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Quantum error-correction codes are immeasurable resources for quantum computing and quantum communication.
However, the existing decoders are generally incapable of checking node duplication of belief propagation (BP) on quantum
low-density parity check (QLDPC) codes. Based on the probability theory in the machine learning, mathematical statistics
and topological structure, a GF(4) (the Galois field is abbreviated as GF) augmented model BP decoder with Tanner graph is
designed. The problem of repeated check nodes can be solved by this decoder. In simulation, when the random perturbation
strength p = 0.0115–0.0116 and number of attempts N = 60–70, the highest decoding efficiency of the augmented model
BP decoder is obtained, and the low-loss frame error rate (FER) decreases to 7.1975× 10−5. Hence, we design a novel
augmented model decoder to compare the relationship between GF(2) and GF(4) for quantum code [[450,200]] on the
depolarization channel. It can be verified that the proposed decoder provides the widely application range, and the decoding
performance is better in QLDPC codes.

Keywords: tanner graph, belief propagation decoder, augmented model, fourier transform
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1. Introduction
With the rapid development of information network, the

quantum computing and quantum communication have made
great progress.[1] The quantum communication and quantum
computing have been applied for capturing imaginations for
almost 60 years. Currently, there are two important parts
of quantum information science, which offer deeply paths to
solve problems that could never be overcame by classical com-
puting and communication.[2] In recent years, many schol-
ars are studying in the quantum walking fields.[3] The quan-
tum communication and quantum computing have closely
related.[4] On the one hand, the former is the theoretical and
environmental basis of the latter. On the other hand, the latter
provides operational guarantee for the former.

The quantum computing and quantum communication
have made a qualitative leap. For instance, quantum commu-
nication includes quantum key distribution and quantum se-
cure direct communication.[4,5] Propagation in quantum net-
work has been studied in Ref. [6]. In 2019, Qi et al. have
been studied quantum many-body states in Ref. [7] with neu-
ral network used, and routing in quantum network has been
studied in Ref. [8]. Then, parity checks have been used in con-
centration and measurement.[9,10] In addition, low-density par-
ity check (LDPC) codes have been extensively used in quan-
tum secure direct communication,[11,12] and quantum error-
correction has become one focus in quantum computing as
shown in Ref. [13]. There is a huge challenge to recon-
struct the existing decoders,[14,15] and the most difficult prob-
lem is how to resolve the node duplication of the existing

decoders.[16,17] This paper mainly focused on resolving this
problem and constructing a GF(4) augmented model belief
propagation (BP) decoder with Tanner graph.[18–20] We not
only use sparse matrix, bipartite graph and the properties
of approaching Shannon limit for quantum low-density par-
ity check (QLDPC) codes,[21–27] but also use the directivity
of Tanner graph. From these properties we know that the
length of the ring is at most one.[28–31] In 2019, Alex Rigby
et al. have been proposed an improved belief propagation de-
coder on QLDPC code.[26] The decoder was designed to cor-
rect the error of the quantum error-correction code and ob-
tained the accurate sequence, and then the information can be
transmitted.[32,33]

In this paper, combined with the properties of stabilizers,
a novel QLDPC code based on the BP algorithm decoding is
studied.[34,35] The BP algorithm can achieve hardware paral-
lelization. Besides, the algorithm is calculated by a simply
linear function related to the code length, thus, it has no er-
ror layer effect. Since the stabilizers are theoretically GF(4)
linear codes,[36] a new GF(4) augmented model BP decoder
with the Tanner graph is constructed by using the augmented
model. We use the received information to carry out itera-
tive operation between the variable node and check node, and
to obtain the maximum decoding gain.[28,35,37] As mentioned
above, the BP algorithm is based on a linear function related
to the code length. Therefore, the parallel implementation in
hardware can greatly improve the decoder speed.[38] The de-
coding frame error rate (FER) of BP algorithm decreases aptly
with the increase of the signal-noise ratio (SNR) and it does
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not have the phenomenon of error floor (carpet effect).[39–41]

Combining the BP decoder, a novel GF(4) augmented model
BP decoder with the Tanner graph is constructed, and the de-
coder adds an augmented model with the Tanner graph that
can check the repeated nodes.[42] The conditional probability
distribution and marginal probability distribution are used to
calculate the decoding FER. Since there is no node duplica-
tion on the decoder, the FER has been greatly reduced. The
algorithm rules and commutative principle in GF(4) field, the
inverse Fourier transform and Hadamard transform are used
for decoding.[43–45] Finally, the result of simulation shows that
compared with the existing decoders, the proposed decoder
has stronger anti-interference ability and it can achieve better
FER performance in terms of the random perturbation strength
and the number of attempts.

