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The supersymmetric properties of a charged planar Dirac oscillator coupling to a uniform perpendicular magnetic
field are studied. We find that there is an N = 2 supersymmetric structure in both commutative and noncommutative cases.
We construct the generators of the supersymmetric algebras explicitly and show that the generators of the supersymmetric
algebras can be mapped onto ones which only contain the left or right-handed chiral phonons by unitary transformations.
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1. Introduction

Dirac oscillator was introduced in Ref. [1] and further il-
lustrated in Ref. [2]. The interaction term was introduced by
the replacement p; — p; — imf3 @x; from the free Dirac Hamil-
tonian. It could be regarded as a relativistic generalization
of the non-relativistic harmonic oscillator since it reduced to
the non-relativistic harmonic oscillator together with a strong
spin-orbit interaction in the non-relativistic limit.’] Due to
its exact integrabilities and wide applications, Dirac oscilla-
tor was studied extensively from various aspects“! since it
has been introduced. Interestingly, it has been realized experi-
mentally in recent years. 10111

The relations between the planar Dirac oscillator and the
quantum optics model were revealed in Ref. [12]. In this
paper, authors found an exact map from 2 4+ 1-dimensional
Dirac oscillator to the Jaynes—Cummings (JC) model, which
described the interaction between a single-mode quantized
electromagnetic field and a two-level atom in the rotating-
wave approximation.!'3! Then, this work was generalized to
the model of a charged planar Dirac oscillator coupling to
a uniform magnetic field. In Ref. [14] authors showed that
this model could be mapped onto a quantum optics model,
which contained both the anti-Jaynes—Cummings (AJC) and
the Jaynes—Cummings interactions. Interestingly, each inter-
action only depended on certain chiral phonons, and there
was a competition between these two opposite chiral phonons
when the magnetic-field intensity changed. Moreover, when
the magnetic field intensity passed the critical point, a chiral-
ity quantum phase transition!'>! would occur. Shortly after, an
alternative approach to study this model was suggested.[!6]

The symmetry properties of Dirac oscillator were also in-
vestigated.
properties of a 3 + 1-dimensional Dirac oscillator were de-

In Ref. [17], authors found that the symmetric

DOI: 10.1088/1674-1056/ac05ab

scribed by so(4) @so(1,3). Interestingly, authors of Ref. [18]
found a supersymmetric structure in 3 + 1-dimensional Dirac
oscillator. In the work [19], authors found an so(4) algebraic
structure in 1+ 1-dimensional Dirac oscillator.

One the other hand, the noncommutativity becomes one
of the foci of the theoretical research nowadays. The concept
of the spatial noncommutativity was introduced in physics in
the middle of 1940s.2%1 At the end of 1990s, it was found that
spatial noncommutativity could be derived naturally from the

-28

superstring theories.!?!~28! Since then, both quantum field the-

ories and quantum mechanics in the noncommutative space

29-44] The noncommutative

have been extensively studied.!
phase space, i.e., both coordinates and momenta are noncom-
mutative, also attracted much interests.[4-41

In this paper, we will study the supersymmetric structures
of the model of a charged Dirac oscillator interacting with
a uniform perpendicular magnetic field both on commutative
and noncommutative planes. The organization of this paper is
as follows. In Section 2, we will study this model on the com-
mutative plane. We will show that this model has an N = 2
supersymmetric structure. We construct the generators of the
supersymmetric structure explicitly and then map them onto
the ones which only contain left or right-handed phonons ac-
cording to the signs of a dimensionless parameter. Then, in
Section 3, we generalize our studies to the noncommutative
case. The corrections due to the noncommutativity are stud-
ied. Some conclusions and remarks will be given in the last
section.

2. The charged Dirac oscillator in the commuta-
tive plane

The model we will analyze is a charged planar Dirac os-
cillator in the background of a uniform perpendicular magnetic
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field. The Hamiltonian of this model is

2
H=c) o; (p,' —imwosx; + fA,') +mc263, (D)
i=1 ¢

where

o (01 o (01 (10
=10/ "= i o) =0 -1

are Pauli matrices, o is the frequency of the Dirac oscillator,
e is the charges the oscillator carried, c is the speed of light
in the vacuum and A; are the vector potentials. We apply the
symmetric gauge (Aj,A;) = (B/2)(—y,x) with B being the in-
tensity of the magnetic field.

Defining the Larmor frequency

eB
oL =5 2
mc
and substituting both Pauli matrices and magnetic potentials

(A1,A2) = (B/2)(—y,x) into the Hamiltonian (1), we get

mc? c(p1+imewlxy)

—ic(p2 +imwlx
H = , (p2rimobe) | )

c(p1 —imwlxp)
+ic(py —imwlx;) —mc?
in which
L

- 4
¢ . “)

is a dimensionless parameter. It will be vanished when the
intensity of the magnetic field takes the critical value B, =
(2mwoc/e).

