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The thermostatted system is a conservative system different from Hamiltonian systems, and has attracted much at-
tention because of its rich and different nonlinear dynamics. We report and analyze the multiple equilibria and curve axes
of the cluster-shaped conservative flows generated from a generalized thermostatted system. It is found that the cluster-
shaped structure is reflected in the geometry of the Hamiltonian, such as isosurfaces and local centers, and the shapes of
cluster-shaped chaotic flows and invariant tori rely on the isosurfaces determined by initial conditions, while the numbers
of clusters are subject to the local centers solved by the Hessian matrix of the Hamiltonian. Moreover, the study shows that
the cluster-shaped chaotic flows and invariant tori are chained together by curve axes, which are the segments of equilib-
rium curves of the generalized thermostatted system. Furthermore, the interesting results are vividly demonstrated by the

numerical simulations.

Keywords: multiple equilibria, curve axes, invariant tori, cluster-shaped conservative chaos

PACS: 05.45.—a

1. Introduction

It is accepted that chaos generated from smooth and
non-smooth nonlinear dynamical systems described by ordi-
nary differential equations (ODESs) or partial differential equa-
tions (PDEs) can be divided into two categories: dissipa-
tive chaos (chaotic attractor) and conservative chaos (also
known as Hamiltonian chaos). Dissipative chaos widely ex-
ists in physical systems, such as Chua’s circuit,!!! double
pendulum, [?! ballistic Dirac fermion systems, [*! the Peyrard—
Bishop-Dauxois DNA model,!* and some artificial nonlin-
ear systems.>~71 In contrast to dissipative chaos, conserva-
tive chaos can only be found in some theoretical models in
the fields of celestial mechanics, molecular dynamics and
hydrodynamics, such as the Hénon-Heiles system describ-
ing the motion of a star in a cylindrically symmetric and
gravitationally smooth galactic potential,!® two coupled an-
harmonic oscillators associated with molecular dynamics,m
coupled Bloch oscillator equations representing electronic ex-
citations of molecular dimers,'”! and hydrodynamic pilot-
wave system.!!!l So far, the existing results have shown
that the conservative chaos can be generated by Hamiltonian
systems!1>13] as well as thermostatted systems.!!417] Hamil-
tonian dynamical systems obeying Hamilton’s equations de-
scribe the evolutions of physical systems,8-1%18] while the
thermostatted dynamical systems are often used to describe
the driven systems or the systems in contact with external
fields, the systems connected to reservoirs or the mechanical
pistons or particle reservoirs, as well as the constrained sys-
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tems, and the systems away from equilibrium.!'® Recently,
these studies related to thermostatted systems are focused on
the investigation of their ergodicity and topology. Tapias et al.
proposed a logistic thermostat that is a variant of the Nosé—
Hoover oscillator and numerically studied the ergodicity of the
system using four tests.>"! Then, Sprott discussed the ergodic-
ity of several one-dimensional oscillators with a signum ther-
mostat based on the logistic thermostat, including a signum
thermostatted linear oscillator, a signum thermostatted non-
linear oscillator, a signum thermostatted Duffing oscillator,
a signum thermostatted pendulum, and a signum thermostat-
ted square-well oscillator.”!! As for the topological structure,
Cang et al. proposed an effective method to construct volume-
conservative thermostatted systems by modifying the Hamilto-
nian energy function of a thermostatted system like the Sprott-
A system.[??] Based on the method of Ref. [22], several inter-
esting thermostatted systems with different topological struc-
tures were found.!??!

In chaos-based applications, pursuing higher-ranking se-
curity of cryptosystem needs the chaotic systems with more
complicated topological structures. So far, multiple types
of topological structure of dissipative chaotic flows have
been well studied by many researchers in the field of non-

g, [24-26

linear science, such as multi-scroll chao ] multi-wing

chaos,?”-28] multi-torus chaos,*! and some new types of
chaotic attractors with special topological structures. 39331
Among these dissipative chaotic systems with complicated

