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A phase-field-based lattice Boltzmann model is proposed for the interface capturing of multi-phase flows based on the
conservative Allen–Cahn equation (ACE). By adopting the improved form of a relaxation matrix and an equilibrium distri-
bution function, the time derivative ∂t(φ𝑢) induced by recovering the diffusion term in ACE is eliminated. The conducted
Chapman–Enskog analysis demonstrates that the correct conservative ACE is recovered. Four benchmark cases includ-
ing Zalesak’s disk rotation, vortex droplet, droplet impact on thin film, and Rayleigh–Taylor instability are investigated to
validate the proposed model. The numerical results indicate that the proposed model can accurately describe the complex
interface deformation.
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1. Introduction
In recent years, the research of multiphase flow has at-

tracted significant attention in a variety of fields, such as en-
ergy, aerospace, environmental protection, life science, and
beyond.[1–3] Several numerical approaches, such as the vol-
ume of fluid (VOF) method[4,5] and level-set method[6,7] have
been developed to depict the movement and deformation of
the interface involved in multiphase flows. However, the VOF
method has the difficulty in accurately analyzing the surface
normal, and the level-set method suffers the lack of mass con-
servation. It is also challenging for these models to capture
the complex topological interface evolution in the multiphase
flow systems with a large density and viscosity ratio.

During the last decades, the lattice Boltzmann (LB)
method has been emerging as a powerful numerical tool for
modelling a wide range of complex flows, such as mul-
tiphase flows,[8] fluid-structure interaction,[9,10] and phase
change heat transfer.[11] Up to now, four types of LB models
have been developed for multiphase flow, including the color-
gradient model,[12–14] the free-energy-based model,[15–17]

the pseudopotential model,[18–20] and the phase-field-based
model.[21–29] Unfortunately, only limited papers claimed that
their models are competent in handling multiphase dynamics
with large density and viscosity contrasts.[14,15,18] Specifically,
the color-gradient model and the free-energy-based model
need correction terms involving density gradient, which may
result in the numerical instability at large density ratio, to elim-
inate some non-Navier–Stokes terms,[16,30] while the pseu-
dopotential LB method always suffers large spurious velocities

higher than the order of ∼ 10−3 around the interface. Unlike
the other three models, an additional equation for the order pa-
rameter, which is used to denote different phases, is coupled
in the phase-field-based LB model. Coupling the lattice Boltz-
mann equation (LBE) for the Navier–Stokes equations (NSE),
this LB model has been extensively used to investigate multi-
phase dynamics with large density ratios.

Commonly, two types of governing equations, i.e., the
Cahn–Hilliard equation (CHE) and the Allen–Cahn equation
(ACE) are utilized in the phase-field-based LB model to char-
acterize the evolution of order parameter. He et al.[23] pi-
oneered the work of modelling multiphase flows with the
phase-field-based LB model involving CHE. Though the com-
plex Rayleigh–Taylor instability (RTI) was successfully repro-
duced, only limited density ratio has been achieved in this
model. Lee and Lin[24] devised a modified model after the
inspiration of He et al.,[23] in which a three-stage discretiza-
tion scheme was proposed to improve the numerical stability
under high density ratio. Nevertheless, it was proved that CHE
cannot be correctly recovered in these two models. Zheng
et al.[27,28] then rewrote the distribution function of CHE for
its proper recovery. The model is much simpler but limited
to the density-matched binary fluids. Recently, great efforts
have been made to improve the numerical stability at large
density ratios based on CHE.[21,25,29] Though correct CHE
was obtained in these models and fruitful achievements are
gained under their implementation, there are still some doubts
whether the second-order CE analysis are sufficient to recover
CHE, a fourth-order partial differential equation.[26,31]

†Corresponding author. E-mail: liuxd@yzu.edu.cn
© 2022 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

024701-1

http://dx.doi.org/10.1088/1674-1056/ac11d8
liuxd@yzu.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B 31, 024701 (2022)

In contrast, the ACE is much simpler and consistent with
second-order accuracy of LBE. A quantitative comparison be-
tween two models for CHE and ACE was carried out by Wang
et al.[32] The results indicated that the LB model based on
ACE has better numerical stability and accuracy than that
based on CHE although they have similar results. The first
LB model based on ACE was developed by Geier et al.[22]

which indicates that the recovered interfacial equation devi-
ates from the ACE with some error terms. Subsequently, Ren
et al.[26] and Liang et al.[33] proposed a multiple-relaxation-
time (MRT) and a single-relaxation-time (SRT) LBM respec-
tively, in which a time derivative ∂t(φ𝑢) is introduced into the
source term of the LBE. Consequently, the ACE is recovered
accurately.

