shown in Fig. 5(a). For
Γz/ts = 3.0, there are two-fold degenerate zero-energy edge
models. The edge model are occupied by the atom of 0-

component in both sides. Inside the second and third band
gap, there are two-fold degenerate edge models, as shown in
Fig. 5(b). For Γz/ts = 5.0, there are two-fold degenerate zero-
energy edge models, as shown in Fig. 5(c).

  

↩





(b)

E

(a)

  

↩





γ
n
/
π

γ1

γ2

γ3

Γz/ts Γz/ts

Fig. 4. (a) The Berry phase of each band γn under periodic boundary
conditions, and (b) the dispersion E under an open boundary condition
as a function of Γz/ts. For all the subfigures, we have tso/ts = 0.6 and
L = 128.
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Fig. 5. The dispersion E under open boundary conditions and density profile n( j) of the edge states of (a) Γz/ts = 1.0, (b) Γz/ts = 3.0 and (c)
Γz/ts = 5.0. For all the subfigures, we have tso/ts = 0.6 and L = 128.

4. Many-body phases
To understand the many-body topological physics of

Hamiltonians (2) and (3), we perform the DMRG method
to calculate with the model, for which we retain 300 trun-
cated states per DMRG block and perform 20 sweeps with
a maximum truncation error ∼ 10−7. Simply, we focus on
band topology when the lowest three bands are fully occupied,
which corresponds to the filling n = N/L = 3/2 with N being
the total atoms number.

The topology of many-body system is reflected in the
ground-state degeneracy of the entanglement spectrum, which
is defined as[58–64]

ξi =− ln(ρi). (10)

Here, ρi is the eigenvalue of the reduced density matrix ρ̂L =

TrR|ψ〉〈ψ|, where |ψ〉 is the many-body ground-state wave
function, L and R correspond to the left or the right half of the
1D chain. As the entanglement spectrum ξi resembles the en-
ergy spectrum of edge excitations, the system is topologically
non-trivial if and only if each eigenvalue ξi is degenerate.[64]

In Fig. 6(a), we show the four lowest levels in the entangle-
ment spectrum as functions of U/ts. While there is a four-fold
degeneracy for the ground states in the entanglement spectrum

with U = 0, the degeneracy is partially lifted in the presence of
weak U . As the degeneracy of the entanglement spectrum is
generally equal to the dimension of the irreducible projective
representation of the symmetry group, the lift of degeneracy
can be understood as the reduction of the projective represen-
tations into irreducible ones. The existence and the location of
the interaction-driven topological phase transition can be fur-
ther confirmed by entropy. As demonstrated in Fig. 6(b), sharp
features emerge at the critical points in both the second-order
Rényi entropy[63–69]

S2 =− logTr(ρ̂2
L), (11)

and the von Neumann entropy

SvN =−TrL[ρ̂L log ρ̂L]. (12)

In Fig. 6(c) we show the the energy gap Egap for a chain with
lattice length L = 12 under the periodic boundary condition.
The energy gap can be defined as the energy difference be-
tween the ground state Eg and the first excited state Ee,

Egap = Ee−Eg. (13)

As the system crosses the critical point of phase transition, the
gap opens. The ground state become from a two-fold degener-
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ate phase to a non-degenerate phase. As the system undergo-
ing another phase transition, the gap close and reopen again,
which is the typical of a phase transition. The phase transitions
can also be organized by the magnetic order

〈Sz〉= ∑
j
〈n̂ j↑− n̂ j↓〉. (14)

The derivatives of d〈Sz〉/dU are divergence at the critical
points, as seen in Fig. 6(d). The critical points of the phase
transitions in Figs. 6(a)–6(d) match perfectly.
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Fig. 6. (a) The lowest four levels in the entanglement spectrum ξi
(i = 0,1,2,3), (b) the von Neumann entropy SvN and the second-order
Rényi entropy S2, (c) the energy gap Egap for a chain with L = 12 under
the periodic boundary condition, and (d) the first derivative of the mag-
netic order d〈Sz〉/dU , as a function of U/ts. For all the subfigures, we
have tso/ts = 0.6, Γz/ts = 1.4, n = 3/2 and L = 128.