The structure of the present paper is organized as follows.
In Section 2, the quantum error-correcting codes and the Tan-
ner graphs are introduced. In Section 3, the limitations of the
original belief propagation decoder are analyzed. In Section 4,
we propose a scheme of the GF(4) augmented model BP de-
coder with Tanner graph. In Section 5, the GF(4) augmented
model BP decoder with Tanner graph has better FER perfor-
mance than the existing decoders through the simulation. Fi-
nally, the conclusion is given in the last section.

2. Quantum error-correction codes and Tanner
graph

2.1. Quantum error-correction codes

The QLDPC code in this paper is a quantum code based
on stabilizer codes. It not only meets the sparse matrix
of classical LDPC codes, which is close to Shannon’s limit
performance,[26] but also meets the characteristics of cyclic
difference sets of stabilizer codes. According to the above
structural properties, the ring length is guaranteed to be no
more than 1. In the Tanner graph, the problem of node du-
plication can be prevented and the efficiency of decoding can
be improved. Therefore, the characteristics of QLDPC codes
with Tanner graph provide a basic theory for the decoding pro-
cess.

2.2. Tanner graph

Tanner graph (factor graph) of a linear code is a bipartite
graph G = (V,C,E). The variable nodes V = {v1, . . . ,vn} cor-
respond to the n error components, and the check nodes C =

{c1, . . . ,cm} correspond to the m constraints imposed by the
rows of a parity-check matrix H. An edge ci,v j ∈ E connects
check node ci to the variable node v j if Hi j ̸= 0, i = 1,2, . . . ,m
and j = 1,2, . . . ,n. For example, the [[5,1,3]] Hamming code

can be expressed by the parity-check matrix[46]

HX =


1 0 0 1 0
0 1 0 0 1
1 0 1 0 0
0 1 0 1 0

 ,

HZ =


0 1 1 0 0
0 0 1 1 0
0 0 0 1 1
1 0 0 0 1

 , (1)

which gives Tanner graph shown in Fig. 1.[36]
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Fig. 1. [[5,1,3]] Z-error or X-error Tanner graph. The blue arrow be-
tween the variable node and the error node represents the exchange and
correction of the information.

In Fig. 1, {v1,v2,v3,v4,v5} represents the variable node
of [[5,1,3]], and {c1,c2,c3,c4} represents its check node. The
blue arrow in the check node indicates that the check node se-
quence has the property of cyclic difference set and solid lines
at each node represent the transmission of information.

3. Limitations of belief propagation decoder
Belief propagation algorithm, also known as sum-product

algorithm or message passing algorithm, is to treat the sum-
product operation in variable elimination method as a message
and save it, which can save a lot of computing resources. For
the general quantum low-density parity code, the length of its
ring is 2 or more, there will be a defect of node duplication.
When the decoder operation is carried out, many nodes may
recalculate the number of times more than twice, resulting in
a relatively high FER.

The following is the construction of belief propagation al-
gorithm. All error states E ∈ Pn can affect the n-bit quantum
code, and only those that conform to the exchange law of the
stabilizers and error operator can be used to measure Sc . In
other words, the conditional probability distribution under the
error operator s is

P(E|s) ∝ P(E)Sm
c ∏

m
c=1εSc ·E ·Sc,

where εSc is coefficient.
However, belief propagation has its inherent the limita-

tions that it cannot check for node duplication in a Tanner
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graph. Therefore, this paper improves the BP decoder via
adding a GF(4) augmented model with Tanner graph. Such
advantage is to solve the problem that node duplication cannot
be checked in the BP decoder, which further reduces the de-
coding frame error rate (FER). The information shifted from
the check node to the variable node can be expressed as

mc→v(Ev)