Owing to the proven better numerical stability of
LBE with the multiple-relaxation-time (MRT) collision
operator,[18,34–36] an MRT model for solving ACE is proposed
in this paper. An improved form of relaxation matrix and an
equilibrium distribution function are devised to eliminate the
time derivative ∂t(φ𝑢) in this model, and the second-order CE
analysis demonstrates that the correct ACE can be recovered,
once an appropriate source term is chosen. Four typical bench-
mark cases are investigated, and the results are compared with
those from the previous models to demonstrate the compe-
tence of the improved model. Note that the involved Navier–
Stokes equation (NSE) is recovered by the LB hydrodynamic
equation proposed by Liang et al.[33]

1.1. LB model for ACE

In the phase-field theory, the ACE in the form of
convection–diffusion equation, which describes the evolution
of the order parameter φ , can be written as[37]

∂φ

∂ t
+∇·(φ𝑢) = ∇·

[
Mφ (∇φ −λ𝑛)

]
. (1)

In the ACE, Mφ is the mobility, and 𝑛=∇φ/|∇φ | is the nor-
mal vector of the interface. The order parameter φ is used to
identify the two-phase region, where φl = 1 and φg = 0 repre-
sent the liquid phase and the gas phase, respectively. It varies
smoothly across the diffused interface of the two-phase region,
and usually the order parameter of φ = (φl + φg)/2 = 0.5 is
used to characterize the gas-liquid interface. For the system
with interface thickness W , the parameter λ =−4(φ−φl)(φ−
φg)/W .

The evolution equation of the LB model includes two
steps of collision and streaming. The collision step with the
multi-relaxation-time operator has the following form of

f̄i (𝑥,t)− fi (𝑥,t)

= −Λi j

[
f j (𝑥,t)− f eq

j (𝑥,t)
]

+δt
[
F ′i (𝑥,t)−0.5Λi j (𝑥,t)F ′j (𝑥,t)

]
, (2)

where, fi (𝑥,t) and f̄i (𝑥,t) are the distribution functions in the
velocity space before and after the collision at time t on po-
sition 𝑥, respectively, Λ is the collision matrix, and 𝐹 ′ is the
source term in the velocity space. By the left multiplication
of transformation matrix 𝑀 , we can transform Eq. (2) from
velocity space to moment space as

m̄(𝑥,t)−𝑚(𝑥,t)

= −𝑆 [𝑚(𝑥,t)−𝑚eq (𝑥,t)]+δt (𝐼−0.5𝑆)𝐹 (𝑥,t) . (3)

where 𝑚(𝑥,t) = 𝑀 f (𝑥,t) and m̄(𝑥,t) = 𝑀 f̄ (𝑥,t) are the
distribution functions in the moment space before and after the
collision at time t at position 𝑥, respectively. 𝑆 =𝑀𝛬𝑀−1

is the relaxation matrix, and 𝐹 =𝑀𝐹 ′ is the source term in
the moment space. For D2Q9 discrete velocity sets, the com-
monly used transformation matrix 𝑀 is shown below:

𝑀 =



1 1 1 1 1 1 1 1 1
−4 −1 −1 −1 −1 2 2 2 2
4 −2 −2 −2 −2 1 1 1 1
0 1 0 −1 0 1 −1 −1 1
0 −2 0 2 0 1 −1 −1 1
0 0 1 0 −1 1 1 −1 −1
0 0 −2 0 2 1 1 −1 −1
0 1 −1 1 −1 0 0 0 0
0 0 0 0 0 1 −1 1 −1


. (4)

Then, the distribution function is transformed into the velocity
space by 𝑀 1 to execute the streaming step

fi (𝑥+𝑒iδt , t +δt) = f̄i (𝑥,t) . (5)

By taking the first-order moment of fi, the order parameter is
obtained as follows:

φ = ∑
i

fi +
δtF
2

. (6)

To correctly recover ACE, it is necessary to select a desirable
relaxation matrix and an equilibrium distribution function.
From the view of the advection–diffusion equation, Huang and
Wu[38] pointed out that for D2Q9 once the relaxation matrix is
diagonal, and the equilibrium distribution function is designed
as

f eq
i = ωiφ

(
1+

𝑒i ·𝑢
c2

s

)
. (7)

An error term related to ∂t(φ𝑢) will be inevitably generated
when the advection–diffusion equation is recovered into the
ACE. They found that the error term originates from the dis-
turbance caused by the recovered convection term on the first-
order scale to the recovered diffusion term on the second-order
scale, which cannot be eliminated simply by designing the
equilibrium distribution function. To completely eliminate the
effect of the error term on multiphase flow simulations, Liang
et al.[33] proposed that the time derivative term ∂t(φ𝑢) should
be introduced into the source term

Fi =

(
1− 1

2τp

)
ωi𝑒i · [∂t (φ𝑢)+ c2

s λ𝑛]

c2
s

. (8)
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A similar work was done by Ren et al.[26] However, the term
∂t(φ𝑢) was discretized by an explicit Euler scheme for sim-
plicity in their work.

