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The interaction between a permanent magnet (PM) assumed as a magnetic dipole and a flat high-temperature su-
perconductor (HTS) is calculated by the advanced frozen-image model. When the dipole vertically moves above the semi-
infinite HTS, the general analytical expression of vertical force and that of torque are obtained for an arbitrary angle between
the magnetization direction of the PM and the c axis of the HTS. The variations of the force and torque are analyzed for
angle and vertical movements in both zero-field cooling (ZFC) condition and field cooling (FC) condition. It is found that
the maximum vertical repulsive or attractive force has the positive or negative cosine relation with the angle. However, the
maximum torque has the positive or negative sine relation. From the viewpoint of the rotational equilibrium, the orientation
of the magnetic dipole with zero angle is deemed to be an unstable equilibrium point in ZFC, but the same orientation is
considered as a stable equilibrium point in FC. In addition, both of the variation cycles of the maximum force and torque
with the angle are π .

Keywords: high-temperature superconductor, magnetic dipole, frozen-image model, angle
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1. Introduction
The passive levitation between bulk high-temperature su-

perconductors (HTSs) and permanent magnets (PMs) can si-
multaneously provide the stability in different directions due
to the strong flux pinning characteristic of HTS. Since the dis-
covery of HTS in 1986, the HTS levitation has been success-
fully applied to many practical engineering aspects, such as
the superconducting magnetic levitation vehicles[1–3] and the
bearings for flywheel energy storage system.[4–6] At the same
time, a large number of studies have been performed to im-
prove the levitation performances including vertical force, lat-
eral force, magnetic stiffness, etc.[7–13] In addition, it has been
found experimentally that the angle between the magnetiza-
tion direction of the PM and the c axis of the HTS significantly
affects the levitation properties.[14–18] In fact, the magnetiza-
tion direction of the PM does not often coincide with the c axis
of the HTS in many practical applications.

More than 20 years ago, Shi et al.[14] and Tent et al.[15]

experimentally investigated that the domain orientation affects
the levitation force for the cubic and spherical geometries of
the HTS samples, respectively. They found that the levita-
tion force varies in a cosine law fashion with the angle be-
tween the direction of the magnetic field and the c axis of the
HTS. Also, Yang et al. measured the levitation forces of the
YBCO bulk samples with different grain-orientations at liq-

uid nitrogen temperature.[16,17] It is found that the levitation
force decreases monotonically with the angle between the c
axis and the normal to the polished surface. A simple formula
was proposed to describe the relationship between the levi-
tation force and the angle for a relatively low external mag-
netic field produced by a PM.[17] Very recently, the effect of
magnetization angle on the levitation force of the bulk HTS
was studied in high magnetic field produced by a supercon-
ducting magnet.[18] It was also shown that the levitation force
decreases with increasing angle between the upper surface of
the bulk HTS and the horizontal plane. In addition, the ex-
perimental results[18] indicated that the relationship between
the angle and the levitation force of the bulk HTS is complex
and cannot be expressed by using Yang’s formula[17] in high
magnetic field.

In the studies of modelling superconducting magnetic
levitation, many different numerical and analytical ap-
proaches, such as the models of solving differential Maxwell
equations combining different relations between the elec-
tric field and the current density in superconductor,[19–25]

