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We investigate the dynamics of entanglement through negativity and witness operators in a system of four non-
interacting qubits driven by a classical phase noisy laser characterized by a classical random external field (CREF). The
qubits are initially prepared in the GHZ-type and W-type states and interact with the CREF in two different qubit-field
configurations, namely, common environment and independent environments in which the cases of equal and different
field phase probabilities are distinguished. We find that entanglement exhibits different decaying behavior, depending
on the input states of the qubits, the qubit-field coupling configuration, and field phase probabilities. On the one hand,
we demonstrate that the coupling of the qubits in a common environment is an alternative and more efficient strategy to
completely shield the system from the detrimental impacts of the decoherence process induced by a CREF, independent
of the input state and the field phase probabilities considered. Also, we show that GHZ-type states have strong dynamics
under CREF as compared to W-type states. On the other hand, we demonstrate that in the model investigated the system
robustness’s can be greatly improved by increasing the number of qubits constituting the system.

Keywords: entanglement, qubit and classical random external field
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1. Introduction
Quantum information theory (QIT) as the quantum ana-

log of the classical information theory has attracted more at-
tention so far. Although quantum mechanics and QIT were
initially developed separately, it has emerged that they are
in fact intimately related.[1] It has been evinced that quan-
tum correlations present between parts of a composite quan-
tum system represents a key resource in the field of QIT.
The well-known example of quantum correlations is quan-
tum entanglement.[2–4] Entanglement is a subtle non-local
correlation that has no classical analog, which manifests it-
self in the event of measurement performed on any subsys-
tems of a composite system.[5,6] In fact, measuring one of
the subsystems of an entangled system will instantaneously
influence the states of the other subsystems no matter how
far they are from the subsystem being measured. This phe-
nomenon of entanglement was first introduced in 1935 by
Einstein, Podolsky, and Rosen[7] and later by Schrödinger.[8]

Entanglement has been recognized as an indispensable re-
source, enabling tasks like quantum cryptography,[9] quan-
tum information processing,[10,11] quantum teleportation,[12]

measurement-based quantum computation.[20] Nonetheless,
quantum entanglement does not exhaust the realm of quantum
correlations. In fact, there exists a second kind of quantum

correlations, namely, quantum discord, introduced by Ollivier
and Zurek in 2001.[13] So far, quantum discord has proven to
be a key resource for certain quantum communication tasks
and computational models. Unlike entanglement, quantum
discord can capture not only quantum correlations in entan-
gled states but also in the separable states. Besides, under
some conditions, QD can be more shielded from decoherence
than entanglement.[14–17] Quantum correlations, namely, en-
tanglement, and discord have been astonishingly successful
for roughly a century now and beyond its explanatory power,
they have enabled us to break new grounds in quantum tech-
nology. For instance, quantum correlations allow many tasks
in quantum information processing which are classically im-
possible. Thus, knowledge and exploitation of quantum corre-
lations existing between parts of a composite quantum system
will revolutionize the world hundreds of billions of times. Un-
fortunately, quantum systems are unavoidably influenced by
their surrounding environments. The interaction between the
environment and the quantum systems of interest may lead to
decoherence which is the main obstacle for the development
of quantum technologies based on the manipulation of quan-
tum correlations and consequently for the practical implemen-
tation of quantum computers.[21,22] In fact, the interaction of a
quantum system with the environment makes its quantum cor-
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relations which are crucial ingredients for the development of
quantum technologies disappear on the short-range time scale.
However, it is important to note that in certain situations, deco-
herence can play a constructive role in affecting the quantum
correlations of a system.[18,19] On the other hand, decoher-
ence is very important for crucial issues such as the classical-
quantum measurement problem or crossing. Therefore, it is
very important to investigate how different kinds of environ-
ments affect the evolution of a quantum system to search for
possible approaches to understand, control, and even protect
either indefinitely or partially the quantum correlations of the
emerged system.[24–26]

Emerging from this idea, many investigations have been
done recently to understand the behaviors of quantum cor-
relations in the multipartite system interacting with environ-
ments described either classically or quantum-mechanically.
For instance, in 2012 Lo Franco et al.[24] investigated the
revival of quantum correlations without system-environment
back-action in a two-qubit system each locally subjected to
a classical random external field (CREF) and explained that
quantum correlations can revive also for classical independent
environments in absence of back-action. They also showed
that in such an environment, quantum correlations do not van-
ish any more when the probabilities of the field phase range
from 0.5 to 1 (the behavior is symmetric with respect to 0.5).
Furthermore, in 2015 the dynamic of quantum correlations of
three-qubit states driven by a CREF has been studied by Guo
et al.[28] and their results show that tripartite quantum discord
may be more robust than entanglement under such a classi-
cal environment. They also showed that under this classical
field, entanglement displays periodically sudden death and re-
vivals for GHZ- and W-type states and that the survival partial
entanglement can be detected employing suitable entangle-
ment witness operators.[28] In 2016, other authors addressed
the sudden death and rebirth of entanglement for different di-
mensional systems driven by CREF.[29] They perceived that
entanglement behaviors present decay, sudden death, sudden
birth, and long-lived in some period. They also revealed that
the systems of larger dimensions are more robust than those
of smaller dimensions where entanglement decay smoothly,
gradually, and vanish for a very short time.[29]

Therefore, it is clear that many authors have devoted
more attention to the dynamics of quantum correlations under
CREF. However, much of these works deal only with the case
where each qubit interacts locally with a CREF mode and are
also limited to systems of two and three qubits/qutrit only. To
the best of our knowledge, the case of a system of more than
three qubits together with a situation in which all the qubits
present in the system are embedded in one single non-local
CREF mode or independent CREF modes with different field
phase probabilities has not yet been investigated.

On the other hand, only a few authors investigated the
time evolution of quantum correlations in multipartite quan-
tum systems coupled to classical environmental noise.[30–35]

More precisely, they focused on the dynamics of entangle-
ment and quantum discord in three-qubit systems, prepared
in Greenberger–Horne–Zeilinger (GHZ), W, or mixed GHZ–
W states and subjected to a Gaussian or non-Gaussian noise
classical noise. They observed that the entanglement can be
indefinitely preserved when the qubits are coupled to a com-
mon source of classical noise. They also found that the con-
figuration of the system-environment interaction and the input
state of the system may have constructive or destructive im-
pacts on the evolution of quantum correlations. Furthermore,
entanglement sudden death (ESD) and entanglement revival
(ER) phenomena have been observed and clearly explained.
In 2018 the dynamics of entanglement in four-qubit GHZ- and
W-type states interacting with a common or with independent
classical random telegraph noise has been studied by Kenfack
et al.[23] Their results revealed that the entanglement becomes
highly protected from degradation when the number of qubits
of the system is increased from two to three and then from
three to four.