For the purposes of recovering the accurate ACE and
avoiding the possible numerical errors, we further improve the
work of Huang and Wu,[38] in which a new form of relaxation
matrix and an appropriate equilibrium distribution function are
designed as shown in Eqs. (9) and (10), respectively

𝑆 =



s0 0 0 0 0 0 0 0 0
0 s1 0 0 0 0 0 0 0
0 0 s2 0 0 0 0 0 0
0 0 0 s3 ( s3

2 −1)s4 0 0 0 0
0 0 0 0 s4 0 0 0 0
0 0 0 0 0 s5 ( s5

2 −1)s6 0 0
0 0 0 0 0 0 s6 0 0
0 0 0 0 0 0 0 s7 0
0 0 0 0 0 0 0 0 s8


, (9)

𝑚eq = (φ ,α1φ ,α2φ ,φux,−φux,φuy,−φuy,0,0)
T . (10)

A Chapman–Enskog analysis (see Appendix A) demonstrates
that the ACE can be correctly recovered with Eqs. (9) and (10).
Setting s3 = s5, we can finally obtain the following macro-
scopic equation:

∂tφ+∇·(φ𝑢)

= F0 +δt∇·
[
𝐴

(
2
3
+

1
2

α1 +
1
3

α2

)
×
(

∇φ − 6
4+3α1+2α2

[
F3 +F4
F5 +F6

])]
. (11)

By comparing Eq. (11) with the ACE in Eq. (1), some param-
eters can be figured out as

Mφ = δt

(
1
s3
− 1

2

)(
2
3
+

1
2

α1 +
1
3

α2

)
, (12)

F0 = 0, (13)

F3 +F4 =
4+3α1+2α2

6
λnx, (14)

F5 +F6 =
4+3α1+2α2

6
λny. (15)

Here, the parameters take the following values: α1 = −2,
α2 = 2, and F4 = F6 = 0. Then equation (11) is simplified
and the resulting equation is just the same as ACE. That is to
say, the ACE is recovered correctly without any error terms by
using the modified relaxation matrix and source term.

2. Numerical results
In this section, four benchmark cases, including Zalesak’s

disk rotation, vortex droplet, droplet impact on thin film, and
Rayleigh–Taylor instability, are investigated to validate the in-
terface capture capability of the improved model. The LB
model for incompressible NSE in Ref. [33] is utilized to char-
acterize the multiphase fluid flows involved in the latter two

cases. In Ref. [33], the following governing equations for in-
compressible fluid flow are recovered:

∇·𝑢= 0, (16)

ρ

(
∂𝑢

∂ t
+u·∇𝑢

)
= −∇p+∇·

[
νρ
(
∇𝑢+∇𝑢T)]+𝐹s +𝐹b, (17)

where ρ is the density of the fluid, 𝑢 is the velocity, p is the
pressure, ν is the kinematic viscosity, 𝐹s = µ∇φ is the surface
tension force, and 𝐹b is the body force. The chemical potential
µ is given as follows:

µ = 4β (φ −φl)
(
φ −φg

)[
φ −

(
φl−φg

)
2

]
−κ∇

2
φ , (18)

where the parameters β and κ are both a function of interface
width W and surface tension coefficient σ , and given as fol-
lows:

β =
12σ

W
(
φl−φg

)4 , (19)

κ =
3σW

2
(
φl−φg

)2 . (20)

It is noted that the interface thickness W is set to be 2 in
lattice units in the test of Zalesak’s disk rotation and vortex
droplet, and W = 5 is chosen in the other two cases. For
numerical stability, the order parameter should be initialized
smoothly across the interface. The hyperbolic tangent function
is adopted to form a two-phase diffuse interface.[25] Our im-
proved model (denoted as MRT2) is compared with two mod-
els: the SRT model by Liang et al.[33] (denoted as SRT) and
the MRT model by Ren et al.[26] (denoted as MRT1), both
of which adopt an explicit Euler scheme to discretize the term
∂t(φ𝑢) in the source term. All the results come from the codes
programed by us.