the method based on the minimization of the magnetic
energy[26,27] and the models based on the calculation of mag-
netic moments,[28–37] have been proposed. A very complete
and comprehensive compilation for modelling magnetic levi-
tation can be found in a recent review paper.[38] In the afore-
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mentioned calculation models, the image models of the mag-
netic diploe have been widely used to design and optimize
the superconducting magnetic levitation systems because the
models can give the simple and analytical expressions of force,
torque, and stiffness and need a very shorter calculation time
than the complicated numerical simulation models, such as
the finite element method combining the critical state mod-
els. The simplest form of the magnetic image model was
used to calculate and describe the levitation behavior for a
magnetic dipole over a semi-infinite superconducting plane
in the Meissner state.[30,31] In this case, the magnetic dipole
has only one image named the diamagnetic mirror image be-
low the superconductor top surface. The lateral position of
the diamagnetic mirror image is the same as that of the mag-
netic dipole, and the vertical height below the superconduc-
tor surface equals the height of the magnetic dipole above the
surface. The simplest form of the image model can describe
only the HTS magnetic levitation properties in the zero field
cooling (ZFC) case. Kordyuk[32] added a frozen image, which
creates the same magnetic field distribution outside the super-
conductor as the frozen magnetic flux, into the image model
to study the field cooling (FC) state of the bulk HTS. Then
Hull and Cansiz[33] used the frozen-image model to calculate
the vertical force, lateral force, and stiffness, and found the
calculations to be in good agreement with their measurements
when they used the equivalent current loops in the axisymmet-
ric case to calculate the vertical force. But the frozen-image
model did not predict hysteresis in the vertical force or lat-
eral force and could not give the lateral force in ZFC either,
because the frozen-image model did not take into account the
flux flow as the PM moved. To remedy these problems, Yang
and Zheng have proposed introducing two additional magnetic
dipoles they called the vertical and horizontal movement im-
ages respectively, to consider the magnetic flux changes due
to the vertical and lateral motions of the PM.[34] Subsequently
Zhang et al. amended the location of the vertical movement
image below the HTS surface to obtain the relationship be-
tween the maximum levitation forces and the initial cooling
heights.[35] In addition, Wu et al.[36] modified the change rules
of the vertical movement image in the advanced frozen-image
model proposed by Yang and Zheng[34] to describe the hys-
teresis loops in the second and subsequent descent–ascent cy-
cles of the PM.

The above theoretical investigations using the magnetic
image models do not contain the influence of the angle be-
tween the magnetization direction of the PM and the c axis of
the bulk HTS on the levitation behavior. The angular depen-
dence of forces has been calculated using the dipole–dipole
image model between a small PM and a superconductor in
the Meissner state.[39–45] The results showed that the levitation
force is maximum when the magnetic moment is perpendicu-

lar to the surface and minimum when it is parallel,[39] which is
at least in a qualitative agreement with the measured data.[17]

Coffey studied the levitation force between a magnetic dipole
and a superconducting sphere in the perfect flux exclusion
state for two different orientations of the dipole, vertically and
horizontally.[40,41] The magnetic force and torque on a super-
conducting sphere in an arbitrary orientation of the magnetic
dipole also were calculated in the Meissner state.[42–45] In ad-
dition, the frozen-image model has also been employed to cal-
culate the interaction between a small magnet and an HTS in
FC for an arbitrary orientation of the dipole. Alqadi et al. an-
alyzed the angular dependence of the levitation force and en-
ergy by utilizing the frozen-image model for a system com-
posed of a small magnet and a superconducting sphere.[46]

Using the same model, Sivrioglu and Cinar,[47] Sivrioglu and
Basaran,[48] and Basaran and Sivrioglu[49] studied the mag-
netic potentials and stiffness values for the practical ring-
shaped PM–HTS bearings with the variation of the angle be-
tween the rotational magnetization symmetry axis of the PM
and the levitation direction. Although the interaction between
the PM and the HTS with angle has been studied by using the
image or frozen-image model in the literature, the angular de-
pendence of force and torque has not yet been investigated so
far by utilizing the advanced frozen-image model, which can
consider the flux change due to the motion of the PM. More-
over, the torque between a superconductor and a magnet has
been seldom studied and was reported only for the Meissner
state.[44,45]