∝ ∑
Ev′ ;v

′∈n(c)∖v

(
εSc ·Sc ·Ec ∏

v′∈n(c)∖v
(εScmv′→c(Ev′))

)
, (2)

where Ev and Ev′ represent error states on variable nodes v
and v′, respectively. The coefficient can be obtained from the
normalized formula ∑Ec mc→v = 1. When the algorithm is ini-
tialized, its prior probability can be considered as 0.

Based on the information received above, each variable
node sends a message to its neighbor check node,

mv→c(Ev) ∝ p(Ev) ∏
c′∈n(v)∖c

mc′→v(Ev), (3)

where n(v)∖ c represents all of the adjacent nodes of v except
node c.

On the basis of the above belief propagation algorithm,
for GF(2) and GF(4) belief propagation decoders, the varia-
tion trend of FER of [[5,1,3]] is plotted under the random per-
turbation strength p = 0.008–0.02. However, it can be seen
from Fig. 2 that, for the belief propagation decoder, the value
of FER reaches only an order of magnitude of 10−2. There-
fore, the efficiency and stability of the augmented model belief
propagation decoder with Tanner graph is much higher than
that of the belief propagation decoder, and the order of magni-
tude of FER is as low as 10−5.
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Fig. 2. Comparing the relationship of p and FER in the GF(2) and
GF(4) of [[5,1,3]]. Note that the FER of GF(2) and GF(4) overlaps
when p = 0.009–0.012, due to node duplication in GF(4), which leads
to higher FER.

For Fig. 3, the relationship between iterative attempts and
FER of [[5,1,3]] is studied. As can be seen from the left fig-
ure, when the attempts between 5 and 15, there are two sharp
points. The sharp points indicate that the gradient disappears,

and this part of the simulation is invalid. In this case, the nu-
merical simulation may not get the correct result. Compara-
tively, as can be seen from the right figure, the numerical re-
sults of GF(4) are more greatly impressive. The right figure
of Fig. 3 shows the simulation of [[5,1,3]] code on the GF(4)
belief propagation decoder. With the increasing of attempts,
FER shows an approximately linear decline, and the accuracy
of FER reaches 10−7 when the attempts are 100. In contrast,
GF(2) is very unstable in the decoding process, and GF(4) has
better FER performance and effects. As the code length is too
short, it shows a downward trend with the increase of attempts.
However, with the increase of code length, the FER also will
gradually increase.
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Fig. 3. Comparing the relationship of attempts and FER in the GF(2)
and GF(4) of [[5,1,3]]. Specially, at about 5–15 in the left figure, there
are two sharp point where the GF(2) decoder fails because the gradient
disappears.

4. Schemes for implementing the augmented
model BP decoder in quantum error-
correction codes

4.1. The variable elimination method

Take the Bayesian network structure in Fig. 4(a) as an ex-
ample. Suppose the objective of the inference is to calculate
the marginal probability p(x5). Obviously, in order to do this,
we simply eliminate the variable {x1,x2,x3,x4} by addition,
namely,

p(x5) = ∑
x4

∑
x3

∑
x2

∑
x1

p(x1,x2,x3,x4,x5)

= ∑
x4

∑
x3

∑
x2

∑
x1

p(x1)p(x2|x1)p(x3|x2)p(x4|x3)p(x5|x4).

(4)

The belief propagation algorithm takes the summation
operation in the variable elimination method as a message
passing process, and it solves the problem of repeated calcu-
lation when solving multiple marginal distributions. Specifi-
cally, the elimination of variables is done by summation

mi→ j(x j) = ∑
xi

ψ(xi,x j)Πk∈n(i)∖ jmk→i(xi). (5)
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The variable xi is eliminated, where n(i) represents the
adjacency node of node xi. In the belief propagation algo-
rithm, this operation is treated as passing a message mi j(x j)

from xi to x j. Thus, the variable elimination process described
by Eq. (5) can be described as the message passing process
shown in Fig. 4(b). It is not difficult to find that each message
passing operation is only directly related to the variable xi and
its adjacent nodes. In other words, the calculation related to
message passing is limited to the local part of the graph.

