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Influence of Coulomb force between two electrons on double
ionization of He-like atoms

Peipei Liu(XI|£55%), Yongfang Li(Z%7K75), and Jingtao Zhang(3K#i#)"
Department of Physics, Shanghai Normal University, Shanghai 200234, China
(Received 31 March 2021; revised manuscript received 27 May 2021; accepted manuscript online 21 June 2021)

In strong-field double ionization, two electrons are ionized by intense laser field. These two electrons move in the laser
field and the state is described by a Coulomb—Volkov state, where the repulsive Coulomb state describes the relative motion
of the two electrons and the Volkov state describes the center-of-mass motion of the two electrons in the laser field. In the
frame of scattering theory, we derive a simple analytical formula of the double ionization of He-like atoms. The effect of
the Coulomb force between two electrons on the double ionization process is discussed. Numerical studies disclose that the
Coulomb force enhances the ionization rate of high-energy electrons but suppresses the ionization rate of the lowest-energy

electrons.

Keywords: double ionization, Coulomb force, Coulomb—Volkov state, scattering theory

PACS: 32.80.Rm, 32.80.Fb, 34.50.Rk, 42.50.Hz

1. Introduction

Strong-field double ionization (SFDI) denotes that two
bound electrons are released from atoms and molecules by
the intense laser field.!'*! This effect is important because it
provides a prototype of electron correlation that widely ex-
ists in natural process. According to a three-step scenario,!>f]
the electron correlation was set up during the recollision pro-
cess of the returned electron with the parent core, which en-
hances the double ionization rate significantly. In the past
decades, this kind of the electron correlation has aroused ex-

7-101 In this paper, we show that the Coulomb

tensive studies. !
force between two electrons also enhances the double ioniza-
tion rate notably.

Many treatments were developed to study the SFDI pro-
cess in intense laser fields. The numerical solution to the time-
dependent Schrodinger equation method that was widely used
in the study of single ionization, however, is limited in one-
dimension studies for double ionization because it is time-
consuming when two electrons are involved.!'!! The classical
ensemble method developed by Eberly et al. became popular,
owing to its simplicity and high efficiency.!'”) The S-matrix
treatment, developed by Fasial ef al.,!'3 presented an analyt-
ical formula of the double ionization rate. However, this for-
mula is very complicated and time-consuming.

Nowadays, all the available treatments on the SFDI pro-
cess regard intense laser field as a classical field, although the
concept of photon is frequently involved.!'3] In fact, quantum
features do appear in experimental observation on SFDI. One
demonstration lies in the sum energy spectrum of two elec-
trons. It was observed that a series of peaks, with the inter-
val of one photon, appear in the sum-energy spectrum of two
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electrons. This feature is significantly similar to the observa-

6.14.15] byt cannot

tion on above-threshold ionization spectra,[
be explained in terms of the interference of wavepacket that is
separated by half optical cycle in the birth time. Thus, the dis-
crete peaks in the photoelectron spectra strongly indicate the
quantum feature of the laser fields. This suggests one to treat
the laser field as a quantized one.

In this paper, the eigenstate of two electrons in an intense
quantum field is derived, by which we obtain a simple ana-
lytical formula of the double ionization rate. The motion of
two electrons moving in an quantum laser field is, actually, a
three-body problem, i.e., two electrons and all photons act as
the third body. The eigenstate of an electron in the laser field is
the known Volkov state, but the Coulomb interaction between
two electrons introduces a singularity and becomes dominant
in the electron collision process. By introducing the center-of-
mass (COM) coordinate and the relative coordinate, we divide
the state of the two electrons in the laser field into the inner
and outer degrees of freedom. The inner degree of freedom de-
scribes the relative motion of two electrons and can be treated
as a quasiparticle of half electron mass moving in a Coulomb
field. Its state is known as the repulsive Coulomb state. The
outer degree of freedom describes a quasiparticle moving in an
intense laser field and its state can be described by the Volkov
state. Such a treatment was also used by Faisal ez al.,'®! but
the laser field is quantized in our treatment. The quantum field
Volkov states have well-defined eigenenergy, which make it
possible to study the photoionization from the energy view-
point.

Using the derived Coulomb—Volkov state, we obtain an
analytical formula of the double ionization rate in the frame of

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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scattering theory, by which we discuss the effect of Coulomb
repulsive force between two electrons. We will show that the
Coulomb force enhances the ionization rate of high-energy
electrons by more than two orders of magnitude but suppresses
greatly the ionization rate of the lowest-energy electrons.