In this paper, the PM–HTS levitation system is simpli-
fied into a magnetic dipole levitated above the semi-infinite
flat HTS. Based on the magnetic field distribution of the mag-
netic dipole directing to an arbitrary direction, the levitation
force and torque on the PM are calculated by using the ad-
vanced frozen-image model with an arbitrary angle between
the magnetization direction of the PM and the c axis of the
semi-infinite flat HTS. The variations of the levitation force
and torque with the angle are obtained as the PM moves ver-
tically above the HTS. The rest of this paper is structured as
follows. In Section 2, we describe the advanced frozen-image
model for the vertical motions of the PM with arbitrary an-
gle in the ZFC condition and the FC condition, and derive the
generally analytical expressions of the magnetic field, force
and torque. In Section 3, the results of the levitation force
and torque under different angles are presented and discussed
in the ZFC condition and the FC condition as the PM moves
vertically. Finally, the conclusions are drawn in Section 4.

2. Calculation model for force and torque
Figure 1 shows a schematic diagram of the calculation

model. The PM is simplified as a magnetic dipole with the
magnetic moment 𝑚1, has an angle θ with respect to the z
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axis. The bulk HTS is assumed to have a semi-infinite struc-
ture. The origin of rectangular Cartesian coordinate system is
taken at the center of the bulk HTS surface. Based on the mag-
netic image method in the electrodynamics and the advanced
frozen-image model,[34] the diamagnetic image 𝑚2 having an
angle of π–θ moves as the PM moves. The frozen image 𝑚3

having an angle of −θ does not moves and has a fixed po-
sition below the HTS surface. The vertical movement image
𝑚4 having an angle of π–θ in ZFC or an angle of −θ in FC
also has a fixed position. According to previous studies,[33,34]

the vector moduli of 𝑚1, 𝑚2, and 𝑚3 have the same value,
however, the modulus of 𝑚4 changes as the PM vertically
moves. The images of 𝑚3 and 𝑚4 have the stationary po-
sitions (0,−h) and (0,−z0), respectively, where h is the initial
cooling height and z0 is the minimum vertical gap between the
PM and the HTS surface. The image of 𝑚2 has a changing
position (0,−z) as the PM vertically moves.
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Fig. 1. Schematic diagram of advanced frozen-image model with arbitrary
angle θ between the magnetization direction of the PM and the c axis of the
HTS under (a) ZFC and (b) FC, with 1–4 representing PM, diamagnetic im-
age, frozen image, and vertical movement image, respectively, h being initial
cooling height, z0 and zm denoting minimum and maximum vertical gaps
between the PM and the HTS surfaces, respectively, h bing equal to z0 in FC.

From magnetomechanics, the force and torque between
two magnetic dipoles can be given as

𝐹 = (𝑚 ·∇)𝐵, (1)

𝑇 =𝑚×𝐵, (2)

where 𝑚 refers to the magnetic moment of one dipole, 𝐵 de-
notes the magnetic field from the other dipole, and 𝐹 and 𝑇

are the force and torque vectors, respectively.
The magnetic field produced by a magnetic dipole having

an angle θ with respect to the z axis can be derived from the
Biot–Savart’s law and the superposition principle. As shown
in Fig. 2, the dipole with the magnetic moment 𝑚 can be con-
sidered as a small current loop with radius R and current I.
The magnetic moment 𝑚 of the dipole with θ is decomposed
into mz in the z-axis direction and mx in the x-axis direction.
Using the Biot–Savart’s law, the expressions of the magnetic
field at any location point M (x,y,z) produced by the vertical

component mz and the lateral component mx of the magnetic
dipole can be obtained as follows:

Bzx =
µ0mz

4π

3xz
(x2 + y2 + z2)5/2 ,

Bzy =
µ0mz

4π

3yz
(x2 + y2 + z2)5/2 ,

Bzz =
µ0mz

4π

2z2 − x2 − y2

(x2 + y2 + z2)5/2 , (3)