The present investigation aims to study the influence of
the types of system–environment interactions together with
the number of qubits on the behavior of quantum correlations
(in terms of entanglement) in a system of four non-interacting
qubits subjected to a classical phase noisy laser characterized
by a classical random external field (CREF). We develop a
general heuristic analysis when the qubits are initially pre-
pared in the GHZ- and W-type states and then subjected to
a classical field for two configurations of qubit-field interac-
tion. In the first configuration, each qubit locally interacts
with a CREF mode, the so-called local or independent en-
vironments interaction. In the second configuration, all the
qubits are embedded in a unique common environment, the so-
called non-local or common environment interaction. For each
initially prepared state and qubit-field interaction, the evolu-
tion of entanglement is investigated for two configurations of
the CREF, namely, the case of equal and different field phase
probabilities. The amount of entanglement present in our sys-
tem at any time is detected through suitable entanglement wit-
nesses (EWs)[36] and quantified through genuine multi-qubit
negativity.[20,23]

The paper is structured as follows. In Section 2, we in-
troduce the system under consideration and describe its main
features such as its Hamiltonian and time-evolution density
matrix. Afterwards, we present the explicit definition of entan-
glement quantifiers and detectors. In Section 3, we investigate
the dynamics of entanglement where we present both analyt-
ical and numerical results. Finally, the conclusion is given in
Section 4.
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2. Theoretical method
2.1. Physical model

The model investigated consists of four identical non-
interacting qubits, each coupled to a CREF mode, whose char-
acteristics are unaffected by the qubit it is coupled to. Two
configurations of the qubit-field coupling are analyzed as men-
tioned earlier. In the first configuration, we assume that each
qubit interacts locally with a CREF mode with frequency ω

and amplitude A0 and random phase φ s
i (i = 1,2; s = a,b,c,d).

Concretely, the phase φ s
i of each local CREF can takes two val-

ues namely φ s
1 = 0 and φ s

2 = π with probability ps
1 and ps

2 re-
spectively. In the second configuration, we assume rather that
all the qubits interact with a unique CREF mode. For each
of these configurations, we investigate two particular cases
namely, the case of different field phase probabilities distri-
bution that is, ps

1 = 1− ps
2 ̸= 1/2 and the case of equal field

phase probabilities distribution that is, ps
1 = ps

2 = 1/2. The
total Hamiltonian of the system can be written in the case of
local and non-local interaction as

ℋ=ℋa ⊗ Ibcd +ℋb ⊗ Iacd +ℋc ⊗ Iabd +ℋd ⊗ Iabc, (1)

where Ii jk represents the identity matrix acting on the Hilbert
space of the qubits i, j and k and ℋs, s = a,b,c,d stands for
the single qubit-field Hamiltonian which can be written in the
rotating frame at the qubit-field resonant frequency ω as[24,28]

ℋs(t) = ih̄g
(

σ+ e−iφ s
i −σ− e iφ s

i

)
. (2)

From this Hamiltonian, the single qubit-field time evolution
operator takes the following form:[24,28]

𝒰 s
i (t) =

(
cos(gt) e−iφ s

i sin(gt)
−e iφ s

i sin(gt) cos(gt)

)
. (3)

2.2. Entanglement measures

We presented in this section the essential tools used for
the analysis of the dynamics of entanglement. As said earlier,
entanglement is detected through suitable EWs and quantified
by means of the so-called four-partite negativity.

2.2.1. Entanglement witness

An entanglement witness is an hermitian operator which
is able to detect entanglement in a given state. Indeed, the
fundamental idea is that the expectation value of the witness
operator for the total state under consideration exceeds certain
bounds only when the total state is entangled. An expectation
value of a witness operator within this bound however does not
guarantee that the state is separable. As shown in Ref. [37],
four qubits GHZ-type and W-type states in W-B class can be
detected by means of the following witness operators, respec-
tively:

𝒲GHZ =
1
2
I16 −ρGHZ, (4)

𝒲W =
3
4
I16 −ρW. (5)

Although the presence of entanglement in the system is indi-
cated by negative expectation values of these operators, zero
or positive expectative values do not guarantee the absence of
entanglement.

2.2.2. Four-qubit negativity

The most useful and practical measure proposed to quan-
tify the global amount of genuine entanglement of an arbitrary
N-qubits entangled system in a mixed state ρ ≡ ρ1,2,3,4,...,N is
given by the average of the bipartite entanglement measures
over all the possible bi-partitions of the N-qubits system.[24]

Its mathematical definition can be expressed as

𝒩 (N) (ρ) =
2
N

N/2

∑
k=1

1

n(k)bipart

n(k)bipart

∑
p=1

𝒩 p[k|N−k ] (ρ)

 , (6)

where k |N − k represents the bi-partitions of the N-qubit sys-
tem with k qubits in one block and the remaining N − k ones
in another block. p [k |N − k ] is used to specify a precise
combination of k and N − k qubits in constituting the bipar-
tition N − k. Hence, n(k)bipart stands for the total possible non-
equivalent concrete bipartitions p [k |N − k ]. 𝒩 p[k|N−k ] (ρ) de-
notes the bipartite entanglement in terms of negativity, asso-
ciated to the concrete bipartition p [k |N − k ]. As mentioned
above, the entanglement associated with any given bipartition
of the N-qubit system is evaluated by means of negativity, de-
fined for an arbitrary N-qubit system in a mixed state ρ as

𝒩 p[k|N−k ] (ρ) = ∑
j

∣∣λ j
(
ρ

TI
)∣∣−1, (7)

where λ j
(
ρTI
)

are the eigenvalues of the partial transpose ρTI

of the total density matrix with respect to the subsystem I
which is constituted by the k qubits of the given bipartition
p [k |N − k ] . Thereby, in four-qubit system, the four-partite
negativity can be written as

𝒩 (4) (ρ) =
1
2

{
1

n(1)bipart

n(1)bipart

∑
p=1

𝒩 p[1|3 ] (ρ)

+
1

n(2)bipart

n(2)bipart

∑
p=1

𝒩 p[2|2 ] (ρ)

}
. (8)

For symmetrical four-partite system as in our case, the bipar-
tite negativity in the different non-equivalent bipartitions of the
system coincide. That is, 𝒩1|234 =𝒩2|341 =𝒩3|412 =𝒩4|123

(for k = 1) and 𝒩12|34 =𝒩13|24 = N14|23 (for k = 2). Hence,
the four-qubit negativity expressed by Eq. (8) is reduced to the
following expression:

𝒩 (4) (ρ) =
1
2
{
𝒩1|234 (ρ)+𝒩12|34 (ρ)

}
. (9)
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3. Results and discussion
In this section, to evaluate the impacts of the CREF, we

address the time evolution of entanglement in the physical
model introduced in the previous section. The evolution of
entanglement will be investigated for two different configu-
rations of the qubit–field interaction (independent and com-
mon environments) and field phase probabilities (different and
equal field phase probabilities).