2.1. Zalesak’s disk rotation

Zalesak’s disk rotation is a classic benchmark to examine
the ability of the algorithm to capture the interface. Initially, a
disk with a slot is placed in the center of the periodic square
computation domain with a size of Nx = Ny = L = 200. The
radius of the disk and the width of the slot are set to be 80 and
16 in lattice units, respectively. The disk is driven by a rotation
flow field, following u=−ω(y−0.5Ny) and v=ω(x−0.5Nx),
where ω = πU0/L is the rotating angular velocity, and the cor-
responding period T = 2L/U0. After one period, the interface
should return to its original position. To quantitatively show
the difference between two states before and after rotation, the
relative error is defined as

Eφ =
∑
𝑥
|φ(𝑥,T )−φ(𝑥,0)|

∑
𝑥
|φ(𝑥,0)| . (21)
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Note that the mobility Mφ is directly related to the relaxation
time τp = 1/s3, and thus it shows a significant influence on the
numerical stability of this model. To simplify the description,
the Peclet number (Pe), defined as Pe =U0D/Mφ β (φl−φg)

2,
is introduced. Several simulations are then conducted under
various values of Pe with Mφ varying from 0.01 to 0.0001. The
interface morphologies after rotation by all models are shown
in Fig. 1 and the quantitative comparisons are listed in Table 1.
For the case of Pe = 41.67, the disk contour at t = T show
a smoother concave corner inside the slot. All models have
their own best performances at Pe = 2083 and Pe = 4167. Al-
though the contours are almost indistinguishable, the relative
error listed in Table 1 indicates that the MRT model has bet-
ter accuracy in most of cases. Moreover, once Mφ decreases
to 0.0001, i.e., Pe = 2083 and 4167, the MRT2 model gives
a larger Eϕ than the other cases while the SRT model and the
MRT1 model become unstable and fail in simulation. In gen-
eral, the proposed MRT model shows its robustness and accu-
racy for various values of Pe.

SRT MRT1 MRT2(a) (b) (c)

SRT MRT1 MRT2 (f)(e)(d)

Fig. 1. Phase field contours of Zalesak’s disk rotation problem (φ = 0.5,
results of t = 0 and t = T are plotted in black solid line and yellow dashed
line) for Pe = 41.67 ((a)–(c)) and for Pe = 416.7 ((e)–(f)).

Table 1. Relative errors of Zalesak’s disk rotation.

U Mφ Pe SRT MRT1 MRT2

0.025
0.01 20.83 0.01722 0.01831 0.01296

0.001 208.3 0.01117 0.01319 0.01097
0.0001 2083 / / 0.03537

0.05
0.01 41.67 0.01445 0.01630 0.01460

0.001 416.7 0.01359 0.01575 0.01153
0.0001 4167 / / 0.03634

2.2. Vortex droplet

Another benchmark of vortex droplet is investigated to
further test the capability of the proposed model in capturing
interface deformation. Initially, a round droplet with a radius
of R = 40 is located at (100, 150) in a periodic square compu-
tation domain with a size of Nx =Ny = L = 200. The droplet is
driven by a strongly nonlinear flow field which conforms with

the following equations:{
u =U0sin2(πx/L0)sin(2πy/L0)cos(πt/T ),

v =−U0 sin(2πx/L0)sin2(2πy/L0)cos(πt/T ),
(22)

where the period T = 3L/U . Theoretically, for this velocity
field, the droplet interface will undergo a severely deformed
and stretched process, and return to its original position af-
ter a period. The overall topological changes of the interface
solved by the proposed model at U0 = 0.02 and Mφ = 0.001
are shown in Fig. 2, where we observe a helical thin filament
at t = T/2 and a perfect circle at t = T .

t/ t/T/

t/T/

t/T/

t/T

Fig. 2. Interface evolutions of vortex droplet problem at different time mo-
ments (φ = 0.5, results of MRT model with U0 = 0.02, Mφ = 0.001).

SRT MRT1 MRT2(a) (b) (c)

SRT MRT1 MRT2 (f)(e)(d)

Fig. 3. Phase field contours of vortex droplet problem at t = T (φ = 0.5, re-
sults of t = 0 and t = T are plotted in black solid line and yellow dashed line),
for U0 = 0.02 and Mφ = 0.01 ((a)–(c)), and U0 = 0.004 and Mφ = 0.0001
((d)–(f)).