In the belief propagation algorithm, a node can only send
a message to another node after receiving messages from all
other nodes. The marginal distribution of a node is propor-
tional to the product of messages it receives, namely,

p(xi) ∝ ∏
k∈n(i)

mk→i(xi) (6)

for example, in Fig. 4(b), before node x3 can send a message to
x5, it must receive a message from nodes x2 and x4 in advance,
and the probability that message m35(x5) gets to x5 is P(x5).
Figure 5 shows the diagram of belief propagation algorithm.

x x
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x

x

m↼x↽ m↼x↽
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m↼x↽

(b) Messaging process

x x
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x

x

(a) Bayesian network structure

Fig. 4. The variable elimination method and its corresponding messag-
ing process.
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(a) The message is propagated to the root node 

m↼x↽ m↼x↽

m↼x↽

m↼x↽

Fig. 5. Diagram of belief propagation algorithm.

4.2. The augmented model belief propagation

The augmented model decoder is the one novel decoder,
which first appeared in classical binary code.[22] For QLDPC
code, an augmented model decoder can be based on any coded
GF(4) decoder. Re-decoding is performed by using a ran-
domly generated augmented check matrix

HA =

(
H
Hε

)
, (7)

where a subset of randomly selected rows from Hε . The pro-
portion of the rows selected is determined by the augmentation
density ε . The syndrome used for decoding is

zA =

(
z
zε

)
, (8)

where z is the measured syndrome and zε contains the syn-
drome values corresponding to the rows selected to form Hε .

In the GF(2) case, an augmented model decoder is used,
and it is employed for the X element. Respectively, the form of
parity matrix on the augmented model used by the X decoder
and the augmented syndrome are

HA =

(
H ′

Z
H ′

Zε

)
, zA =

(
zX
zXε

)
. (9)

In order to further optimize the calculation, the stabilizer
code with the theory on the GF(4) field is associated. Suppose
Pauli operator group G is generated by {I,X ,Z,Y = XZ}. The
quaternion of GF(4) in Galois field is {0,1,ω, ω̄ = ω2}. The
following mapping is a one-to-one correspondence mapping
of the Pauli operator in G to the GF(4) field, namely,

G −→ GF(4)
I 0
X 1
Z ω

Y ω̄

In this way, the stabilizer generator element matrix H̄ of
[[5,1,3]] code can be expressed as

H̄ =


1 ω ω 1 0
0 1 ω ω 1
1 0 1 ω ω

ω 1 0 1 ω

 . (10)

Here to be sure, G → GF(4) is not the only one. The rela-
tion between the X → ω,z → ω̄,Y → 1 corresponding relation
is adopted in some literatures.

4.3. Classical decoder decoding and GF(4) augmented
model BP decoder decoding with Tanner graph

In particular, convolution can be converted to take the
product of the Fourier transform and the inverse Fourier trans-
form. The following is the belief propagation algorithm based
on fast Fourier transform, namely, FFT-BP algorithm. It
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should be noted that the subscript operation of the convolution
solution of the probability sequence belongs to the operation
of GF(4), so the transformation can be regarded as a series of
two-point FFT transformations in the p-dimensional space. In
essence, the method adopts the Hadamard transform

F0 = [ f 0 + f 1]+ [ f 2 + f 3],

F1 = [ f 0 − f 1]+ [ f 2 − f 3],

F2 = [ f 0 + f 1]− [ f 2 + f 3],

F3 = [ f 0 − f 1]− [ f 2 − f 3]. (11)

Belief propagation effectively approximates these
marginal probability distributions by passing the code mes-
sages on the Tanner graph. A message is sent from each vari-
able node v j to the check node in neighbor ℳ(v j) = {ci ∈C :
{ci,v j} ∈ E}. The message sent to the check node ci ∈𝒩 (v j)

is µ j→i, where the element corresponding to b ∈ GF(4) is

µ
b
j→i = P(e j = b). (12)