3.1. Independent environments

Here, due to the random nature of the field phase, the state
of the system after a given interaction time t can be written as

ρ (t) =
2

∑
i, j,k,l=1

pa
i pb

j pc
k pd

l

(
𝒰a

i ⊗𝒰b
j ⊗𝒰 c

k ⊗𝒰d
l

)
ρ (0)

×
(
𝒰a

i ⊗𝒰b
j ⊗𝒰 c

k ⊗𝒰d
l

)†
, (10)

where ρ (0) stands for the input state of the system, 𝒰 s
q (t)

(q = i, j,k, l) is the single-qubit time evolution operator and ps
q

represents the field phase probability. As input state, two dif-
ferent classes of four qubits states namely the GHZ-type states
and the W-type states will be investigated. They are defined as
follow:

ρGHZ(W) (0) =
1− r
16

I16 + rρGHZ(W), (11)

where

ρGHZ =
1
2
(|0000⟩+ |1111⟩)(⟨0000|+ ⟨1111|) , (12)

ρW =
1
4
(|0001⟩+ |0010⟩+ |0100⟩+ |1000⟩)

×
(
⟨0001|+ ⟨0010|+ ⟨0100|+ ⟨1000|

)
, (13)

with, 0≤ r ≤ 1 stands for the purity of the input state and I16 is
a 16×16 identity matrix. For the sake of simplicity, our analy-
ses will be limited only to the case where pa

1 = pb
1 = pc

1 = pd
1 =

p1 ≡ p and pa
2 = pb

2 = pc
2 = pd

2 = p2 ≡ 1− p, because the other
cases pa

1 ̸= pb
1 ̸= pc

1 ̸= pd
1 and pa

2 ̸= pb
2 ̸= pc

2 ̸= pd
2 result in only

quantitative but not qualitative differences in the time behavior
of the entanglement’s quantifiers.[24] Hence, it is important to
note that the case of equal field phase probabilities can then
be easily obtained by taking p = 1/2. Once the calculations
are performed, the final state of the system takes the form of
Eq. (A1) for GHZ-type states and Eq. (B1) for W-type states.

3.1.1. Entanglement witnesses

From the time-evolved states of system defined in
Eqs. (A1) and (B1), the analytical expressions of the expec-
tation values of the GHZ-type and W-type states witness oper-
ators can be written as follows:

Tr [ρGHZ (t)𝒲GHZ]

=
1

32
[14+

(
−17+12p−36p2 +48p3 −24p4)r

+
(
−12−16p+48p2 −64p3 +32p4)r cos(4gt)

+
(
−1+4p−12p2 +16p3 −8p4)r cos(8gt)], (14)

Tr [ρW (t)𝒲W]

=
1

32
[22+

(
−6−3p−15p2 +36p3 −18p4)r

+
(
−8−24p+24p2)r cos(2gt)

+
(
−4−12p+36p2 −48p3 +24p4)r cos(4gt)

+
(
−8+24p−24p2)r cos(6gt)

+
(
−4+15p−21p2 +12p3 −6p4)r cos(8gt)]. (15)

In Fig. 1, we plot the evolution of the opposite of the expec-
tation values of GHZ-type (upper panels) and W-type (lower
panels) states witness operator as a function of dimensionless
time gt, field phase probability p and purity r.
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Fig. 1. The upper panels display the evolution of the opposite of the expectation value of the GHZ-type states witness operator as a function of
gt and field phase probability p both in 2D (a) and 3D (b) for r = 1 and purity r (c) for p = 1/2. The lower panels display the same information
as the upper ones but for the W-type states witness operator.
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We observe that the witness operators exhibits periodical
oscillations with a period t = π/2g for GHZ-type states and
t = π/g for W-type states. This implies that the time inter-
val over which entanglement is not detectable in the system is
larger when the system is prepared in a W-type state than when
it is prepared in a GHZ-type state. Such a result, therefore, im-
plies that the GHZ-type states may shield entanglement from
decoherence more than W-type states. Besides, panels (a) and
(d) show that the expectation values of the GHZ and W wit-
ness operators vary just slightly with the increase of the field
phase probability p. In fact, we observe that the expectation
value of the witness operators decreases with a decrease of p
when p ranges from 0 to 0.5. However, it is important to no-
tice that an opposite behavior occurs when the probability p
range from 0.5 to 1. In panels (c) and (f), we observe that the
amount of residual entanglement detected using the witness
operators at any time gt depends on the purity of the initial
state and decreases when it is decreasing. Finally, to compare
the influence of the number of qubits on the robustness of the
system, we focused on the curve generated for p = 0.5 (equal
field phase probabilities) and then we observed that the resid-
ual amount of entanglement revealed using the witness opera-
tor is higher in the three-qubit system studied in Ref. [28] than
in four-qubit system when they are initially prepared in W-

type states. However, the reverse situation is observed when
the qubits are prepared in GHZ-type states. It is also observed
that at the initial time, the GHZ-type states witness operator
detect entanglement only for initial states with r < 7/15 for a
four-qubit system and r < 3/7 for a three-qubit system. On
the other hand, the W-type states witness operator detect en-
tanglement only for initial states with r < 3/4 for a four-qubit
system and r < 5/8 for a three-qubit system.

3.1.2. Four-qubit negativity

The evaluation of entanglement in terms of four-qubit
negativity has been expressed in Eq. (8). Note that we will
focus only on the numerical results since the analytical results
are not very enlightening and cannot also be written in com-
pact forms. In fact, due to the high dimension and a large
number of parameters in the density matrix, the computation
of compact analytical eigenvalues is a complex task even for a
computer algebra tool.

In Fig. 2, we plot the evolution of the four-partite negativ-
ity in the case of GHZ-type (upper panels) and W-type (lower
panels) states as a function of dimensionless time gt (panels
(a) and (d)), both gt and field phase probability p (panels (b)
and (e)) and both gt and purity r (panels (c) and (f)).
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Fig. 2. The upper panels display the evolution of the four-partite negativity 𝒩 (4) for GHZ-type states as a function of: gt and field phase
probability p both in 2D (a) and 3D (b) with r = 1; gt and purity r (c) with p = 1/2. The lower panels display the same information as the
upper ones but for the W-type states.