2. Coulomb-Volkov state of two electrons

For an electron moving in an intense laser field,
the quantum-field Volkov state is the eigenstate of the
Schrodinger-like equation.!’~1°1 In this paper, we firstly show
how to divide the Hamiltonian into two parts through a series
of transformations, then start from the Schroding-like equation
to get the two-electron quantum-field Volkov state in single-
mode laser fields.

The eigen-equation of two electrons of mass m, moving
in an intense laser field is given by (atomic units & = me =
le| = 1 are used throughout this paper)

qu(rlvr2) :EIII(TUTZ)) 9]

where the Hamiltonian is obtained by the minimum coupling
principle as

(—iV1+A(—k-T1))2
2
7' P . 2
+( 1V2+A( k 7‘2)) +L @)

2 ri2 ’

H =

in which —iV; and r; are the momentum operator and the po-
sition of the ith electron with respect to the core, and ri; =
|ry — 7| is the distance between the two electrons. In this
Hamiltonian, the Coulomb force between the two electrons is
independent of the laser field, which satisfies the principle of
independent action of forces. This treatment holds in the non-
relativistic case, where both the intensity of the laser field and
the velocity of each electron are not too high. This Hamil-
tonian is widely used in other theoretical treatments. [16:20-22]
The vector potential of a laser field is

A(—k-r)=g(eac®" + a7k T),

where g is the coupling constant, a and a' are the annihilation
and the creation operators of the laser photon, and the polar-
ization vector is

€ = [eccos(E/2) + i€y Sin(‘g’/z)]eie/27

where £ monitors the degree of ellipticity of the laser field,
such that & = 0 corresponds to linear polarization and & = 7 /2
to circular polarization. The phase angle 6 is the initial phase
value. 18]

In order to eliminate the coordinate dependence of the
vector potential, we define a unitary operator as follows:

U(r) =exp(—ik-rN,),

where N, = 1(aa’ +a'a) is the number operator of photons.
Left acting this operator on both sides of Eq. (1), we obtain

Hl‘f’/(’l"l,’rz) ZE"III(’I’I,Tz), (3)
where ¥/ (r1,72) = U™ (r)UT (r2)¥(r1,72) and
H =U*(r)U* (m)HU (r)U (1)), 4)

which includes three parts, and the first two parts can be cal-
culated as

(—iV,- + A(—k: . ’I",’))Z

Ut (r)U*(ra) 5

U(r2)U(r1)

1
= 5 (Pi— kN, + A)%,
where A = g(ea+ €*a’) is independent of the position. By
defining R = (r; +77)/2 and » = r| — 7, as the center of
mass and the relative coordinates, %! respectively, we get

U )V (r2) U r)U ()

= exp(i2k~RNa)£exp(fi2k~RNa) = 1
r r

Then the transformed Hamiltonian is worked out to be

— kN, + A)? — A2 1

Since the Coulomb force is a central field and depends on
the relative distance between the two electrons, we introduce
the relative coordinate to deal with the relative motion of the
two electrons, and introduce the center-of-mass (COM) coor-
dinate to describe the motion of the two electrons in the intense
laser field. This is carried out by introducing the momentum

operators!!3!

P=p+ps, pzp';pz- (©6)

The Hamiltonian (5) can be rewritten as

1 21
:m(P—ZkNa-i-ZA)Q-i-%-F;, %)

!

H

where M = 2me, and = 1/2m,. Clearly, the transformed
Hamiltonian includes two parts: One is for a quasiparticle of
mass 2m,. and charge 2e moving in a laser wave of vector po-
tential A as

1

- 2M(P’ +2A)%, P =P-2kN, 8)

Hy

and the other is for a quasiparticle of mass g and charge e
moving in a repulsive Coulomb field as

He=>——+—. )

013202-2



Chin. Phys. B 31, 013202 (2022)

2.1. Repulsive Coulomb wave function

The eigenstate of Hc is a repulsive Coulomb wave func-
tion given by[>324]

=N@) 1F1(iv, 1, =i(p-7+pr))exp(ip-7), (10)

where | F] is the confluent hypergeometric function, v=1/agp
is a dimensionless parameter depending on the relative mo-
mentum of the two electrons, and

N(v) =exp(—av/2)[(1 —1iv),

in which I'(x) is the Euler gamma function, and aq is the
Bohr radius. For the quasiparticle of reduced mass 1/2m,
and charge e, ap = 2.0 a.u. The Coulomb wave function is
characterized by the momentum p, so it varies with v notably.
When v =0, N(0) = 1.0 and F;(0,1,x) = 1.0, the Coulomb
wave function reduces to the electronic plane wave, and then
the Coulomb force becomes negligible. When v < 1, this part
wave function decreases when r increases while keeps posi-
tive and the real part is always far larger than the imaginary
part. When v > 1, these features lost, but the absolute value
decreases fast. Thus, when v — oo, the Coulomb wave func-
tion also reduces to the electronic plane wave. The dimension-
less parameter v denotes the Coulomb effects between the two
electrons in momentum space.