topological structure, coexisting attractors only depending on
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initial conditions are one of the hot research areas in the study
of special chaotic systems. The coexisting dynamics have also
been found in conservative systems, but the coexisting dy-
namics in Hamiltonian or thermostatted systems differ from
the dissipative cases due to the energy/volume conservation
of such systems. Although there is a common phenomenon
that the invariant tori and conservative chaotic flows, as well
as multiple periodic orbits coexist in conservative systems,
little attention has been paid to the nonlinear dynamic char-
acteristics of invariant tori and conservative chaotic flows.
Similar to the multi-scroll and multi-wing chaotic attractor
in dissipative systems, chaotic flows generated from conser-
vative systems can manifest multiple clusters. The Sprott-A
system, 34331 a typical 3D thermostatted system, can produce
volume-conservative chaotic flows with one single cluster for
the given parameters and initial conditions. To find more com-
plicated thermostatted system, Cang et al. proposed a 3D
thermostatted system with eight-cluster volume-conservative
chaotic flows and separated invariant tori.®! However, that
work only presented numerical investigation and found some
amazing dynamical behaviors. It is necessary to theoretically
analyze the dynamic characteristics and find why the system
can generate complicated conservative flows. In this paper, we
mainly concentrate on the nonlinear dynamic analysis and nu-
merical investigation of the system including the geometry of
its Hamiltonian, curve axes, as well as multiple equilibria and
their stabilities, and the mixture of chaotic seas and islands of
invariant tori are numerically investigated for different initial
conditions.

The rest of this paper is divided into seven sections as
follows. In Section 2, we investigate the structure of the ther-
mostatted system based on the formalism of the generalized
Hamiltonian system. In Section 3, we perform the geometri-
cal analysis of the Hamiltonian of the system including iso-
surfaces for different initial conditions and the local centers.
In Section 4, the equilibria of the system and their stabilities
are discussed based on two cases. The local curve axes of
invariant tori and one eight-cluster conservative flow are ex-
plored in Section 5. Furthermore, in Section 6 we demonstrate
the mixture of chaotic seas and islands of invariant tori of the
thermostatted system. Finally, some conclusions are drawn in
Section 7.

2. System model

The thermostatted system with eight-cluster conservative
chaotic flows can be described by three first-order ordinary
differential equations as follows: (3]

z
+yz (2 —d?), ()

where x, y and z denote the state variables; a € R is the param-
eter; and k > O represents the external excitation. Due to the
existence of &, the system (1) has no scalar function (Hamilto-
nian) satisfying the Hamilton equation, thus the system (1) is
not a Hamiltonian system. However, the system (1) meets the
description of the thermostatted system.!'”) When a = 2 and
k = 1, the coexistence of separated invariant tori and eight-
cluster conservative chaotic flows appears in the thermostatted
system for different initial conditions. At first glance, the sys-
tem (1) is more complicated than the classic chaotic systems,
such as the Lorenz system,*”] Chua’s circuit equation," and
Duffing oscillator,*®! because there are seven nonlinear terms
¥z, y2, X3, y3, 2, yz3 and y4, and three linear terms x, y and
Z, and one constant term k. However, the system (1) can be
converted into the following matrix differential equation:

X 0 11 x(xz—az) 0
yl=1-10y||y0r=a)|+[0], @
z -1 —y0 z(zz—az) k

based on the formalism of the generalized Hamiltonian
system.31 If we let X = (x,,z)", the interconnection con-
servation matrix is

0 11
ix)=[ =10y
-1 -y0

the gradient of H(X) is
VH(X) = (i(x), 2(). 3(2))",

where

fx) =x(*=d?), L) =y(*—d*), fs(z) =z(F —d?),

and the external excitation u = (0,0,k)T. Numerical re-

sults have shown that there exist invariant tori and one eight-

s.36] 1t is well-known that im-

cluster conservative chaotic flow
proving the complication of topological structure of chaotic
flows can improve the performance of chaos-based encryp-
tion algorithms. Recently, many scholars have focused on
the studies of the conservative-chaos-based information en-
cryption technologies and achieved promising results. [#%#11 In
Refs. [40,41], the topological structures of the conservative
chaotic flows, which have been used by different information
encryption technologies, are pretty simple. However, the sys-
tem (1) can generate eight-cluster conservative chaotic flows,
thus the system has greater potential for information encryp-
tion.