We remark that this figure presents un-damped oscillating
functions of time with the same period t = π/2g both for GHZ-
type (panels (a) and (b)) and W-type (panels (d) and (e)) states.
Other remarkable features that can be observed are the appear-
ance of sudden death and revival phenomena for p = 0.5 and
freezing dynamics (for p ranging from 0 to 0.45), although the
four qubits interact with a classical noise. However, because of
the classical nature of the noise investigated, these phenomena
of entanglement revivals can here be interpreted by referring
to the intrinsic features of the qubit’s dynamics namely their
non-Markovianity. Also, this figure exhibits in panels (a) and

(d) that entanglement decays exponentially with time to a cer-
tain saturation value and then revives up to its initial value.
It can also be seen that the saturation value of entanglement
increases with the decreasing of the probability p. Panels (b)
and (e) show that the behavior of entanglement for a given
probability pc chosen in the interval [0,0.5] is symmetric to
one obtained with a probability 1− pc. Such a result implies
that whatever is the initial phase of the CREF, entanglement
always exhibits the same qualitative and quantitative behav-
ior with the increasing of pc from 0 to 0.5 or decreasing of
1− pc from 1 to 0.5. Panels (c) and (f) present both for the
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GHZ-type and W-type states, that the initial amount of entan-
glement presents in the system as well as the amplitudes of
entanglement revivals decreases with the decrease of the pu-
rity of the initial state. These observations can be interpreted
by noticing that a decrease in purity yields an increase in the
degree of mixedness of the initial state.

On the other hand, these results agree with those obtained
through entanglement witness operators previously. It is also
observed that the GHZ-type states have strong entanglement
dynamics under local CREF than the W-type ones. In fact,
for the same degree of purity (r = 1) and values of the field
phase probabilities (p= 0.025 for example), it is observed that
the saturation values of entanglement or simply the residual
amount of entanglement in the system at the end of the evo-
lution is higher for the case of GHZ-type states (12) than for
W-type states (13). Such a result appears to be consistent with
the one presented in Ref. [23] where the authors investigated
the dynamics of quantum correlations in a four-qubit system
under random telegraph noise with both common and inde-
pendent environment coupling.

Finally, to compare how the dynamics of entanglement is
affected by the number of qubits in the system, we focus on the
case of EFPP and compared the results with those presented in
Ref. [28] for a three-qubit system. We observed that when
the qubits are prepared in the W-type states, the time takes by
entanglement to revive after its death or simply the time dur-
ing which there is no longer entanglement in the system (the
so-called dark period) is approximately the same both for the
three-qubit and four-qubit models. On the other hand, when
there are instead prepared in GHZ-type states, the dark pe-
riod in the three-qubit model is larger than in the four-qubit
model, implying that entanglement becomes more shielded
from degradation when the number of qubits in the system is
increased. This result demonstrates the robustness of the four-
qubit GHZ-type states against the detrimental effects of the

local CREF over the three-qubit model. It agrees with those
obtained in Ref. [23] with different models.

3.2. Common environment

Recall that the above results have been obtained in the
situation where the four qubits were locally coupled to the
external environments realized by four single CREF modes
of the same frequency ω and amplitude A0, with the phase
φs of each mode equal either to 0 or to π with probability
ps

1 = 1− ps
2 ̸= 1/2 (different field phase probability distribu-

tion), and ps
1 = ps

2 = 1/2 (equal field phase probability dis-
tribution), respectively. Similarly, considering the same con-
ditions for the CREF, the state ρ (0) of the system at a given
time t when all the four qubits interact with the same CREF
mode is given as follows:

ρ (t) =
2

∑
i=1

pi

(
𝒰a

i ⊗𝒰b
i ⊗𝒰 c

i ⊗𝒰d
i

)
ρ (0)

×
(
𝒰a

i ⊗𝒰b
i ⊗𝒰 c

i ⊗𝒰d
i

)†
. (16)

From this definition, the states ρ (t) of the system when the
qubits are prepared in the GHZ-type and W-type states have
been obtained as given in Eqs. (A3) and (B2) of the appendix.

3.2.1. Entanglement witness

From the time evolved state of the system, the expectation
value of entanglement witnesses results into

Tr [ρGHZ (t)𝒲GHZ]

=
1
32

[14−17r−12r cos(4gt)− r cos(8gt)] , (17)

Tr [ρW (t)𝒲W]

=
1

16
[11−3r−4r cos(2gt)−2r cos(4gt)

−4r cos(6gt)−2r cos(8gt)]. (18)
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>
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Fig. 3. The upper panels display the evolution of the opposite of the expectation values of the GHZ-type state entanglement witness operator
as a function of gt with r = 1 (a) and both gt and r (b). The lower panels display the same information as the upper ones but for W-type state
entanglement witness operator.
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It is important to note that contrarily to the case of inde-
pendent environments, these expressions are p-independent.
In Fig. 3, the evolution of the opposite of the expectation val-
ues of GHZ-type (upper panels) and W-type (lower panels)
states witness operator is plotted as a function of dimension-
less time gt, and both gt and purity r. It is observed that
the dynamics of the opposite of the expectation value of the
GHZ-type and W-type states witness operator present period-
ical oscillations with almost the same period as in the case
of independent environments coupling. Similarly, to the case
of independent environments, we observe that the amount of
entanglement detected through witness operators depends on
the purity of the initial state. In fact, the larger the purity, the
stronger is the entanglement dynamics. Also, the efficiency
of the witness operators in detecting entanglement is almost
insensitive to system–environment interaction.

3.2.2. Four-qubit negativity

As for independent environments interaction we will fo-
cus only on numerical results since the computation of analyt-
ical eigenvalues is a hard task due to the high dimension of the
system and large number of parameters in the density matrix.
Hence, Fig. 4 depicts the evolution of entanglement against di-
mensionless time gt and field phase probability p (panels (b)
and (e)) and both gt and purity r (panels (c) and (f)).

It is immediately observed that this figure presents un-
damped oscillating functions of time with the period t = π/8g
for GHZ-type states and t = π/2g for W ones. This implies
that the range of time for survival entanglement when the sys-
tem is prepared in GHZ-type states is longer than when the
system is instead prepared in W-type states. Hence, GHZ-type
states have strong dynamics under non-local CREF as com-
pared to W-type states. This figure also displays entanglement
freezing dynamics and revival phenomena no matter what is

the value of field phase probability and no sudden death oc-
curs, implying that entanglement is not completely suppressed
by the detrimental impact of the CREF. This of course demon-
strates that common environment configuration coupling per-
forms an efficient role in suppressing the detrimental effects
induced by the CREF and thereby in delaying the decay rate
of entanglement. In fact, the common environment coupling
induces an indirect interaction between the qubits which then
favors the protection of their entanglement. Hence, common
environment configuration offers an alternative and more effi-
cient strategy to completely shield the system from the detri-
mental effects of decoherence induced by a CREF. Addition-
ally, it is observed in panels (a) and (d) that entanglement falls
slightly with time to a certain saturation value and then re-
vive up to its initial value. Similarly to the case of indepen-
dent environments, it is observed that the saturation value of
entanglement increases with the decreasing of the probability
p for p ∈ [0,1/2] meanwhile the reverse situation occurs for
p ∈ ]1/2,1]. On the other hand, panels (c) and (f) present both
in the GHZ- and W-type states that the initial amount of en-
tanglement presents in the system, as well as the amplitude of
entanglement revival, also decreases with the decrease of the
purity of the initial state. Such a behavior can be ascribed here
to the fact that the decrease of the purity results in the reduc-
tion of cohering property of quantum states. This figure also
reveals that entanglement dynamics under non-local CREF is
stronger in the GHZ-type states than in the W-type states, in
agreement with what has been observed earlier for the case
of independent environments coupling configuration. Overall,
we find that the dynamics of entanglement can be efficiently
controlled by properly adjusting the input state of the qubits,
the field phase probability of the CREF and the qubit-field
coupling configuration, namely independent environments or
common environment.
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Fig. 4. The upper panels display the evolution of the four-partite negativity 𝒩 (4) for GHZ-type states as a function of: gt and field phase
probability p both in 2D (a) and 3D (b) with r = 1; gt and purity r (c) with p = 1/2. The lower panels display the same information as the
upper ones but for the W-type states.
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4. Conclusion
In this paper, we have investigated the dynamics of en-