While the phase boundaries are determined from the

above analysis, we further identify the different quantum
phases besides the topological phase transitions in Fig. 7.
When U/ts is negatively large, the ground state of the sys-
tem is a trivial phase, in which left (right) part of the lattice
is vacuum, middle of the lattice is charge density wave, and
right (left) part is fully occupied, as shown in Fig. 7(a). In
this regime, the ground state is two-fold degenerate due to the
mirror symmetry of the 1D lattice. This kind of phase is phase-
separated (PS) phase. When U/ts is small and large positive,
the ground states are the topological insulators. Here, we use
the edge-model density profile to describe the edge states of
the topological phases. The edge-model density profile can be
defined as

〈∆n̂ jσ 〉= 〈n̂ jσ (N +1)〉−〈n̂ jσ (N)〉.

For large positive U/ts, there exists edge state at one side of
the lattice, as shown in Fig. 7(b). This topological insulator is
two-fold degenerate under the open boundary condition, and
is called TI1. Due to the competition between Zeeman field
Γz and interaction U , 〈n̂↑〉 ≈ 0, 〈n̂0〉 = 0.5, and 〈n̂↓〉 ≈ 1. The
edge model is occupied by the fermions of |g0〉 state, as shown
in Figs. 5(b), 5(c) and 7(b). In this case, the Hamiltonian can
map to the spin-1/2 SOC and the effects induced by interaction
are weak. For small U/ts, the topological insulator is four-fold
degenerate under the open boundary condition, as shown in
Fig. 7(c). For each degenerate phase, there are two-component
atoms localized at the one side of the lattice. This topological
insulator is called TI0.
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Fig. 7. (a) Density profile 〈n̂ jσ 〉 of PS with U/ts = −7. The edge-model density profile 〈∆̂n jσ 〉 of (b) TI1 with U/ts = 6, and (c) TI0 with
U/ts =−1. For all the subfigures, we have tso/ts = 0.6, Γz/ts = 1.4, n = 3/2 and L = 128.

Based on our understanding of the interaction-induced
topological phase transitions and the features of the quantum
phases, we map out the ground-state phase diagram of Hamil-
tonians (2) and (3) in the U/ts−Γz/ts plane, as shown in Fig. 8.
The phase transition of PS-TI0 (red line with circle symbol) is

of the first order. The phase transitions of PS-TI1 (black line
with square symbol) and TI0-TI1 (blue line with diamond sym-
bol) are continuous phase transitions. The order of the phase
transition can be determined by the derivative of the ground-
state energy.
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Fig. 8. The phase diagram between U/ts and Γz/ts, with parameters
tso/ts = 0.6 and n = 3/2. The red line with circles shows the first-order
phase transition. The blue line with diamonds and the black line with
squares denote the continuous phase transitions.

5. Conclusions
Before concluding, we briefly discuss how to observe

these quantum phases and phase transitions. In cold-atom ex-
periments, the entanglement entropy can be measured using
quantum interference of many-body twins of ultracold atoms
in optical lattices.[69] The local distributions can be measured
by isolating the sites of interest using additional site-resolved
potentials.[70] Thus, all the quantum phases and the phase tran-
sitions can be observed experimentally.

In conclusion, we have proposed a scheme to realize the
SU(3) spin–orbit coupled three-component fermions in a 1D
optical lattice. We study the topological properties of single-
particle Hamiltonian by calculating the Berry phase, winding
number and edge states. We also numerically investigate the
effects of interactions on the topological properties of the sys-
tem by employing the DMRG method. The interaction com-
peting with the Zeeman field can induce PS phase and two
topological insulators. We have characterized the interaction-
induced topological phase boundaries, and map out the phase
diagram. Our results provide a way for exploring many-body
quantum physics induced by SU(N) SOC.
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