For such dynamical behaviors, the isosurface of H(x) de-
termines the whole topological structure, the number of clus-
ters relies on the local centers of H(X), the local curve axes of
clusters are subject to J(X)VH (X), and the external excitation
g(X)u destroys the motion of the system (1) on the isosurfaces
of H(X) and leads to the emergence of invariant tori and con-
servative chaos. The mechanism of the above characteristics

will be investigated in following sections.
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3. Geometry of H(X)

3.1. Isosurfaces

According to VH(X) = (f1(x), £(), 3(2))T, we have a
Hamiltonian as follows:

HX) = [fi@acs [poav+ £
34

= (X)—Za ) 3)

where

2 2)2

L0 (Ea

4 4 4 @)

Obviously, G(X) > 0 denotes a closed surface that is compact
and without boundary. When k = 0, the Hamiltonian (3) is the
first integral of the system (1). For different G(X), the isosur-
faces manifest various shapes, which can be summarized as
the seven cases in Table 1.

Table 1. G(X) and its different shapes.

Cases G(X) Shapes Figures
1 =0 eight separated points Fig. 1(a)
2 c (07 %a“) eight separated surfaces Fig. 1(b)
3 = %a“ critical case between eight separated surfaces and one hollowed-out surface Fig. 1(c)
4 IS (%a“7 %a“) one hollowed-out surface Fig. 1(d)
5 = %a“ critical case between one hollowed-out surface and one surface with one inner cavity — Fig. 1(e)
6 € (%a“7 %a“) one surface with one inner cavity Fig. 1(f)
7 S [%a“, +oo) one surface without inner cavity Fig. 1(g)

Yy =2

Fig. 1. Cases of the 3D view of the isosurfaces (invariants) of H(X) with the increasing G(Xp) for a = 2: (a) eight separated points, (b) eight separated
surfaces, (c) critical case between eight separated surfaces and one hollowed-out surface, (d) one hollowed-out surface, (e) critical case between one
hollowed-out surface and one surface with one inner cavity, (f) one surface with one inner cavity, (g) one surface without inner cavity.

When a = 2, the isosurfaces of these seven cases can be
exhibited in Fig. 1. Let Xo = (x0,y0,20)" be the initial condi-
tions of the system (1), then substituting X, into Eq. (4) yields
an isosurface G(Xp). With k = 0, the trajectory starting from
X, denoted by ¢ (Xp, X, 1), always runs on G(Xp) because the
conserved quantity of Eq. (2) does not vary over time, i.e.,
dH(X)/dt =0.

3.2. Local centers of isosurfaces

According to Egs. (3) and (4), H(X) reaches the mini-
mum —% at x = +a, y = ta and z = £a. In this case, the
isosurfaces of G(X) are degenerated into eight isolated points,
as shown in Fig. 1(a). With the increment of G(X), these min-

imum points remain unchanged, as shown in Figs. 1(b)-1(g),
which means that Cy 5 ... s = {(x,y,z) € R3|x = +a,y = +a,z =
+a} are the eight local centers of H(X).
H(X) can be expressed as the sum of squares by the method

However, not all

of completing the square. For a more general H(X), its local
centers can be determined by its Hessian matrix at these points
satisfying VH(X) = 0. If VH(X) = 0, twenty-seven solutions
can be obtained as follows:

Ci2,..8UCy10,11,12UC131415,16 UC17,18
UC19,20,21,22 UC23.24 UCo526 UG

= {(%a,*a,+a),(+a,0,+a),(+a,+a,0),(+a,0,0),
(0,£a,+a),(0,0,+a),(0,+£a,0),(0,0,0)}. (®)]
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Among these stationary points of H(X), some points are the
local minimum points and the others are the inflection points.
Obviously, Cy 5 ... g are just parts of Eq. (5), but ruling out other
solutions of VH(X) = 0 needs to use the Hessian matrix at
each solution of VH (X)) = 0. The Hessian matrix of H(X) is

3x2—a2 0 0
Hs = 0 3y* —a? 0 . (6)
0 0 372-d

If Eq. (6) is positive definite, we have

X, )2 € <_°°7_@> U (@’4_%) . (7)

Let Hs|c, (n=0,1,...,26) be the nth solution of VH(X) =0,
then substituting the solution C, (n=0,1,...,26) into Eq. (6),
we can find that Hs|c,(,—12,. 8) is positive definite, which
means that C g are the local minimum points of H(X).
When G(X) gradually increases, the isosurface denoted by
G(X) swells up from Cj, g, as shown in Fig. 1. Thus,
Ci,. s are the local centers of G(X), while the others are not,
which agrees well with the results obtained by the method of
completing the square.