tanglement in a non-interacting four-qubit system initially pre-
pared in GHZ- and W-type states and then subjected to classi-
cal random external field (CREF) in two different qubit-field
interactions namely independent environments and common
environment. We consider a CREF with a random phase tak-
ing two values especially 0 and π with different probabilities.
The dynamics of entanglement have been quantified employ-
ing multiqubit negativity and detected using suitable witness
operators.

We find that entanglement exhibits un-damped oscillating
evolution over time, regardless of the input state, qubit-field
coupling configuration, and field phase probabilities consid-
ered. We find that the behavior of entanglement for a given
probability pc chosen in the interval [0,0.5] is symmetric to
one obtained with a probability 1− pc. In other words, we
find that no matter is the input state of the qubit and the qubit-
field coupling setup, entanglement always exhibits the same
qualitative and quantitative behavior with the increasing of pc
from 0 to 0.5 or decreasing of 1− pc from 1 to 0.5. Especially
when the qubits are coupled in independent environments, we
find that sudden death and revivals of entanglement occur only
for p = 0.5 (equal field phase probability) meanwhile freez-
ing dynamics are observed for other values of p. However,
in the case of common environment interaction, entanglement
exhibits freezing dynamics even for p = 0.5. That is, entan-
glement is shielded from decoherence no matter what is the
value of the field phase probability. In fact, we demonstrate

that the coupling of the qubits in a common environment is an
alternative and more efficient strategy to completely shield the
system from the detrimental impacts of the decoherence pro-
cess induced by a CREF, independently on the input state and
the field phase probabilities considered. On the other hand, we
find that GHZ-type states have strong dynamics under CREF
as compared to W-type states, independently on the qubit-filed
coupling setup. Besides, we find after comparing our results
with the case of three qubits system investigated in Ref. [28]
that entanglement becomes more shielded from degradation
when the number of qubits in the system is increased. Also,
we find that the dynamics of entanglement can be efficiently
controlled by properly adjusting the input state of the qubits,
the field phase probability of the CREF, and the qubit-field
coupling configuration. Given that the preservation of entan-
glement is crucial for development and quantum information
processing devices and that the theoretical model proposed in
this work allows us to achieve entanglement freezing dynam-
ics, we believe that our study can be relevant for the develop-
ment of quantum technologies.

Appendix A: Time evolved density matrices of
the system: The case of GHZ-type states
A1: Independent environments

The explicit evaluation of the time-evolved density ma-
trix of the system is obtained using Eq. (10) when the qubits
are initially prepared in the GHZ-type states of Eq. (12). For
this input configuration, we find that the density matrix of the
system at a given time takes the following form:

ρGHZ (t)

=



a(t) b(t) b(t) c(t) b(t) c(t) c(t) −b(t) b(t) c(t) c(t) −b(t) c(t) −b(t) −b(t) d(t)
b(t) e(t) f (t) g(t) f (t) g(t) g(t) − f (t) f (t) g(t) g(t) − f (t) g(t) − f (t) h(t) b(t)
b(t) f (t) e(t) g(t) f (t) g(t) g(t) − f (t) f (t) g(t) g(t) − f (t) g(t) h(t) − f (t) b(t)
c(t) g(t) g(t) j(t) g(t) k(t) k(t) −g(t) g(t) k(t) k(t) −g(t) l(t) −g(t) −g(t) c(t)
b(t) f (t) f (t) g(t)) e(t) g(t) g(t) − f (t) f (t) g(t) g(t) h(t) g(t) − f (t) − f (t) b(t)
c(t) g(t) g(t) k(t) g(t) j(t) k(t) −g(t) g(t) k(t) l(t) −g(t) k(t) −g(t) −g(t) c(t)
c(t) g(t) g(t) k(t) g(t) k(t) j(t) −g(t) g(t) l(t) k(t) −g(t) k(t) −g(t) −g(t) c(t)
−b(t) − f (t) − f (t) −g(t) − f (t) −g(t) −g(t) e(t) h(t) −g(t) −g(t) f (t) −g(t) f (t) f (t) −b(t)
b(t) f (t) f (t) g(t) f (t) g(t) g(t) h(t) e(t) g(t) g(t) − f (t) g(t) − f (t) − f (t) b(t)
c(t) g(t) g(t) k(t) g(t) k(t) l(t) −g(t) g(t) j(t) k(t) −g(t) k(t) −g(t) −g(t) c(t)
c(t) g(t) g(t) k(t) g(t) l(t) k(t) −g(t) g(t) k(t) j(t) −g(t) k(t) −g(t) −g(t) c(t)
−b(t) − f (t) − f (t) −g(t) h(t) −g(t) −g(t) f (t) − f (t) −g(t) −g(t) e(t) −g(t) f (t) f (t) −b(t)
c(t) g(t) g(t) l(t) g(t) k(t) k(t) −g(t) g(t) k(t) k(t) −g(t) j(t) −g(t) −g(t) c(t)
−b(t) − f (t) h(t) −g(t) − f (t) −g(t) −g(t) f (t) − f (t) −g(t) −g(t) f (t) −g(t) e(t) f (t) −b(t)
−b(t) h(t) − f (t) −g(t) − f (t) −g(t) −g(t) f (t) − f (t) −g(t) −g(t) f (t) −g(t) f (t) e(t) −b(t)
d(t) b(t) b(t) c(t) b(t) c(t) c(t) −b(t) b(t) c(t) c(t) −b(t) c(t) −b(t) −b(t) a(t)



;

(A1)
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where

a(t) =
1

64
[4+

(
15−12p+36p2 −48p3 +24p4)r+

(
12+16p−48p2 +64p3 −32p4)r cos(4gt)

+
(
1−4p+12p2 −16p3 +8p4)r cos(8gt)],

b(t) =
1

64
[(

6−8p−12p2 +8p3)r cos(4gt)+
(
1−4p+6p2 −4p3)r cos(8gt)