2.2. Quantum-field Volkov state

For Hamiltonian (8), it is quite similar to the one that de-
scribes an electron moving in a quantum laser field. The differ-
ence lies in both the charge and the mass of the quasiparticle
are doubled. The motion is described by the known Volkov
state expressed as

W(R) = Ve '* Y exp[i (P+(2up— j)k) - R]
j=-n
X |n+j>X*j(ZC)ZS)7 (11)
where V{l/ ? is the normalization volume and is set as unity in

the following. The corresponding energy is given by
P2

E(N,) =
(Na) = 507

where the first term denotes the kinetic energy of the quasi-

+(n+1/242uy) 0,

particle, and 2u,®@ term denotes the quiver energy of the two
electrons in the laser field.

In Eq. (11), the generalized phased Bessel function is de-
fined as

Zqu = Z X/ 2m Zc ( )

m=—oo

in which two independent variables are

E
ZCZZQ/@P'EZ%P'ﬁ,
(0] (0]

Zg = UpCcos & elf = UpE - €, (12)

where u, is the ponderomotive parameter defined as u, =
E}/(40®) =1/(20°).
2.3. Final wave function

Combining the above results, the eigenstate of the total
Hamiltonian can be expressed as

¥Y(R,r) = N(v )1F1(iv71,—i(p-r+pr))exp(ip~7“)

x Y exp[i (P+(2up— j)k) - R]
jz-n
X | n+j)X_j(ze,25), (13)
and the energy is
2 p2 1
E2M+2'u+2upw+<n+2)w. (14)

3. Double ionization rate formulae

In order to analyze the double ionization process in more
details, we regard the CV state obtained above as the final sate,
and derive the transition matrix element of the double ioniza-
tion in the strong laser field.

The interaction Hamiltonian of a two-electron atom with
the intense laser field is given by

P-A+A-P

V="~ 1A’
2 A

in which the first two terms denote the interaction of the
two electrons with the laser field, the last term is the self-
interaction of the laser filed. According to the scattering the-
ory, the transition matrix element can be expressed as

Tq = <‘Pp7n|V|¢i7i’li>
= (2up—j)w<‘f’p,n|¢i,ni>7 (15)

where j = n; —n. The final wave function for two-electron
moving in an intense-laser field is given by Eq. (13) and the

initial wave function of He-like atoms is given by !>

&;(R,r) = Nexp(—aR)exp(—fr),

where N = 1.476 is the normalization constant, and o =
3.716/agp and B = —0.255/ag are two parameters of momen-
tum dimension. Compared with the hydrogen-like wave func-
tions, it is easy to find that the parameter  plays the role of
the inverse Bohr radius. Because r denotes the relative dis-
tance of the two electrons in the bound state of He-like atoms,
the Coulomb effect varies with 3.

The overlapping factor in Eq. (15) is derived in the fol-

lowing.

013202-3
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3.1. Integration over R

This part is independent of the two-electron distance 7:

(W (R)| ¥ (R),ni)
= /dR‘P\/(R)*lP,(R) = ij(zwz‘v)*éi(ﬁ)v

where P = P+ (2u, — j)k, and

&,(P) = dRexp{—iP - R}exp(—aR)

8am
T e (10

This part describes the dynamics of the quasiparticle of mass

2m, and charge 2e in the intense laser field.

3.2. Integration over r

This part can be calculated as

()

(r)[¥(r))
= N(v)*/drlFl(iv,1,—i(p-r—|—pr))*exp(—ip-r)‘H(r)

N)* / driFi(—iv, 1,i(p-r+ pr))exp(—ip-r)¥(r)
d
%E.

Here, we have used the formula presented in Ref. [26], i.e.,

= N

exp(—ig-r—fr)

L= /drlFl(—iv,l,i(kr+k:~r))

r
= 4nT ISV =4xM™T, (17)
where
T =p*+p’, S=—(iB+p)
S _—(iB+p)>* _B*—p*-2ifp
M= = = ,
T ﬁz +p2 ﬁQ +p2
so that
L MYV
I(v) = B = 871:? [-B(1+iv)+v(iB+p)/M]. (18)
In the limit v = 0, this quantity reduces to
8
10) = —————,
="

which is the hydrogen-like 1s wave function in momentum
space, similar to that in Eq. (16). This relation also indicates
that the quantity /(v) has the dimension of wave function in the
momentum space, thus we term it as the Coulomb-corrected
wave function.