Quantitative comparisons among the three models with
various values of U0 and Mφ are summarized in Table 2. All
models illustrate the best performance at Mφ = 0.001 but the
worst performance at Mφ = 0.001 or Mφ = 0.0001. The con-
tours with the largest relative error of each model are com-
pared those in Fig. 3. In the case of U0 = 0.02 and Mφ = 0.001,
the SRT model and MRT1 model give the larger relative error
due to the production of some unphysical disturbances near
the interface. It is apparent that the contour solved by the pro-
posed model is less disturbed and has the least error among the

024701-4
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three models. In the case of U0 = 0.004 and Mφ = 0.0001, the
MRT2 model gives the largest error in the three models. How-
ever, the contour still presents a perfect circle although it has
a larger error. In general, the proposed MRT model has better
performance. The results of Zalesak’s disk rotation and vortex
droplet demonstrate that the elimination of the term ∂t(φ𝑢)

does contribute to a better numerical stability and accuracy.

Table 2. Relative errors of vortex droplet.

U Mφ SRT MRT1 MRT2

0.02
0.01 0.05718 0.05593 0.03130

0.001 0.01986 0.01943 0.01427
0.0001 0.03464 0.03921 0.04327

0.04
0.01 0.03839 0.036957 0.02139

0.001 0.01844 0.019481 0.01736
0.0001 0.04244 0.047385 0.05465

2.3. Droplet impact on thin liquid film

Droplet impact on a thin liquid film widely exists in na-
ture and engineering areas, such as the splashing of raindrops
and pesticides on the plant liquid film surface, etc.[39] The re-
producing of these typical free surfaces requires the higher nu-
merical stability of the model due to the existence of a large
density difference and the possible numerical singularity at the
impact point. Particularly, the droplet and liquid film merg-

ing process and splashing process with possible rupture of the
liquid film caused by the Rayleigh–Plateau effect desire the
excellent ability of capture interface. In this subsection, the
droplet impacting on the thin film with a large density ratio of
1000 is simulated based on the improved MRT-LB model.

Initially, at the bottom of the domain is spread a layer
of the liquid film which a droplet is placed on, as illustrated
in Fig. 4. In our simulations, the grid size is chosen to be
Nx = 1500 and Ny = 500. The radius of the droplet R and
the height of the liquid film H are set to be 100 and 50, re-
spectively. To reproduce the realistic air-water system, density
values in this test are selected as ρl = 1000 and ρg = 1.0. The
droplet impact velocity is (ux,uy) = (0,U) pointing to the liq-
uid film, where U = 0.05. For simplicity, the periodic condi-
tion is imposed on the left boundary and the right boundary,
and the halfway bounce-back condition is imposed on the top
boundary and the bottom boundary.

Vapor (ρg,vg)

Liquid (ρl,vl)
U

Fig. 4. Schematic diagram of droplet impacting on thin liquid film.

t⇀/.

t⇀/.

t⇀/.

t⇀/.

t⇀/.

t⇀/.

t⇀/.
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Fig. 5. Snapshots of impingement process with (a) Re = 30, (b) Re = 100, and (c) Re = 500.

According to previous studies,[21,40,42] the dynamic be-
havior of droplet impinging on the liquid film can be char-
acterized by two dimensionless parameters of Re = 2UR/νl

and We = 2ρlU2R/σ . Here, simulations are carried out with a
fixed Weber number of We = 8000, and three Reynolds num-
bers of Re = 30, 100, and 500, with the value of νl varied. The
dynamic changes of the interface at various instants of dimen-
sionless time scaled by t = 2R/U are shown in Fig. 5. For the
low Reynolds number of Re = 30, the initial kinetic energy
of the droplet is absorbed by the viscous dissipation, result-
ing in an outward propagation of surface waves. A similar

deposition phenomenon of the droplet impingement was ob-
served experimentally by Rioboo et al.[42] The effect of fluid
inertia force increases with the increase of Re, resulting in a
larger interface deformation after the droplet has impacted on
the film. As shown in Fig. 5(b), the liquid tilts upward to form
a sheet in the center and propagates to both sides. The liq-
uid sheet tends to be like a pair of sheep horns, whose widths
gradually become thinner from the head in the liquid film to-
wards the tail in the gas. That is the ‘corona splash’ in the
three-dimensional state.[42] When Re increases to 500, inertial
forces, rather than the viscous force dominants the interface
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evolution, resulting in an obvious increase in the height of the
splashing liquid sheet. The rising liquid sheet tends to bend
at the edge of its tail to form a finer liquid wire. Once the
interface is disturbed, the liquid wire will break into multiple
droplets as shown in Fig. 5(c), which is regarded as the result
of the Rayleigh–Plateau effect.