Bxx =
µ0mx

4π

2x2 − z2 − y2

(x2 + y2 + z2)5/2 ,

Bxy =
µ0mx

4π

3xy
(x2 + y2 + z2)5/2 ,

Bxz =
µ0mx

4π

3xz
(x2 + y2 + z2)5/2 , (4)

where µ0 is the permeability of vacuum, the first subscript and
the second subscript of the magnetic field components indi-
cate the component of the magnetic moment and the direction
of the magnetic field, respectively. Each component of the to-
tal magnetic field can be obtained by the superposition of the
corresponding components in Eqs. (3) and (4). Therefore, the
expressions of the total magnetic field can be given as

Bx = Bzx +Bxx,

By = Bzy +Bxy,

Bz = Bzz +Bxz. (5)

When the PM moves only vertically along the z-axis direction,
according to the superposition principle and Eqs. (1) and (2),
the forces and torques acting on the magnetic dipole 𝑚1 at co-
ordinate (0,z) due to the diamagnetic dipole 𝑚2 at (0,−z), the
frozen dipole 𝑚3 at (0,−h) and the vertical movement dipole
𝑚4 at (0,−z0) are

Fx = Fy = 0,

Fz =
3µ0m1(3+ cos2θ)

8π

×
(

m2

(2z)4 − m3

(z+h)4 − m4

(z+ z0)4

)
, (6)

Tx = Tz = 0,

Ty =
µ0m1 sin2θ

8π

(
m2

(2z)3 − m3

(z+h)3 − m4

(z+ z0)3

)
, (7)

where m1, m2, m3, and m4 are the vector modulus of 𝑚1, 𝑚2,
𝑚3, and 𝑚4, respectively. From Eqs. (6) and (7), the inter-
actions between the PM with angle θ and the HTS include
not only the levitation force Fz, but also the torque Ty, which
is distinguished from the interaction between the PM without
angle and the HTS. In the practical applications of the HTS
levitation systems, the levitation body usually undergoes some
disturbances, which may make the body tilt. The torque Ty

emerges according to Eq. (7) because the angle θ is not equal
to zero. The torque can make the levitation body rotate about
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the y axis and determines the rotation stability of the levitation
body.

y

I

M

R

P

m

r

x
mx

z

mz

θ

O

Fig. 2. Schematic diagram for calculating magnetic field at any location point
M(x,y,z) produced by dipole with magnetic moment 𝑚 having angle θ with
respect to the z axis, dipole being considered as a small current loop (the dot-
ted circle) with radius R and current I, and mx and mz denoting components
of 𝑚 along the x and z directions, respectively.

3. Results and discussion
In the study, the variation rule of m4 is the same as that in

the advanced frozen-image model.[34] We adopt the following
parameters: m1 = m2 = m3 = 5.0×10−3 A·m2, z0 = 0.5 mm,
a1 = 0.1 A·m, a2 = 5.0 A·m, b1 = 5.0 × 10−2 A·m, and
b2 = 0.15 A·m, where a1, a2, b1, and b2 are the proportional
constants of m4 for different initial cooling conditions and dif-
ferent vertical movement processes of the PM. The values of
initial cooling height h are taken as 30 mm in ZFC and 0.5 mm
in FC, respectively. The values of above parameters are iden-
tical to those counterparts in a previous paper[34] in order to
compare the calculation results with the published ones.

3.1. ZFC case

As the PM firstly descends from the initial cooling posi-
tion z = h = 30 mm to the lowest position z = z0, the direction
of the vertical movement image (𝑚4) keeps the same as that
of the diamagnetic image (𝑚2) in ZFC because the magneti-
zation of the bulk HTS is diamagnetic (Fig. 1(a)). In the PM
descending and ascending processes, the values of the verti-
cal movement image can be obtained by the rules of 𝑚4 un-
der ZFC through using the proportional constants of a1 and a2

in the advanced frozen-image model.[34] Figure 3 shows the
curves of typical levitation force with different angles in ZFC.
At each vertical gap, the repulsive vertical force generally de-
creases as the angle increases from 0 to π/2, which qualita-
tively accord with the curves of measured levitation force with
different values of θ .[17] Moreover, the area of the hysteresis
cycle also decreases with θ increasing. As the angle of the
PM increases, the magnetic field that the bulk HTS feels may
decrease though the relative location of the PM never changes.
This leads to the fact that the levitation force and the area of