For different G(Xp), the solutions of VH(X) = 0 remain
the same. When G(Xo) equals 3.7959 and 4.4561, the so-
lutions of VH(X) = 0 are shown in Figs. 2 and 3, respec-
tively, in which the green dots denote the inflection points
of H(X), while the black ones represent the local centers of
H(X), which are exactly distributed in the eight corners of a
single crystal lattice. Investigating the local centers of H(X)
is helpful for locating invariant tori and cluster-shaped conser-

vative chaotic flows.

M Isosurface H(X)

¢ Local centers

» Origin

« Inflection points
Stable equilibria

- Unstable equilibria

+ Equilibria on H(X)

Fig. 2. For a = 2, the superposition of the isosurface H(X) with
G(Xp) = 3.7969 (purple surface), the local centers (black solid circles),
the inflection points (green solid circles), the curves of stable equilibria
(light blue curves) and unstable equilibria (orange curves) of the sys-
tem (1) with k = 0, and the equilibria on H(X) (blue hexagrams) in 3D
phase space.

- M Isosurface H(X)

Local centers
+ Origin
« Inflection points
- Stable equilibria
- Unstable equilibria
* Equilibria on H(X)

Fig. 3. For a = 2, the superposition of the isosurface H(X) with
G(Xp) = 4.4561 (purple surface), the local centers (black solid circles),
the inflection points (green solid circles), the curves of stable equilibria
(light blue curves) and unstable equilibria (orange curves) of the sys-
tem (1) with k = 0, and the equilibria on H(X) (blue hexagrams) in 3D
phase space.

4. Equilibria and stability

For the nonzero parameter a, the system (1) has countless
equilibria for k = 0 and no equilibrium for k # 0. Thus, the
system (1) is a chameleon system.!*?! For the case of k = 0,
the equilibria of Eq. (1) can be obtained by x = 0, y = 0 and
z =0, and one obtains the equilibria set

Er = {(reyerze) € Bl (22— ) = ri(r),

ve =1, Ze (s —a®) =h(n)}, ®)

where the parameter r denotes any real number and h(r) =
—r (r2 — az) )

curves of equilibria. For example, when r € [—3,3], it can

When r varies, the set E, denotes multiple

be found there are five curves, as shown in Figs. 2 and 3.

For dynamical systems with equilibria, the local dynam-
ical behaviors near equilibria can be determined by their cor-
responding Jacobian matrix. For the system (1), whether k
equals zero or not, its Jacobian matrix J,,(X) can be obtained

as
9(¥,5,2)
Tn(X) = 28253
") = 5)
0 3y?—a*> 37 —-d®
= | a3 F?-d*z yF-a’y|. (9

a* —3x* 2a*y —4y? 0

As the solutions of VH(X) = 0 are also the solutions of
J(X)VH(X) = 0, the local centers and inflection points
Substituting C, (n =
0,1,...,26) into Eq. (9), the corresponding eigenvalues show

are in the curves of equilibria E,.

that C13,14,....18 and C»3 24, 26 are saddle equilibria, while the
others are nonhyperbolic equilibria. When r € [—3, 3], the sta-
bility of all equilibria represented by Eq. (8) can be depicted by
different color curves in Figs. 2 and 3. The countless light blue
points denote the stable equilibria, while the orange points rep-
resent the unstable equilibria. Note that the stabilities of all
equilibria are not affected by the initial conditions.
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Table 2. Equilibria and their stabilities of the system (1) with k = 0 on G(Xp) = 3.7969.