Every check node ci then sends a message back to
the variable nodes in the neighborhood 𝒩 (ci) = {v j ∈ V :
{ci,v j} ∈ E}. In particular, the message sent to variable node
v j ∈𝒩 (ci) is λi→ j with

λ
b
i→ j = K ∑

𝑒:e j=b
δ

(
∑

j′∈𝒩 (i)
Hi j′e j′ = zi

)
∏

j′∈𝒩 (i)∖ j
µ

e j′
j′→i, (13)

where, through slight abuse of notation, 𝒩 (i) = { j ∈
{1, . . . ,n} : v j ∈𝒩 (ci)} and K is a normalization factor chosen
such that ∑b λ b

i→ j = 1.
First, classical decoding is introduced. The check con-

straint of Eqs. (9) and (11) can be written as

∑
j′∈𝒩 (i)∖ j

Hi j′e j′ = ∑
j′∈𝒩 (i)∖ j

ẽ j′ = zi −Hi jb, (14)

where ẽ j′ = Hi j′e j′ . λ̃ b
i→ j can be used to define

λ̃
b
i→ j = ∑

𝑒:∑ j′ ẽ j′=b
∏

j′
µ

e j′
j′→i = ∑

𝑒:∑ j′ ẽ j′=b
∏

j′
µ̃

ẽ j′
j′→i, (15)

where µ̃
ẽ j′
j′→i = µ

H−1
i j′ ẽ j′

j′→i (this corresponds to a permutation of
elements) and j′ ∈ 𝒩 (i) ∖ j. Equation (13) is a convolution
and as such can be efficiently computed using a Fourier trans-
form ℱ as

λ̃i→ j = Kℱ−1{∏
j′
ℱ{µ̃ j′→i}}, (16)

where ℱ−1 is the inverse Fourier transform and the product is
element-wise (K is a normalized factor). In the binary case,
we can use the Hadamard transform. If µ̃ j′→i = (µ̃0

j′→i, µ̃
1
j′→i)

is a column vector, then

ℱ{µ̃ j′→i}= F µ̃ j′→i, (17)

where

F ∝

(
1 1
1 −1

)
. (18)

The inverse transform can also be achieved by multiplying by
F (up to some unimportant scaling factor). λi→ j is a permuta-
tion version of λ̃i→ j with

λ
b
i→ j = λ̃

zi−Hi jb
i→ j . (19)

Furthermore, the GF(4) augmented model belief propa-
gation decoder decoding with Tanner graph is introduced. The
relationship between commutator and anticommutator is given
by using the inner product of the trace above, and then the
description of FFT-BP algorithm is obtained. The check con-
straint of Eqs. (9), (11) and (14) can be written as

tr(Hi jb̄+ ∑
j′∈𝒩 (i)∖ j

Hi j′ ē j′)

= tr(Hi jb̄+ ∑
j′∈𝒩 (i)∖ j

ẽ j′) = tr(Hi jb̄+ zi −Hi jb) = zi, (20)

where ẽ j′ = Hi j′ ē j′ . The definition of λ̃ b
i→ j is the same as that

of µ̃
ẽ j′
j′→i = µ̃

(H−1
i j′ ẽ j′ )

−1

j′→i = µ̃
Hi j′ ẽ

−1
j′

j′→i in Eq. (20). Thus, λ̃i→ j can
be calculated by using the Hadamard transformation with

F ∝

(
1 1
1 −1

)⊗2

=


1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

 . (21)

λ̃ b
i→ j corresponds to ∑ j′ ẽ j′ = b and as such can be used to de-

termine λ b
i→ j, which corresponds to e j′ = b. If zi = 0, then

Hi jb̄ + ∑ j′ ẽ j′ = 0 or 1; conversely, if zi = 1, then Hi jb̄ +

∑ j′ ẽ j′ = ω or ω̄ . Therefore, for zi = 0 the elements of λ b
i→ j

are

λ
b
i→ j =

1
2
[λ̃

−Hi j b̄
i→ j + λ̃

1−Hi j b̄
i→ j ], (22)

and for zi = 1

λ
b
i→ j =

1
2
[λ̃

ω−Hi j b̄
i→ j + λ̃

ω̄−Hi j b̄
i→ j ]. (23)