The quantitative results of the spreading radius evolution
along time is evaluated next. With large Re and We, the spread-
ing radius, r, of the coronal spray after impact usually obeys
the following power-law relationship:

r
2R0

= α

√
Ut
2R0

, (23)

where the expansion factor α is related to the flow geometry.
Josserand and Zaleski[41] fitted the relation between spreading
radius and time for the three-dimensional modeling of droplet
splashing, according to Eq. (23), and found that α ≈ 1.1. How-
ever, the droplet is a planar disc rather than a sphere in the two-
dimensional simulation carried out here. Previous research
has shown that the expansion factor α should be larger than
1.1. Figure 6 shows the evolution of the spreading radius at
Re = 100 and 500. In a short time after the impact, the viscous
effects are negligible. Hence there is no apparent dependence
of the spreading radius on the Reynolds number. The numeri-
cal results under the two conditions are in overall accordance
with the power law of α = 1.35.

. . . . . .

.

.

.

.
Re/
Re/
r/↼R0↽/.[Ut/↼R0↽]1/2

[Ut/↼R0↽]1/2

r
/
↼
R
0
↽

Fig. 6. Evolution of spreading radius with Re = 100 and Re = 500.

2.4. Rayleigh–Taylor instability

Finally, a complex interface evolution induced in

Rayleigh–Taylor instability (RTI) is studied to show the ca-

pacity of the present model. Here, RTI usually occurs when

one layer of heavy fluid is placed on the top of another layer

of lighter fluid in the downward gravity field. Any disturbance

will grow to produce spikes of heavy fluid penetrating into the

lighter fluid, and bubbles of light fluid moving upward. Be-

cause of its significant role in engineering applications, such

as inertial confinement fusion and meteorology, RTI has at-

tracted sustained attention for a long time.

t⇀/. t⇀/. t⇀/. t⇀/. t⇀/. t⇀/. t⇀/. t⇀/.

t⇀/. t⇀/. t⇀/. t⇀/.t⇀/. t⇀/. t⇀/. t⇀/.

(a) (b)

(c) (d)

Fig. 7. Interface evolution of RTI with Re = 30 (a), 150 (b), 3000 (c), and 30000 (d).
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In our simulation, the grid size of the computational do-
main is Ny = 4Nx = 4Lw. The periodic boundary condition is
applied to the x direction and the halfway bounce-back bound-
ary condition is imposed on both the top wall and the bot-
tom wall. The fluid with density ρl and ρg are arranged in the
upper and lower layers respectively with an initial two-phase
interface position of h = 2Lw + 0.05Lw cos(2πx/Lw). The
other simulation parameters are set to be Lw = 256, ρl = 1.0,
σ = 5.0× 10−5. The numerical results are shown in the di-
mensionless form with length scale l0 = Lw, and time scale
t0 =

√
Lw/Ag, where g is the gravity and A is the Atwood

number of A = (ρl − ρg)/(ρl + ρg). Reynolds number of
Re = Lw

√
AgLw/(1+A)/ν is still adopted to characterize the

RTI.
First, we simulate the evolution of the RTI interface when

A is small (A = 0.1). Four cases of RTI under Re = 30, 150,
3000, and 30000 with obvious differences in interface evolu-
tion are shown in Fig. 7. Owing to the effect of gravity, the
heavy fluid falls into the lighter fluid and forms a spike, while
the lighter fluid surges upward to fill the gap, forming a bubble.
Two typical phenomena of the roll-up of heavy fluid and the
interface rupture on both sides of heavy fluid during the inter-
face evolution of RTI are both reproduced in this simulation.
According to these two phenomena, we compare the charac-
teristics of RTI under different values of Re. When Re = 30,
the dominant viscous effect makes the interface more stable.
The spike keeps on growing downward until two sides of the
spike roll up at t∗ = 3.36, and no interface rupture is observed
in the simulation time. However, in the case of high values
of Re, the rolling time advances to 1.78 (Re = 3000) and 1.28
(Re = 30000), respectively. After that, the two vortices grad-
ually grow and subsequently generate a pair of secondary vor-
tices in the upward direction. Finally, the interface experiences
a chaotic rupture, resulting in the formation of a large number
of small discrete droplets in the system.