]
,

g(t) =
1

64
[(

2−8p+12p2 −8p3)r cos(4gt)+
(
−1+4p−6p2 +4p3)r cos(8gt)

]
,

f (t) =
1

64
[(

1−4p+4p2)r+
(
−1+4p−4p2)r cos(8gt)

]
,

c(t) =
1

64
[(

5−20p+20p2)r+
(
−4+16p−16p2)r cos(4gt)+

(
−1+4p−4p2)r cos(8gt)

]
,

d (t) =
1

64
(
19−12p+36p2 −48p3 +24p4)r+

(
12+16p−48p2 +64p3 −32p4)r cos(4gt)

+
(
1−4p+12p2 −16p3 +8p4)r cos(8gt)],

e(t) =
1

64
[4+

(
−3+12p−36p2 +48p3 −24p4)r+

(
−16p+48p2 −64p3 +32p4)r cos(4gt)

+
(
−1+4p−12p2 +16p3 −8p4)r cos(8gt)],

h(t) =
1

64
[
(
−1−12p+36p2 −48p3 +24p4)r+

(
16p−48p2 +64p3 −32p4)r cos(4gt)

+
(
1−4p+12p2 −16p3 +8p4)r cos(8gt)],

j (t) =
1

64
[4+

(
−1−12p+36p2 −48p3 +24p4)r+

(
−4+16p−48p2 +64p3 −32p4)r cos(4gt)

+
(
1−4p+12p2 −16p3 +8p4)r cos(8gt)],

k (t) =
1

64
[(

3−12p+12p2)r+
(
−4+16p−16p2)r cos(4gt)+

(
1−4p+4p2)r cos(8gt)

]
,

l (t) =
1

64
[
(
3−12p+36p2 −48p3 +24p4)r+

(
−4+16p−48p2 +64p3 −32p4)r cos(4gt)

+
(
1−4p+12p2 −16p3 +8p4)r cos(8gt)].

A2: Common environment

On the other hand, when the subsystems are coupled to the CREF in a common environment, the density matrix is obtained
using Eq. (16) when the qubits are initially prepared in the GHZ-type states of Eq. (12). For this input configuration, we find that
the density matrix of the system at a given time describing the time evolution of the system takes the form

ρGHZ (t)

=



a(t) b(t) b(t) c(t) b(t) c(t) c(t) −b(t) b(t) c(t) c(t) −b(t) c(t) −b(t) −b(t) d(t)
b(t) e(t) f (t) g(t) f (t) g(t) g(t) − f (t) f (t) g(t) g(t) − f (t) g(t) − f (t) − f (t) b(t)
b(t) f (t) e(t) g(t) f (t) g(t) g(t) − f (t) f (t) g(t) g(t) − f (t) g(t) − f (t) − f (t) b(t)
c(t) g(t) g(t) h(t) g(t) j(t) j(t) −g(t) g(t) j(t) j(t) −g(t) j(t) −g(t) −g(t) c(t)
b(t) f (t) f (t) g(t) e(t) g(t) g(t) − f (t) f (t) g(t) g(t) − f (t) g(t) − f (t) − f (t) b(t)
c(t) g(t) g(t) j(t) g(t) h(t) j(t) −g(t) g(t) j(t) j(t) −g(t) j(t) −g(t) −g(t) c(t)
c(t) g(t) g(t) j(t) g(t) j(t) h(t) −g(t) g(t) j(t) j(t) −g(t) j(t) −g(t) −g(t) c(t)
−b(t) − f (t) − f (t) −g(t) − f (t) −g(t) −g(t) e(t) − f (t) −g(t) −g(t) f (t) −g(t) f (t) f (t) −b(t)
b(t) f (t) f (t) g(t) f (t) g(t) g(t) − f (t) e(t) g(t) g(t) − f (t) g(t) − f (t) − f (t) b(t)
c(t) g(t) g(t) j(t) g(t) j(t) j(t) −g(t) g(t) h(t) j(t) −g(t) j(t) −g(t) −g(t) c(t)
c(t) g(t) g(t) j(t) g(t) j(t) j(t) −g(t) g(t) j(t) h(t) −g(t) j(t) −g(t) −g(t) c(t)
−b(t) − f (t) − f (t) −g(t) − f (t) −g(t) −g(t) f (t) − f (t) −g(t) −g(t) e(t) −g(t) f (t) f (t) −b(t)
c(t) g(t) g(t) j(t) g(t) j(t) j(t) −g(t) g(t) j(t) j(t) −g(t) h(t) −g(t) −g(t) c(t)
−b(t) − f (t) − f (t) −g(t) − f (t) −g(t) −g(t) f (t) − f (t) −g(t) −g(t) f (t) −g(t) e(t) f (t) −b(t)
−b(t) − f (t) − f (t) −g(t) − f (t) −g(t) −g(t) f (t) − f (t) −g(t) −g(t) f (t) −g(t) f (t) e(t) −b(t)
d(t) b(t) b(t) c(t) b(t) c(t) c(t) −b(t) b(t) c(t) c(t) −b(t) c(t) −b(t) −b(t) a(t)



;

(A3)
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where

a(t) =
1

64
[4+15r+12r cos(4gt)+ r cos(8gt)] , c(t) =

1
64

[5r−4r cos(4gt)− r cos(8gt)] ,

d (t) =
1

64
[19r+12r cos(4gt)+ r cos(8gt)] , b(t) =

1
64

[(6−12p)r sin(4gt)+(1−2p)r sin(8gt)] ,

e(t) =
1

64
[4−3r− r cos(8gt)] , f (t) =

1
64

[r− r cos(8gt)] , g(t) =
1
64

[(2−4p)r sin(4gt)+(−1+2p)r sin(8gt)] ,

h(t) =
1

64
[4− r−4r cos(4gt)+ r cos(8gt)] , j (t) =

1
64

[3r−4r cos(4gt)+ r cos(8gt)] .