These can be combined to give

λ
b
i→ j =

1
2
[λ̃

ωzi−Hi j b̄
i→ j + λ̃

ωzi+1−Hi j b̄
i→ j ]. (24)

5. Main results
In this paper, we mainly analyze and calculate the sim-

ulation of GF(2) augmented and GF(4) augmented of bicycle
code [[450,200]] on the depolarizing channel. Compared with
the random perturbation strength of the existing decoders,[47]

the FER performance of decoders is as shown in Fig. 6 below.
Figure 6 shows the relationship between p and FER for

GF(2), GF(4), GF(2) augmented model and GF(4) augmented
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model, respectively. What is remarkable is the degree to which
it helps, with a significantly greater relative gain than a novel
GF(4) augmented model BP decoder with Tanner graph over
other decoders. By comparing 3 and 4 in Fig. 6 horizontally,
it can be seen that when p = 0.0115–0.0116, the GF(4) aug-
mented decoder is one order of magnitude lower than GF(2)
augmented decoder, and the minimum value of FER for GF(4)
augmented decoder is 7.1975× 10−5 when p = 0.0115. At
this point, FER= 7.1975 × 10−5 is the low-loss decoder of
GF(4) augmented model BP decoder compared with the ex-

isting decoder. Furthermore, a longitudinal comparison is
made to compare 1 and 3 in Fig. 6. It can be seen from the
minimum value of each figure that GF(2) augmented model
decoder can withstand greater random perturbation strength
when FER is of the same order of magnitude, and the de-
coding effect is better than GF(2) decoder. Therefore, when
p = 0.005–0.0115(0.0116), it shows a downward trend, and
then the decoder plays a vital role. As shown in Fig. 7, when
p = 0.0115, the FER performance of the decoder is constantly
changing under different attempts.
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Fig. 6. The relationship between p and FER. As can be seen from the third and fourth pictures of Fig. 6, there is a small increment of FER
before p = 0.005, which is due to the influence caused by noise in the environment. The decoder also needs some time to adapt to the noise in
the environment.
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Fig. 7. The relationship of attempts and FER in GF(2) Aug and GF(4)
Aug. In the case of certain random perturbation strength, when the num-
ber of attempts is 50–80, the FER of GF(2) augmented model decoder
appears negative number, at this point, it has a gradient disappearance,
which indicates that it has failed.

As can be seen from Fig. 7, the FER of GF(4) augmented
model BP decoder does not change significantly with the in-
crease of the number of attempts. However, GF(2) augmented
model BP decoder fluctuates greatly. In effect, the novel GF(4)
augmented model BP decoder has the highest efficiency and

is more suitable to be used as a decoder for quantum error-
correction codes. Moreover, at a given random perturbation
strength p= 0.0115 and the number of attempts N = 60–70, its
minimum FER can reach an order of magnitude of 10−5. Com-
pared with GF(4) augmented decoder, the stability of GF(2)
augmented decoder is far less than its.

6. Conclusion
The paper mainly includes two aspects. On the one hand,

Tanner graph plays a key role in the construction of decoding
algorithm. On the other hand, the characteristics of cyclic dif-
ference sets of QLDPC codes and the construction of sparse
matrices provide a solid foundation for the belief propaga-
tion algorithm. Therefore, a new GF(4) augmented model be-
lief propagation decoder with Tanner graph is found, which
is suitable for the new code. According to the simulation of
the GF(2) Aug decoder and the GF(4) Aug decoder of bicy-
cle code [[450,200]] on the depolarizing channel, when p =

0.0115–0.0116 and number of attempts N = 60–70, the FER
of the novel decoder is nearly zero decreased to 7.1975×10−5.
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The decoder has a wide range of applications, with better FER
performance than the random perturbation decoder. Due to
the construction of the Tanner graph is not unique, the Tan-
ner graph can be found that is most suitable for this decoder.
In the future, quantum fault tolerance and threshold or noise
compression information will be further investigated.
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