Besides, it is obvious that the viscous effect also affects
the sinking velocity of the heavy fluid and the rising veloc-
ity of the lighter fluid. Figure 8 shows the time evolutions
of the tip displacement and velocity of spike and bubble.
The velocity is given in a dimensionless form by the Froude
number of Fr = u/

√
AgLw/(1+A). For the case of high

value of Re, the RTI undergoes four stages, including expo-
nential growth, terminal velocity, reacceleration, and chaotic
development.[43] In the exponential growth stage (t∗ ≤ 1),
the displacement of spike and bubble caused by small distur-
bance increase exponentially with time.[43] Then, the bubble
and the spike advance at a constant speed, that is, they enter
into the stage of terminal velocity (1 < t∗ ≤ 3). The classi-
cal potential flow theory predicts that the bubble velocity and
spike velocity at this stage are ub =

√
AgLw/3π(1+A) and

us =
√

AgLw/3π(1−A) respectively.[44] Based on the above

analytical solution, the terminal Fr of bubble and spike are
0.325 and 0.365 as indicated by the black dotted line in Fig. 8.
It can be seen that the simulation results are in good agreement
with the theoretical predictions.
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 Re/

Bubble Spike

F
r

t*

Bubble

t*

Spike

Fig. 8. Time evolutions of displacement and velocity of bubble and spike.

With time going on, the tip displacement of the bubble
gradually grows to the initial disturbance wavelength Lw. At
this time, the rolling up Kelvin–Helmholtz structure forming
on the interface reduces the contact friction between the bub-
ble and the spike. Besides, a momentum jet driven by the
induced flow promotes the bubble to advance.[43] Therefore,
the velocity in the socalled reacceleration stage (3 < t∗ ≤ 3.5)
exceeds the solution of the potential flow problem. When
t∗ > 3.5, the RTI enters into a chaotic development stage. The
interface between bubble and spike becomes more complex
with the value of Fr decreasing. For the case of low value of
Re (Re = 30), the RTI tends to end at the terminal velocity
stage. Both the reacceleration stage and the chaotic develop-
ment stage are no longer observed. It is worth noting that the
terminal velocity obtained by the present model is smaller than
the analytical solution of the classical inviscid potential flow
model, which indicates the dominant role of the viscosity ef-
fect.

To further validate the present model, we carry out a
simulation with similar parameters to those in the quasi-two-
dimensional experiment conducted by Waddell et al.[45] In
their experiment, an immiscible system with A = 0.155 is
driven by a body force that is 0.74 times the earth’s gravity
with an initial perturbation wavelength of 54 mm. By the def-
inition given above, we can figure out that the Reynolds num-
ber is around 5000. Figure 9 shows the time evolution of the
bubble position and the spike position, obtained by the numer-
ical simulation and cited from the experiment in Ref. [45]. It
reveals that the results of the present model are in good agree-
ment with the cited experimental results.
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Fig. 9. Results from the present model and experimental results cited from
Ref. [45].

Another case with A = 0.5 and Re = 3000 is alsosimu-
lated, which is also computed by Ding et al.[46] Figure 10 pro-
vides the time evolution of the bubble position and the spike
position together, and also shows the corresponding results in
Ref. [46]. Our results demonstrate satisfactory agreement with
those cited from the literature.

h
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 Bubble, Ding et al.[46]
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Fig. 10. Results of the present model and cited from Ding et al.’s work.[46]

t⇀/ t⇀/. t⇀/. t⇀/.

Fig. 11. Interface evolution of RTI with A = 0.999 and Re = 200.

Moreover, we simulate a case with Re= 200 at A= 0.999,
which corresponds to the density ratio of 2000. As is well
known, the numerical stability is significantly restricted by
the relaxation parameters. Hence, the relaxation parameters
should be selected carefully to ensure a stable simulation. The

interface profile at t∗ = 0, 0.5, 1.0, and 2.0, solved by the pro-
posed model, presented in Fig. 11, are consistent with the re-
sult in Ref. [47]. The above cases prove that the proposed
model enables the interface capture of multiphase flows, with
larger A applied. However, when the Reynolds number in-
creases to 1000, the proposed model fails to simulate the case
with A = 0.999. Further work needs to be done on solving the
problems concurrently involving high density ratio and high-
Re conditions.

3. Conclusions
In this work, we propose a phase-field-based MRT LB

model for interface capturing of multiphase flows based on the
conservative ACE. To avoid interfering of the convection term
with the diffusion term, a new form of relaxation matrix and
equilibrium distribution function is adopted to eliminate the
time derivative ∂t(φ𝑢). It is proved that the model can be re-
covered into conservative ACE exactly after second-order CE
analysis.