Equilibria Eigenvalues (11,42) Types of equilibria
Si Xe Ye Ze
S1 —2.6864 —2.3570 2.3570 1.8331-38.0068i 1.8331+38.0068i1 Unstable focus
) -2.5918 -2.3072 -1.2409 1.5264-15.6476i 1.5264+15.6476i Unstable focus
S3 0.3641 -2.0798 -1.9093 0.3385-14.8883i 0.3385+14.8883i Unstable focus
S4 0.3599 -2.0790 2.0790 0.3350-17.1793i 0.3350+17.1793i1 Unstable focus
Ss -0.3756 -1.8966 -2.089%4 -0.3819-12.3315i1 -0.3819+12.3315i1 Stable focus
Se -0.3827 —-1.8945 1.8945 —-0.3892-10.2981i -0.3892+10.2981i Stable focus
Se 2.3621 -1.2169 1.2169 —1.5328-2.75031 —1.5328+2.7503i Stable focus
Sg —1.4084 -0.9607 -2.2991 3.8700 —6.8265 Saddle
So -1.8945 -0.4528 -2.1876 —0.8591-5.5854i -0.8591+5.5854i Stable focus
S0 2.0879 —0.4441 —2.1847 —0.8445-6.8808i —0.8445+6.8808i Stable focus
S11 2.0879 0.4441 2.1847 0.8445-6.8808i 0.8445+6.8808i Unstable focus
Si2 -1.8945 0.4528 2.1876 0.8591-5.5854i 0.8591+5.5854i Unstable focus
Si13 —1.4084 0.9607 2.2991 6.8265 —3.8700 Saddle
S14 2.3621 1.2169 -1.2169 1.5328-2.7503i 1.5328+2.7503i Unstable focus
Sis -0.3827 1.8945 -1.8945 0.3892-10.2981i 0.3892+10.2981i Unstable focus
Si6 —0.3756 1.8966 2.0894 0.3819-12.3315i 0.3819+12.3315i1 Unstable focus
Si7 0.3599 2.0790 -2.0790 -0.3350-17.17931 -0.3350+17.1793i Stable focus
Si8 0.3641 2.0798 1.9093 -0.3385-14.8883i -0.3385+14.8883i Stable focus
N —2.5918 2.3072 1.2409 —1.5264-15.64761 -1.5264+15.6476i Stable focus
S20 —2.6864 2.3570 -2.3570 —1.8331-38.0068i1 —1.8331+38.0068i Stable focus
Table 3. Equilibria and their stabilities of the system (1) with k = 0 on G(Xp) = 4.4561.
Equilibria Eigenvalues (11, 4,) Types of equilibria

Si Xe Ye Ze

N —2.7366 —2.3834 2.3834 2.0028-39.6028i 2.0028+39.6028i Unstable focus

\Y) -2.5840 -2.3031 -1.0035 1.5017-10.2174i 1.5017+10.2174i Unstable focus

S3 —2.4006 —2.2066 -0.5132 10.0133 -8.0956 Saddle

S4 1.5883 —2.1258 -0.2815 12.8376 -11.7339 Saddle

Ss -1.5875 -1.8124 0.3333 6.7363 -8.0325 Saddle

Se 2.3315 -1.0921 1.0921 —4.8663 1.8004 Saddle

Se -1.1357 -1.0197 -2.3043 5.6576 -8.6758 Saddle

Sg —-1.4648 -0.9311 1.3647 1.3531 -4.2703 Saddle

So —1.4648 0.9311 -1.3647 4.2703 -1.3531 Saddle

S10 -1.1357 1.0197 2.3043 8.6758 -5.6576 Saddle

Sh 2.3315 1.0921 -1.0921 -1.8004 4.8663 Saddle

Si2 —-1.5875 1.8124 -0.3333 8.0325 -6.7363 Saddle

S13 1.5883 2.1258 0.2815 11.7339 —-12.8376 Saddle

Si4 —2.4006 2.2066 0.5132 8.0956 -10.0133 Saddle

Sis —2.5840 2.3031 1.0035 -1.5017-10.2174i -1.5017+10.2174i Stable focus

Si6 —2.7366 2.3834 -2.3834 —-2.0028-39.6028i —2.0028+39.6028i Stable focus

As mentioned above, for the given initial conditions,

converges to one of the nine stable foci.