the hysteresis cycle decrease. The inset of Fig. 3 displays the
effect of θ on the maximum value of the levitation force. It
is obvious that the maximum vertical repulsive force changes
as a cosine law fashion when the angle increases from 0 to
2π , which is also in agreement with the experimental result
reported by Tent et al.[15] The cycle of the cosine law is π .
Although the calculation results of vertical force in the present
paper are consistent qualitatively with the previous experimen-
tal data,[15,17] the advanced frozen-image model with arbitrary
angle θ cannot give the quantitative calculations either, be-
cause the model does not contain the size effect of the HTS
levitation system. However, the model should give the quan-
titative results including the size effect of the superconducting
levitation system if the PM and its images are replaced by Am-
perian current loops.
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Fig. 3. Curves of levitation force versus levitation height at different angles
θ = 0, π/6, π/3, and π/2 in ZFC, with inset showing relationship between
maximum vertical repulsive force and angle changing from 0 to 2π .

Figure 4 shows the variations of torque Ty with vertical
height at different angles in ZFC when the PM vertically de-
scends and ascends. The torque on the PM appears if the angle
is not equal to zero and increases as the angle increases from
0 to π/4. The magnetic hysteresis effect can also be found
from the curve of the torque versus vertical gap according to
the calculations. The torque Ty decreases as the vertical gap
between the PM and the HTS increases. The maximum value
of Ty is gained at the lowest position for any value of θ . The
inset of Fig. 4 displays that the maximum value of Ty varies
with angle θ from 0 to 2π . As can be seen from Fig. 4 and its
inset, the value of Ty is positive as θ changes from 0 to π/2
in ZFC. The torque Ty with the positive value tends to align
the PM parallelly to the HTS surface if the orientation of the
PM magnetization deviates from the z axis. From the view-
point of the rotational equilibrium, θ = 0 is thereby deemed to
be an unstable equilibrium point in ZFC, which accords with
the result of the torque between a superconductor sphere in the
Meissner state and a finite-size PM reported by Diez–Jimenez
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et al.[45] The maximum Ty changes as a sine law fashion when
the angle increases from 0 to 2π , which means that the char-
acteristic of the θ -dependent Ty is different from that of the
θ -dependent levitation force for the same cooling condition.
The cycle of the sine law is π . At any vertical position, the
torque is maximum at θ = π/4+ nπ/2, where n is any arbi-
trary integer. In addition, the toque Ty is equal to zero as the
magnetization direction of the PM is perpendicular or parallel
to the a–b plane of the HTS bulk.
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Fig. 4. Variations of torque Ty with levitation height at different angles θ = 0,
π/12, π/6, and π/4 in ZFC, with inset showing relationship between maxi-
mum torque and angle varying from 0 to 2π .

3.2. FC case

When the PM ascends from the initial cooling position
z = h to the highest position z = zm, the orientation of 𝑚4 is
considered as that of the frozen image 𝑚3 in FC because the
magnetization of the bulk HTS is paramagnetic (Fig. 1(b)).
The values of the vertical movement image can be obtained
by the rules of 𝑚4 under FC using the proportional constants
of b1 and b2 in the advanced frozen-image model.[34] Figure 5
shows the relationship between the vertical force and the ver-
tical height at different angles in FC. At each vertical position,
no matter whether the process of the PM is ascent or descent,
the attractive or repulsive force generally decreases as the an-
gle increases from 0 to π/2. In addition, the magnetic hystere-
sis effect is always remarkable for different values of θ , which
may be caused by a large quantity of the frozen fluxes in FC.
The inset of Fig. 5 displays the θ -dependent maximum verti-
cal repulsive and attractive forces. It is obvious that the maxi-
mum repulsive force changes in a cosine law fashion when the
angle increases from 0 to 2π . However, the maximum attrac-
tive force varies with a negative cosine function because of the
negative sign of the attractive force. Like the case in ZFC, the
cycle of the positive cosine law and the negative cosine law
are also π .