To validate the modified model, we first carry out a Za-
lesak’s disk rotation and a vortex droplet simulation to test its
capability of capturing the interface. The results are compared
with those from an SRT model and an MRT model, both of
which adopt an explicit Euler scheme to discretize the time
derivative ∂t(φ𝑢) in the source term. The proposed MRT
model shows better numerical stability and accuracy for vari-
ous mobility values among the three models. Then, the present
model is tested by two transient multiphase flow problems, in-
cluding droplet impact on the thin liquid film and Rayleigh–
Taylor instability. Both qualitative and quantitative analyses
have proved that the new model is capable of dealing with
complex interface deformation.
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Appendix A: The derivation of Eq. (1)
To derive the interface governing Eq. (1), we first left

multiply Eq. (5) with 𝑀 and substitute the result into Eq. (3)
for Taylor’s expansion

(𝐼∂t +𝐷)𝑚+
δt

2
(𝐼∂t +𝐷)2𝑚

=−𝑆

δt
(𝑚−𝑚eq)+

(
𝐼−𝑆

2

)
𝐹 . (A1)

Here, 𝐷 = 𝑀 [diag(𝑐0·∇,𝑐1·∇, . . . ,𝑐8·∇)]𝑀−1. Then, a
Chapman–Enskog (CE) analysis is carried out. Using the ex-
pansion strategies of 𝑚=𝑚(0)+ε𝑚(1)+ε2𝑚(2)+ · · · ,𝐹 =

024701-8



Chin. Phys. B 31, 024701 (2022)

ε𝐹 (1), 𝐷 = ε𝐷1, ∂t = ε∂t1 + ε2∂t2, ∇ = ε∇1 = ε(∂x1,∂y1)
T,

the consecutive orders of the parameter ε can be written as

ε
0 : 𝑚(0) =𝑚eq, (A2)

ε
1 : (𝐼∂t1 +𝐷1)𝑚

(0)

=−𝑆

δt

(
𝑚(1)+

δt

2
𝐹 (1)

)
+𝐹 (1), (A3)

ε
2: 𝐼∂t2𝑚

(0)+(𝐼∂t1 +𝐷1)

(
𝐼−𝑆

2

)
𝑚(1)

+
δt

2
(𝐼∂t1 +𝐷1)

(
𝐼−𝑆

2

)
𝐹 (1) =−𝑆

δt
𝑚(2), (A4)

where ε is a small expansion parameter,

𝐷 = ε𝑀 [diag(𝑐0·∇1,𝑐1·∇1, . . . ,𝑐8·∇1)]𝑀
−1.

To cancel out some terms in Eqs. (A2)–(A4), we transform
Eq. (6) from velocity space into moment space and obtain

m0 +
δt

2
F0 = φ = meq

0 . (A5)

Another CE expansion is conducted to obtain

m(0)
0 + εm(1)

0 + ε
2m(2)

0 +
δt

2
εF(1)

0 = φ = meq
0 . (A6)

By substituting the equilibrium distribution function and
Eq. (A6) into the conservation moment m0 of Eqs. (A2)–(A4),
we have

m(1)
0 +

δt

2
F(1)

0 = 0, m(n)
0 = 0, n≥ 2, (A7)

ε
1 : ∂t1φ +∂x1φux +∂y1φuy = F(1)

0 , (A8)

ε
2 : ∂t2φ +∂x1

[(
1− s3

2

)(
m(1)

3 +
δt

2
F(1)

3

+
s4

2

(
m(1)

4 +
δt

2
F(1)

4

))]
+∂y1

[(
1− s5

2

)(
m(1)

5 +
δt

2
F(1)

5

+
s6

2

(
m(1)

6 +
δt

2
F(1)

6

))]
= 0. (A9)

The source term in Eq. (A9) can be eliminated by substi-
tuting Eq. (A3) and the equilibrium distribution function (10)
into it. Thus we can obtain

ε
2 : ∂t2φ = δt∇1·𝐴

(
2
3
+

1
2

α1 +
1
3

α2

)
∇1φ

−δt∇1·𝐴

[
F(1)

3 +F(1)
4

F(1)
5 +F(1)

6

]
, (A10)

where the transformation matrix

𝐴=

[
1
s3
− 1

2 0

0 1
s5
− 1

2

]
. (A11)

Here, we used s3 = s5. Combining Eqs. (A8) and (A10),
we can finally obtain the macroscopic Eq. (11) as follows:

∂tφ +∇·(φ𝑢)

= F0 +δt∇·
[
𝐴

(
2
3
+

1
2

α1 +
1
3

α2

)

(
∇φ − 6

4+3α1+2α2

[
F3 +F4
F5 +F6

])]
. (A12)

By comparing Eq. (A12) with the ACE in Eq. (1), some pa-
rameters in Eqs. (12)–(15) can be obtained.

Taking α1 =−2, α2 = 2, F4 = F6 = 0, equation (A12) can
be simplified just like the ACE.
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