Appendix B: Time evolved density matrices of the system: The case of W-type states
B1: Independent environments

The explicit evaluation of the time-evolved density matrix of the system is obtained using Eq. (10) when the qubits are
initially prepared in the W-type states of Eq. (13). For this input configuration, we find that the density matrix of the system at a
given time takes the following form:

ρW (t) =



a(t) b(t) b(t) c(t) b(t) c(t) c(t) d (t) b(t) c(t) c(t) d (t) c(t) d (t) d (t) e(t)
b(t) f (t) g(t) h(t) g(t) h(t) i(t) j (t) g(t) h(t) i(t) j (t) i(t) j (t) k (t) l (t)
b(t) g(t) f (t) h(t) g(t) i(t) h(t) j (t) g(t) i(t) h(t) j (t) i(t) k (t) j (t) l (t)
c(t) h(t) h(t) m(t) i(t) n(t) n(t) o(t) i(t) n(t) n(t) o(t) r (t) s(t) s(t) u(t)
b(t) g(t) g(t) i(t) f (t) h(t) h(t) j (t) g(t) i(t) i(t) k (t) h(t) j (t) j (t) l (t)
c(t) h(t) i(t) n(t) h(t) m(t) n(t) o(t) i(t) n(t) r (t) s(t) n(t) o(t) s(t) u(t)
c(t) i(t) h(t) n(t) h(t) n(t) m(t) o(t) i(t) r (t) n(t) s(t) n(t) s(t) o(t) u(t)
d (t) j (t) j (t) o(t) j (t) o(t) o(t) v(t) k (t) s(t) s(t) w(t) s(t) w(t) w(t) x(t)
b(t) g(t) g(t) i(t) g(t) i(t) i(t) k (t) f (t) h(t) h(t) j (t) h(t) j (t) j (t) l (t)
c(t) h(t) i(t) n(t) i(t) n(t) r (t) s(t) h(t) m(t) n(t) o(t) n(t) o(t) s(t) u(t)
c(t) i(t) h(t) n(t) i(t) r (t) n(t) s(t) h(t) n(t) m(t) o(t) n(t) s(t) o(t) u(t)
d (t) j (t) j (t) o(t) k (t) s(t) s(t) w(t) j (t) o(t) o(t) v(t) s(t) w(t) w(t) x(t)
c(t) i(t) i(t) r (t) h(t) n(t) n(t) s(t) h(t) n(t) n(t) s(t) m(t) o(t) o(t) u(t)
d (t) j (t) k (t) s(t) j (t) o(t) s(t) w(t) j (t) o(t) s(t) w(t) o(t) v(t) w(t) x(t)
d (t) k (t) j (t) s(t) j (t) s(t) o(t) w(t) j (t) s(t) o(t) w(t) o(t) w(t) v(t) x(t)
e(t) l (t) l (t) u(t) l (t) u(t) u(t) x(t) l (t) u(t) u(t) x(t) u(t) x(t) x(t) y(t)



, (B1)

a(t) =
1

64
[4+

(
6−30p+30p2)r+

(
8−24p+24p2)r cos(2gt)+

(
−8+24p−24p2)r cos(4gt)

+
(
−8+24p−24p2)r cos(6gt)+

(
−2+6p−6p2)r cos(8gt)],

b(t) =
1

64
[
(
2−22p+54p2 −36p3)r sin(2gt)+

(
−4+2p+18p2 −12p3)r sin(4gt)

+
(
−6+18p−18p2 +12p3)r sin(6gt)+

(
−2+7p−9p2 +6p3)r sin(8gt)],

c(t) =
1

64
[
(
−2+12p2 −24p3 +12p4)r+

(
−4+12p−12p2)r cos(2gt)+

(
8p−24p2 +32p3 −16p4)r cos(4gt)

+
(
4−12p+12p2)r cos(6gt)+

(
2−8p+12p2 −8p3 +4p4)r cos(8gt)],

d (t) =
1

64
[
(
−6+18p−18p2 +12p3)r sin(2gt)+

(
−4+18p−30p2 +20p3)r sin(4gt)

+
(
2−6p+6p2 −4p3)r sin(6gt)+

(
2−9p+15p210p3)r sin(8gt)],

e(t) =
1

64
[
(
−6+30p−54p2 +48p3 −24p4)r+

(
8−40p+72p2 −64p3 +32p4)r cos(4gt)

+
(
−2+10p−18p2 +16p3 −8p4)r cos(8gt)],

f (t) =
1

64
[4+

(
6p−6p2)r+

(
4+12p−12p2)r cos(2gt)+2r cos(4gt)

+
(
4−12p+12p2)r cos(6gt)+

(
2−6p+6p2)r cos(8gt)],

g(t) =
1

64
[
(
4+12p2 −24p3 +12p4)r+

(
4+12p−12p2)r cos(2gt)+

(
2+8p−24p2 +32p3 −16p4)r cos(4gt)
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+
(
4−12p+12p2)r cos(6gt)+

(
2−8p+12p2 −8p3 +4p4)r cos(8gt)],

h(t) =
1

64
[
(
2+2p−18p2 +18p3)r sin(2gt)+

(
6p−18p2 +12p3)r sin(4gt)

+
(
2−6p+6p2 −4p3)r sin(6gt)+

(
2−7p+9p2 −6p3)r sin(8gt)],

i(t) =
1

64
[
(
2+2p−18p2 +12p3)r sin(2gt)+

(
10p−30p2 +20p3)r sin(4gt)

+
(
2−6p+6p2 −4p3)r sin(6gt)+

(
2−9p+15p2 −10p3)r sin(8gt)],

j (t) =
1

64
[
(
−12p2 +24p3 −12p4)r+

(
2−8p+24p2 −32p3 +16p4)r cos(4gt)

+
(
−2+8p−12p2 +8p3 −4p4)r cos(8gt)],

k (t) =
1

64
[
(
6p−30p2 +48p3 −24p4)r+

(
2−16p+48p2 −64p3 +32p4)r cos(4gt)

+
(
−2+10p−18p2 +16p3 −8p4)r cos(8gt)],

l (t) =
1

64
[
(
−6+18p−18p2 +12p3)r sin(2gt)+

(
4−18p+30p2 −20p3)r sin(4gt)

+
(
2−6p+6p2 −4p3)r sin(6gt)+

(
−2+9p−15p2 +10p3)r sin(8gt)],

m(t) =
1

64
[4+

(
−2+2p−2p2)r+

(
−8p+8p2)r cos(4gt)+

(
−2+6p−6p2)r cos(8gt)],

n(t) =
1

64
[
(
2−12p2 +24p3 −12p4)r+

(
−8p+24p2 −32p3 +16p4)r cos(4gt)

+
(
−2+8p−12p2 +8p3 −4p4)r cos(8gt)],

o(t) =
1

64
[
(
2+2p−18p2 +12p3)r sin(2gt)+

(
−6p+18p2 −12p3)r sin(4gt)

+
(
2−6p+6p2 −4p3)r sin(6gt)+

(
−2+7p−9p2 +6p3)r sin(8gt)],

r (t) =
1

64
[
(
2−2p−22p2 +48p3 −24p4)r+

(
−8p+40p2 −64p3 +32p4)r cos(4gt)

+
(
−2+10p−18p2 +16p3 −8p4)r cos(8gt)],

s(t) =
1

64
[
(
2+2p−18p2 +12p3)r sin(2gt)+

(
−10p+30p2 −20p3)r sin(4gt)

+
(
2−6p+6p2 −4p3)r sin(6gt)+

(
−2+9p−15p2 +10p3)r sin(8gt)],

u(t) =
1

64
[
(
−2+12p2 −24p3 +12p4)r+

(
4−12p+12p2)r cos(2gt)+

(
8p−24p2 +32p3 −16p4)r cos(4gt)