However, when

there are isosurfaces with different shapes when k = 0. Ac-
cording to the curves of equilibria E, in Figs. 2 and 3, we
clearly see that there are some intersections of G(Xp) and E,.
The numbers of the intersections depend on G(Xp). When
G(Xp) = 3.7969, eight separated surfaces appear, however,
when G(Xp) = 4.4561, the geometry of H(X) manifests one
hollowed-out surface. For these two cases, their intersections
of G(Xp) and E, are listed in Tables 2 and 3, respectively.
From Table 2, we can see that there are twenty intersec-
tions of G(Xp) and E,, which means that the system (1) has
twenty equilibria for k = 0 on the isosurface G(Xp) = 3.7969.
Among them, there are nine unstable foci, nine stable foci and
two saddles. The trajectory starting from a point on G(Xp)

G(Xp) =4.4561, the eight separated surfaces inflate and merge
into one hollowed-out surface, which leads to the change of the
intersections of G(Xp) and E,. In this case, Table 3 records six-
teen intersections of G(Xp) and E,, which include two stable
foci, two unstable foci, and twelve saddles. All initial condi-
tions on G(Xp) result in the generated flows approaching one
of the two stable foci. In Figs. 2 and 3, the blue hexagrams
denote the equilibria for the given G(Xp).

Hereto, we have analyzed the geometry of H(X) and the
equilibria of the system (1) as well as their local stabilities
when k = 0. In the following section, we focus on the global
dynamical behaviors of the system (1) including invariant tori
and conservative chaos when k = 1.
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5. Curve axes of ¢ (X, Xp,1)

As for cluster-shaped objects, there is always one or more
invisible line or curve axis in it, such as a ball of wool and
the field distribution in a dipole magnet. In the cluster-shaped
conservative invariant tori and chaotic flows, there may be one
or more invisible line or curve axes. For the system (1), we
define the trajectory emanating from the initial condition Xp
as ¢(X,Xp,t). For k =0, ¢(X,Xo,t) is always on G(Xp),
while for k # 0, ¢(X,Xo,t) forms invariant tori and eight-
cluster conservative chaotic flows, which have been numeri-
cally explored.[3"!

As mentioned in Section 3.1, there exists a first integral
H(X) (Hamiltonian energy function) when k = 0. In this case,
the system (1) is energy-conservative. However, when k # 0,
no Hamiltonian satisfies dH(X)/dz = 0 because there exists
energy exchange between Eq. (1) and external environment
caused by k. To simplify system analysis, we can define the
external system exchanging energy as

v=—kf3(z), (10)

where v is an augmented variable belonging to the external
system. Combining Eqgs. (1) and (10) yields

i=fr(y)+ f3(2),
y=—f(x)+yf(2),

t= =AW +3h0)+k o
V= _kf3 (Z)7
and its integrated Hamiltonian H'(X) is
H'(X) = H(X) —k / A2 —a¥)dr. (12)

Obviously, the term £ is the only route realizing the energy ex-
change between Egs. (1) and (10). For k =0, H'(X) is one
first integral of Eq. (1), while for k # 0, H'(X) is one first inte-
gral of Eq. (11). If ¢(X, Xp,?) denotes the trajectory generated
by Eq. (11), (X, Xo,t) should run on the hypersurface H'(Xp)
in (x,y,z,v) space. Since the system (1) is the subsystem of
the system (11), ¢(X,Xo,?) is the projection of ¢(X,Xp,?) in
(x,y,z) space.

Without the external excitation k, ¢ (X,Xo,#) approaches
one of the stable equilibria (intersections of E, and G(X)).
However, when the external excitation is introduced into
Eq. (1), H(X) and E, will be destroyed. Here, ¢ (X, Xo,) run-
ning on G(X) approaches or keeps away from the neighbor-
hood of E,. In a small enough area near E,, we can reach the
following approximate solution of Eq. (1):

x(t) =xy, y(t)=y;, 2(t) =z +kt, (13)

where the superscript s denotes the stable equilibria in £, when
k=0. E, is not an isolated point but multiple curves of equilib-
ria, and ¢ (X,Xp,?) not only converges to or keeps away from

E, but also moves with E,. This dynamical behavior differs
from that of the case of an isolated equilibrium. If E, is sta-
ble, ¢ (X, Xo,?) converges to E,; conversely, ¢ (X,Xp,?) is away
from E,. It should be noted that k can be regarded as the speed
of the local movement near E,.