3.3. The ionization rate formula
Using the above formulas, we express the transition ma-

trix element as

T = N(v)*(j — 2up) 0Piy (P)X_j(z¢,25) " I(v),  (19)

by which the total double ionization rate can be expressed as
1 2
W=_—=</[dP / dp|Ts|° 6 (E0 — E),
s | 4P [ ap T 8(Eo - E)

where [dp = [ p*dpd, and €, is the solid angle of p. Note
that the quantity £ is independent of £2,,, we replace the inte-
gration over £, by 47. Expanding the energy delta function
as

5(Ey—E) = 2;[6<p—p,->+6<p+pj>1,

where p; = [(jfZLtp)(x)pr7P2/(2M)]1/2 and j denotes
the number of photons absorbed during ionization. We can

reach |
Wi=—— [ dPp;|Ti|*.
! (27r)4/ p; [Tl

Inserting the transition matrix element, we obtain the dif-
ferential transition rate of absorbing j-photon process as

awy G-’ (T (20)
dP l(p=p)) (2n)’ay 1 —exp(—2mv)’
where v = 1/agp; and Tj is given by
T = Pt (P)X_j(ze,25) " 1(v) 1)

with p = p;, and we have used the following relation

271'/(1()

piNWN(v)* = T exp(—2mv)”

For the j-photon process, according to the energy conserva-

tion, we have

P2 p;
j—2up)® — I, = —— + =L 22
(J —2up) P 2M+2u’ (22)
which suggests that the maximum of P reaches

2+/(j—2up)® — I, and that of p; reaches \/(j —2up)®w — I.

This relation also puts a bottom limit on the value of v.

4. Effect of Coulomb expansion between elec-
trons

The single-electron multiphoton ionization is determined
mainly by the GPB functions, including its order and two ar-
guments. These quantities, in turn, are determined by three
dimensionless parameters, i.e., the number of absorbed pho-
tons j for ionization, the binding number &, = I,/ ®, and the
ponderomotive parameter u. It has been shown that the elec-
tronic dynamics are equivalent in different laser fields when
those three parameters are kept unchanged, thus a scaling law
is established that is verified to be hold in multiple electron-
photon interaction processes.

For double ionization, the electronic dynamics is deter-
mined by two factors. One is for the multiple photoionization

013202-4
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of the quasiparticle in the intense laser field and works via the
GPB function, which is similar to that in the single ionization
case. The other is for the Coulomb repulsion between two
electrons and changes the double ionization rate mainly via
the quantity in Eq. (21). The Coulomb force between the two
electrons plays a key role in double ionization process, thus
we focus on its influence in the following.

The effect of the Coulomb force between the two elec-
trons lies mainly in the quantity I(v) that is independent of
the direction of p;. In order to identify the Coulomb effect,
we calculate I(v) for different values of B. Figure 1 depicts
the module of /(v) as a function of v for several . From this
figure we see that when B is small, the module of I(v) in-
creases firstly, reaches a maximum, and then decreases. How-
ever, when f3 is larger than 0.5, the module of /(v) increases
monotonically with v. When v is smaller than 2.0, all curves
increase quickly; however, when v is larger than 6.0, all curves
change slowly. For He-like atoms, the parameter 3 is about
0.13(£0.02), thus there is an optimal value of v where the
Coulomb effect is maximal. For He atom, = 0.1275 and the
optimal v = 2.725.

Next we show the variation of the double ionization rate
with v in given processes. In a given j-photon process, the
double ionization rate is determined mainly by two factors,
i.e., I(v) and the GPB function X_;(z,zs). The first factor

is a function of v, and it changes slightly when v is large, as
shown in Fig. 1. This indicates that when p; — p; is large
enough, the Coulomb effect is negligible. The second factor,
i.e., the GPB function term, also varies with v, because the
first argument of the GPB function, i.e., z. in Eq. (12), de-
pends on P while the latter varies with |p;| = 1/(aov) through
the relation in Eq. (22). When v is large, the momentum P
tends to its maximum, and hence the GPB function keeps con-
stant almost. Subsequently, when v is large, the double ion-
ization rate changes slightly with v. In the following discus-
sion, we focus on the case of v < 20, which corresponds to
|p1 — p2| >0.05 a.u.