+
(
−4+12p−12p2)r cos(6gt)+

(
2−8p+12p2 −8p3 +4p4)r cos(8gt)],

v(t) =
1

64
[4+

(
6p−6p2)r+

(
−4−12p+12p2)r cos(2gt)+2r cos(4gt)

+
(
−4+12p−12p2)r cos(6gt)+

(
2−6p+6p2)r cos(8gt)],

w(t) =
1

64
[
(
4+12p2 −24p3 +12p4)r+

(
−4−12p+12p2)r cos(2gt)+

(
2+8p−24p2 +32p3 −16p4)r cos(4gt)

+
(
−4+12p−12p2)r cos(6gt)+

(
2−8p+12p2 −8p3 +4p4)r cos(8gt)],

x(t) =
1

64
[
(
2−22p+54p2 −36p3)r sin(2gt)+

(
4−2p−18p2 +12p3)r sin(4gt)

+
(
−6+18p−18p2 +12p3)r sin(6gt)+

(
2−7p+9p2 −6p3)r sin(8gt)],

y(t) =
1

64
[4+

(
6−30p+30p2)r+

(
−8+24p−24p2)r cos(2gt)+

(
−8+24p−24p2)r cos(4gt)

+
(
8−24p+24p2)r cos(6gt)+

(
−2+6p−6p2)r cos(8gt)].

B2: Common environment

On the other hand, when the subsystems are coupled to the CREF in a common environment, the density matrix is obtained
using Eq. (16) when the qubits are initially prepared in the W-type states of Eq. (13). For this input configuration, we find that
the density matrix of the system at a given time describing the time evolution of the system takes the form

110310-11
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ρW (t) =



a(t) b(t) b(t) c(t) b(t) c(t) c(t) d (t) b(t) c(t) c(t) d (t) c(t) d (t) d (t) e(t)
b(t) f (t) g(t) h(t) g(t) h(t) h(t) i(t) g(t) h(t) h(t) i(t) h(t) i(t) i(t) j (t)
b(t) g(t) f (t) h(t) g(t) h(t) h(t) i(t) g(t) h(t) h(t) i(t) h(t) i(t) i(t) j (t)
c(t) h(t) h(t) k (t) h(t) l (t) l (t) m(t) h(t) l (t) l (t) m(t) l (t) m(t) m(t) n(t)
b(t) g(t) g(t) h(t) f (t) h(t) h(t) i(t) g(t) h(t) h(t) i(t) h(t) i(t) i(t) j (t)
c(t) h(t) h(t) l (t) h(t) k (t) l (t) m(t) h(t) l (t) l (t) m(t) l (t) m(t) m(t) n(t)
c(t) h(t) h(t) l (t) h(t) l (t) k (t) m(t) h(t) l (t) l (t) m(t) l (t) m(t) m(t) n(t)
d (t) i(t) i(t) m(t) i(t) m(t) m(t) o(t) i(t) m(t) m(t) r (t) m(t) r (t) r (t) s(t)
b(t) g(t) g(t) h(t) g(t) h(t) h(t) i(t) f (t) h(t) h(t) i(t) h(t) i(t) i(t) j (t)
c(t) h(t) h(t) l (t) h(t) l (t) l (t) m(t) h(t) k (t) l (t) m(t) l (t) m(t) m(t) n(t)
c(t) h(t) h(t) l (t) h(t) l (t) l (t) m(t) h(t) l (t) k (t) m(t) l (t) m(t) m(t) n(t)
d (t) i(t) i(t) m(t) i(t) m(t) m(t) r (t) i(t) m(t) m(t) o(t) m(t) r (t) r (t) s(t)
c(t) h(t) h(t) l (t) h(t) l (t) l (t) m(t) h(t) l (t) l (t) m(t) k (t) m(t) m(t) n(t)
d (t) i(t) i(t) m(t) i(t) m(t) m(t) r (t) i(t) m(t) m(t) r (t) m(t) o(t) r (t) s(t)
d (t) i(t) i(t) m(t) i(t) m(t) m(t) r (t) i(t) m(t) m(t) r (t) m(t) r (t) o(t) s(t)
e(t) j (t) j (t) n(t) j (t) n(t) n(t) s(t) j (t) n(t) n(t) s(t) n(t) s(t) s(t) u(t)



,

(B2)

a(t) =
1

32
[2+3r+4r cos(2gt)−4r cos(4gt)−4r cos(6gt)− r cos(8gt)] ,

b(t) =
1

32
[(1−2p)r sin(2gt)+(−2+4p)r sin(4gt)+(−3+6p)r sin(6gt)+(−1+2p)r sin(8gt)] ,

c(t) =
1

32
[−r−2r cos(2gt)+2r cos(6gt)+ r cos(8gt)] ,

d (t) =
1

32
[(−3+6p)r sin(2gt)+(−2+4p)r sin(4gt)+(1−2p)r sin(6gt)+(1−2p)r sin(8gt)] ,

l (t) =
1

32
[r− r cos(8gt)] , e(t) =

1
32

[−3r+4r cos(4gt)− r cos(8gt)] ,

f (t) =
1

32
[2+2r cos(2gt)+ r cos(4gt)+2r cos(6gt)+ r cos(8gt)] ,

g(t) =
1

32
[2r+2r cos(2gt)+ r cos(4gt)+2r cos(6gt)+ r cos(8gt)] ,

h(t) =
1

32
[(1−2p)r sin(2gt)+(1−2p)r sin(6gt)+(1−2p)r sin(8gt)] ,

i(t) =
1

32
[r cos(4gt)− r cos(8gt)] , k (t) =

1
32

[2− r− r cos(8gt)] ,

j (t) =
1

32
[(−3+6p)r sin(2gt)+(2−4p)r sin(4gt)+(1−2p)r sin(6gt)+(−1+2p)r sin(8gt)] ,

m(t) =
1

32
[(1−2p)r sin(2gt)+(1−2p)r sin(6gt)+(−1+2p)r sin(8gt)] ,

n(t) =
1

32
[−r+2r cos(2gt)−2r cos(6gt)+ r cos(8gt)] ,

o(t) =
1

32
[2−2r cos(2gt)+ r cos(4gt)−2r cos(6gt)+ r cos(8gt)] ,

r (t) =
1

32
[2r−2r cos(2gt)+ r cos(4gt)−2r cos(6gt)+ r cos(8gt)] ,

s(t) =
1

32
[(1−2p)r sin(2gt)+(2−4p)r sin(4gt)+(−3+6p)r sin(6gt)+(1−2p)r sin(8gt)] ,

u(t) =
1

32
[2+3r−4r cos(2gt)−4r cos(4gt)+4r cos(6gt)− r cos(8gt)] .
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