For 3D thermostatted systems without external excitation,
chaos does not appear due to the existence of the invariant.
When the external periodic or fixed signal is introduced into
the system, the conservative dynamics including conservative
chaos and invariant tori may appear. Although the local dy-
namical behaviors can be determined by the Jacobian matrix of
Eq. (1), the dynamical behaviors near E, can be imaged even
though &k # 0. As long as k # 0, the local dynamical behaviors
near E, cannot be sustained over time because z(t) & z3 + kt.
For a = 2, the system (1) undergoes invariant tori and volume-
conservative chaos for different Xj.

(b)
2.5

2.04"

1.0

0.5

0 05 1.0 15 20 25
T

Fig. 4. Invariant tori surrounding six isolated isosurfaces where differ-
ent colors of tori denote the flows generated by the system (1) under
different initial conditions with the corresponding curve axes: (a) 3D

view of the six tori connected by two curve axes, (b) 2D magnification

of the tori generated by the system (1) (blue) with Xy = (§ 2 5), local

’ 20202
center and curve axis.

If(%,:t%,:l:%), (—%,%,%) and(—%,—%,—%) are selected
as the six groups of initial conditions on G(Xp), ¢ (X,Xo,?) of
Eq. (1) will form six separated cluster-shaped invariant tori
surrounded by G(Xp), which are plotted by different color
curves in Fig. 4(a). Figure 4(a) shows the superposition

of the local centers Cj 5 . g, six cluster-shaped invariant tori
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0(X,Xp,t), curves of equilibria E, and isosurface G(Xp) =
3.7969. It can be found that these cluster-shaped invariant
tori are chained together by the curves of equilibria E,. For
¢(X,Xo,1) with Xo = (3,3, 3), the details on the (x,y) plane
(z=2) can be seen in Fig. 4(b). Clearly, there is a curve axis
through the local center (2, 2, 2) and ¢ (X, Xo,1).

If Xo = (3,3,—3), an eight-cluster conservative chaotic
flow will appear, as shown in Fig. 5. In this case, its three
Lyapunov exponents can be obtained as (LE;,LE»,LE3) =
(0.1448,0,—0.1448). The largest Lyapunov exponent LE is
greater than zero, and the sum of all Lyapunov exponents is
zero, indicating that the system (1) is volume-conservative
and chaotic. From Fig. 5(a), the superposition of Ci> . g,
¢ (X,Xo,t), E, and G(Xp) = 4.4561 shows that the cluster-
shaped chaotic flows are chained together by E,. Similarly,
based on the details of ¢ (X, Xp,?) projected on the (x,y) plane
in Fig. 5(b), we can also find that there is a curve axis through
the local center (—2, 2, —2) and ¢ (X, Xo,1).

Fig. 5. Chaos surrounding the one hollowed-out surface where the
green trajectories denote the volume-conservative chaotic flows gener-
ated from Eq. (2) with Xp = (%, %, —%) and the corresponding curve
axes: (a) 3D view of the eight-cluster volume-conservative chaotic
flows, (b) 2D magnification of the chaotic flows of one of clusters, local

center and curve axes.

Based on the numerical analysis of the two cases, the
curve axes of ¢(X,Xo,t) have three significant characteristics
as follows:

(1) The curve axes consist in the curves of equilibria E,
of the thermostatted system with zero external excitation.

(2) Any one of the curve axes must have a center locating
in the curves of equilibria E,.

(3) With the center as a boundary, the equilibria on one
side of the curve axes are stable (curves colored light blue)
and the equilibria on another side are unstable (curves colored
orange), as shown in Figs. 4(b) and 5(b).