It should be pointed out that the curves of vertical force
with θ = 0 in Figs. 3 and 5 are identical to the corresponding

curves in Fig. 3 of Ref. [34] because all parameters are iden-
tical, which also attests to the calculations credible. Because
the calculation results in the present paper are qualitative, the
reliability of the calculations cannot be confirmed by quanti-
tatively comparing with the experimental data. But our calcu-
lations qualitatively accord with the experimental[15,17,33] and
theoretical[34,45] results.

Comparing Fig. 3 with Fig. 5, one can find that the max-
imum vertical repulsive force in ZFC is much larger than that
in FC under the same angle. The reason is that the maximum
vertical repulsive force is determined by the diamagnetic prop-
erty of the HTS for a certain levitation system. In the ZFC,
the HTS is dominated primarily by the diamagnetic property,
while in the FC, the HTS is governed mainly by the flux pin-
ning characteristic. Therefore, the levitation force usually ap-
pears much bigger in the ZFC than in the FC. Previous experi-
mental results[33] with θ = 0 also showed such a characteristic
of the vertical force in different cooling conditions.
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Fig. 5. Curves of vertical force versus vertical height at different angles
θ = 0, π/6, π/3, and π/2 in FC, with inset showing angular dependence
of the maximum vertical repulsive and attractive forces.

Figure 6 shows the variations of the torque Ty with ver-
tical height at different angles in FC when the PM vertically
ascends and descends. At each vertical position, the absolute
value of Ty generally increases as the angle increases from 0
to π/4. The inset of Fig. 6 displays that the extreme value of
Ty changes with angle θ from 0 to 2π in FC. From Fig. 6 and
its inset, it follows that the torque on the PM has a negative
value during ascent in FC as the angle varies from 0 to π/2.
The torque Ty with the negative value tends to rotate the PM
to its original orientation if the direction of the PM magnetiza-
tion deviates from the z axis. Therefore, θ = 0 is considered
as a stable equilibrium point during ascent in the FC, which is
distinguished from the unstable equilibrium point at the same
angle in the ZFC. But the torque Ty has positive value during
descent at a small vertical gap because the diamagnetic prop-
erty of the HTS is enhanced as the PM approaches to the HTS.
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The extreme value of Ty changes as a negative sine law fashion
during ascent when the angle increases from 0 to 2π , however,
the torque extremum varies with a positive sine function dur-
ing descent. The cycle of the negative sine law and positive
sine law are both π . Like the case in ZFC, at any vertical posi-
tion, the torque obtains the extreme values at θ = π/4+nπ/2.
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Fig. 6. Variations of torque Ty with levitation height at different angles θ = 0,
π/12, π/6, and π/4 in FC, with inset showing angular dependence of torque
extremum.

4. Conclusions
The vertical force Fz and rotational torque Ty are calcu-

lated by the advanced frozen-image model[34] when the PM
vertically moves above the semi-infinite HTS. The PM has an
angle θ with respect to the c axis of the HTS. The torque Ty

appears due to the non-zero θ . Different results of the levita-
tion force Fz and torque Ty for the ZFC condition and the FC
condition are summarized as follows.

(i) For both cooling conditions, the repulsive or attractive
vertical force decreases with θ increasing from 0 to π/2.

(ii) When increasing θ , the maximum repulsive vertical
force changes as a positive cosine law fashion in ZFC and FC,
however the maximum attractive force varies with a negative
cosine law in FC.

(iii) For both cooling conditions, the absolute value of Ty

generally increases with θ increasing from 0 to π/4.
(iv) From the viewpoint of the rotational equilibrium,

θ = 0 is thereby deemed to be an unstable equilibrium point
in ZFC, however, θ = 0 is considered as a stable equilibrium
point in FC.
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