30

25

20

15

10

Module of I(v)

0 2 4 6 8 10

Fig. 1. Variation of the Coulomb-corrected wave function I(v) with v
for He-like atoms with several f3.

—16
~ 10-16 (a) ~ 10 (@
A ~ e C .
5 5 10-16 (c) 5 10-17
E W0 ~—— & )
8 ° 10717 8 10—18
< 1018 b <
= & 10—18 ~ 10719
=1 < =1
o —19 [e]
2 10 —tOtaé .% 10-19 ——total £ 10 ——total
N — V= A — N
S qp-20 _ N _20 v=0 X o —v=0
§ ng=1 g 10 ng=2 g 10 ng=>5
10-21 . MR = _a1 , = 99 .
5 6 7 8 9 101112131415 10 5 T 5 6 8010 30 107221 2 3 45678910
v v v
/:T' 1076 (b) ;\ 10—6 /; 1075 (f)
8 < g -7
= o7 & < 10
E £ 107 5 10-0
- 10—8 f — 10—
=) =] _8 =)
% 10-9 —total | 3 10 —total 2 101 —total
g —v=0 IS B —ov=0 g —uv=0
‘= 10-10 ng=1 g 10—° ne=2 ‘5 1018 ni—5
S S 2
10-11 \ ~ 10-10 1015 . A
3 4 5678910 20 30 2 3 5 6 78910 20 0.60.81 2 4 6 810
v v v

Fig. 2. Variation of the double ionization rate with v in different processes: (a)—(d) for the first and the second ATI peaks, (e) and (f) for the S5th
and the 10th ATI peaks, respectively. The laser field is of wavelength 800 nm and intensity 5.0 x 10'3> W/cm? (upper) and 2.0 x 10'* W/cm?

(lower), respectively. The quantity ny denotes the ATT order.

Figure 2 show the variation of the calculated double ion-
ization rate with v in several processes. Generally, the double
ionization rate increases distinctively when v < 5, but keeps
almost constant when v > 10. Such a pattern is quite simi-

lar to that of I(v), indicating that the change is mainly caused

by I(v).

sive force, we also calculate the ionization rate without the

In order to identify the effect of Coulomb repul-

Coulomb force. This is carried out by setting v = 0 in the tran-
sition matrix element. The results are also shown in Fig. 2.

The comparison of two curves discloses clearly the influence

013202-5
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of the Coulomb force. The change can be identified into two
categories. One is that the double ionization rate is notably
enhanced when v is large. Generally, the enhancement reaches
about three orders of magnitude. The other is the suppression
in the double ionization rate when v is small. Because the
Coulomb repulsive force shares a part of energy that the elec-
trons absorbed from the light field, it increases the ionization
threshold and decreases the ionization rate. The suppression
effect becomes notable only for the low order photoelectron
peaks formed by the weak laser fields, as shown in Fig. 2(a)
for the first peak formed in the 5.0 x 10'3 W/em? field, where
the suppression effect is notable even when v is large. In other
figures, the suppression effect is notable only at the starting
point of abscissa axis.

Finally, we show the influence of the Coulomb force
on the overall ionization rate. The double ionization rate
increases nonlinearly with the laser intensity, as shown in
Fig. 3 for A = 800 nm and 400 nm, respectively. Without the
Coulomb force, i.e., for v = 0, the double ionization rate de-
creases about one order of magnitude. This suggests that the
Coulomb force between two electrons effectively increases the
double ionization rate.

105

5]
&

10-10

1015

Double ionization rate (a.u.)

20 40 60 80 100 120
Laser intensity (102 W /em?)

Double ionization rate (a.u.)
-
<

10-25 1 1
0 200 400 600 800

Laser intensity (102 W /cm?)

1000

Fig. 3. Variation of the double ionization rate with laser intensity for
laser wavelength 800 nm (black lines) and 400 nm (red lines), respec-
tively. The dot-dashed lines are for the cases of v = 0. The inset depicts
the comparison in low-intensity regime.

5. Conclusion

In summary, we have derived the eigenstate of two elec-
trons in an intense laser field. It is found that a repulsive
Coulomb state can be used to describe the relative motion of
the two electrons, and that the quantum-field Volkov states can
be used to describe the center-of-mass motion of the two elec-
trons in the intense field. Using the CV state, we derive a sim-
ple analytical formula of the double ionization rate, by which

the effect of the Coulomb force between two electrons is stud-
ied. We have shown that the Coulomb force enhances the ion-
ization rate of high-energy electrons by more than two orders
of magnitude but suppresses greatly the ionization rate of the
lowest-energy electrons.
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