According to Figs. 2 and 3, there are eight curve axes in
E,, and the system (1) may have eight invariant tori or one
eight-cluster conservative chaotic flow under different initial
conditions on G(X), which were verified by the numerical re-
sults in Figs. 4 and 5.

6. Chaotic seas and stable islands

Dynamical systems can be understood from the motions
of their state points on the Poincaré sections. The Poincaré re-
turn maps of Hamiltonian and thermostatted chaotic systems
consist of chaotic seas and islands of invariant tori. Generally,
there are chains of islands around each of the critical invariant
tori, and chaotic seas remain in close contact with the critical
invariant tori encircling countless hierarchical islands of in-
variant tori.!*3! For the system (1) with a = 2 and k = 1, the
Poincaré return map on the surface of the section x = 2.1 is
plotted in Fig. 6, which shows a mixture of chaotic seas and
islands of invariant tori. It can be found from Fig. 6 that there
are four groups of chains of islands of invariant tori, i.e., G1,
G2, G3 and G4, and all of them contain five families of invari-
ant tori. Moreover, we can see that the chaotic motion is stuck
by the critical invariant tori and stays there for a long time
since the local expansion rate of nearby stable invariant tori is
approximately zero. The stickiness of chaotic motion to the
islands of invariant tori occurs repeatedly and intermittently,
and produces a long-time correlation of chaotic motion. Also,
we can clearly observe that the return points on the Poincaré
section at x = 2.1 form two white stripes, which means that
there are no return points distributed in the stripes. The stripes
rely on the curves of equilibria E,. According to the equilibria
set (8), eliminating the state variable x yields

(ve+2e) (V2 = Yeze + 22 —a*) = 0. (14)
Then,
Ze="Yer Vi~ VeZet+i =0, (15)

which indicates that the curves of equilibria E, projected on
the (y,z) plane manifest one line through the origin, and one
ellipse centered at the origin. If we plot the line and the ellipse
on the Poincaré section at x = 2.1, we can find that the line and
the ellipse are exactly filled in the two white stripes, as shown
in Fig. 7.
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Fig. 6. Poincaré return map to the surface of the section x = 2.1. The
family of invariant tori F4 (or F6) in G1 (or G2) encircles F1, F2 and F3
(or F7, F8 and F9), while F5 and F10 are isolated. Here, the Poincaré
section x = 2.1 is chosen based on some simulations since this Poincaré
section is representative and can show more information related to sta-
ble islands.

4 T

Yn

Fig. 7. Superposition of the Poincaré return map and the projected curve
axes E, on the (y,,z,) plane at x = 2.1.

7. Conclusion

In literature, there have been few studies on the dynamic
characteristics analysis of conservative flows from thermostat-
ted systems. Based on one complicated thermostatted system,
we systematically investigate its multiple equilibria and curve
axes of cluster-shaped invariant tori and one eight-cluster con-
servative chaotic flow. Moreover, several numerical tech-
niques have been used to show that the geometry of the Hamil-
tonian including different shapes of isosurface and the local
centers is explored for different initial conditions. Without ex-
ternal excitation, there exist curves of equilibria in the system
in which some segments are stable and others are unstable,
and the intersections of curves of equilibria and isosurface de-
termine the dynamical behaviors on the isosurface. However,
if there is an external excitation, the curves of equilibria of
the system will disappear, and the disappeared curves of equi-
libria become the curve axes of the invariant tori and eight-
cluster conservative chaotic flows. Moreover, the three signif-
icant characteristics of curve axes are summarized based on

the numerical results. Furthermore, we investigate the chaotic
seas and islands of invariant tori for the thermostatted system
with given parameters, which shows that the chaotic motion is
strongly trapped in the vicinity of each critical invariant tori.

However, there is still one open research question. For
given initial conditions (initial energy), there exists energy ex-
change between the thermostatted system and the external en-
vironment. When the energy exchange causes the system to
move only near one of curve axes, an invariant torus appears.
If the system moves and passes through more than one curve
axis, multiple cluster-shaped conservative chaos will arise.
Why do different initial conditions lead to different dynamics
of the energy exchange process? Further studies are necessary
to find a solution to this question.
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