Introducing annihilation—creation operators

az*ﬁ A/ hxz l\lmhwz )
p_ L jmo 1
ai_\/i hxl 1 mhott ) ()

and the chiral annihilation—creation operators with respect to
the Dirac oscillator

1 . A I
a = \/;(al—klag), al = \/;(al —1ia;}),
1 ) 1 .
a; = \/;(al —iay), aI = \/;(af—i-la;), 6)

one can verify that the non-vanishing commutators among
these chiral operators are

la, af] = [ar, af] = 1. ()

Applying the chiral annihilation—creation operators (6)
and defining o+ = (1/2)(0y £ i0,), we rewrite the Hamilto-
nian (3) in the form

H = mc*o3 + Hajc(g1) + Hic(gr), (®)

in which

Haic = glalTCH +glao-,

Hic = 8404 +grajo- ©

are the AJC and JC interactions. The strengths of the AJC and
JC interactions are g; = if and g, = —1V, respectively, with
the parameters ( and v being two real parameters

U =cVmho(l+{§), v=cvmho(l-7{). (10)

In view of the interaction strengths g; and g;, one finds
that the dimensionless parameter { separates the model (1)
into two distinct regions. They are the { > 0 and { < O re-
gions, respectively. In the region > 0, the AJC interaction
g1| > |gr|, so the AJC in-
teraction is dominated. Contrarily, in the region § < 0, the JC
interaction dominates.

is stronger than JC interaction, i.e.,

It was shown that by applying unitary transformations,
one can map the Hamiltonian (8) to the ones which only con-
tain AJC or JC interaction according to the signs of the dimen-
sionless parameter {. Furthermore, a quantum phase transition

1416] This quan-

would happen when { passed the zero point.!
tum phase transition was named chirality quantum phase tran-
sition since the chiralities of the phonons would also change
abruptly at the critical point.!1#!

The eigenvalue equation of the Hamiltonian (1) H|y) =
E|y), where |y) = ( }ni ), can be written explicitly as
(E—mc®)|yn) = i(uaf —va;)|ya),
(E+mc*)|ya) = —i(pa—val)|y1). (11)

The diagonal form of the above equations is
(B —m*c)|y) = H®|y), (12)

where

Hy 0
HS< 0 H22>, (13)

with Hyy, Hy, being

H, = u2M+v2(Nr+ 1) —/.Lvalar—,uvaf'af,
Hy = uz(NhL1)+v2Nrf/.Lva1arf/.LvalTaj.

Here N = afal and N, = a;f a; are the number operators of left
and right-handed phonons, respectively.

Obviously, Hamiltonian (13) shares the common eigen-
functions with Hamiltonian (1). Therefore, it plays the same
role as Hamiltonian (1). In Ref. [18], authors found a hidden
supersymmetric structure in the 3 + 1-dimensional Dirac oscil-
lator and constructed the generators which contained a similar
Hamiltonian (13). The supersymmetric structure in model (1)

110307-2
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is described by Hamiltonian (13) and two supercharges. The
two non-Hermitian supercharges are

0 =—i(va;—pa))oy,
Q' =i(va} - pay)o-, (14)
which obey the commutation relations
[H°, Q) =[H*, Q] =0,
{0, 0"} ={0". 0} =H",
0’ = (0" =0. (15)
where {, } denotes the anti-commutator.

The N = 2 supersymmetric structure in the model (1) will
be transparent if we introduce two Hermitian supercharges

Q' Q% as

o' = —%(Q—QT),
1
0% = —W(QJFQT). (16)

It can be verified that the generators HS, Q' (i = 1,2) satisfy
the standard N = 2 superalgebra

{0, 0/} =H56Y, [H®, Q'] =0. (17)

Thus, it shows that the model (1) possess an N = 2 supersym-
metric structure.

The generators of the supersymmetric structure, i.e, the
Hamiltonian (13) and the supercharges (16), contain both the
left and right-handed phonons. Inspired by the work,['*16] we
show that the generators of the supersymmetric algebra can be
expressed by the phonons with certain chiralities. This pur-
pose can be realized by a unitary transformation. The unitary
operator is

U(G) :e(-)(alar—alwhaj)7 (18)

where 0 is a parameter which will be determined according to
the regions the parameter { characterized. The unitary opera-
tor U(0) transforms the chiral operators a, a, as

U(0)aU'(0) = cosh@a, +sinhOa,
U(0)aU"(6) = cosh@a, +sinh 0a; . (19)

In the region { > 0, the AJC interaction is dominated. We
choose the parameter 0

6 = 6, = arctanh (v) . (20)
u

Then, Hamiltonian (13) and supercharges (16) transform as
HS - H =U(6)HSU'(6), ' — Qi =U(6,)Q'U7(6). The
results are

S S _ 2 N0
H> — H = 4mhc wéj(o N1 )

Q1 — Qll - \/M(GFGJ', +a167)’
QZ%Q%Z—i\/W(a;'m_—alo_), 1)

Obviously, the generators Hls, Ql1 , le only depend on the left-
handed phonons and satisfy the same algebraic relations (17).

In the region { < 0, the JC interaction is stronger than the
AJC interaction, we choose the parameter 0 as

60 = 6, = arctanh (%) . 22)

In this region, the Hamiltonian (13) and the supercharges
(16) transform as HS — HS = U(6,)HSU'(6;), Q' — Qi =
U(6,)Q'U"(8,). The explicit results are

N:+1 0
0o N/

0' - 0! = —v/—2mhol (a0, +alo.),
0> = Q2 = —iy/—2mhewl(aio_ —a0r).  (23)

Therefore, in the region { < 0, the generators of the supersym-

HS = H = —4mhc* ol (

metric structure only contain the right-handed phonons.

3. The charged Dirac oscillator in the noncom-
mutative plane

In this section, we will generalize the studies in the pre-
vious section to the noncommutative plane. The noncommu-
tative plane we considered is characterized by the algebra (in
order to avoid the problem of unitary, we only consider the
noncommutativities among position-position and momentum-
momentum) 448

~

[x,', )?j] = Oeij,

[Pi» il =ine&ij,

(& Pl = (1 " f;) 5, 4
where 8, 1 are two parameters which are characteristics of the
noncommutativities.

The Hamiltonian in the noncommutative space (24) takes
the same form as the commutative one (1). However, the vari-
ables x;, p; in Hamiltonian (1) are replaced by the noncom-
mutative ones £, p;. We map the noncommutative variables
(%;, pi) to the commutative ones by the Bopp shift
G=xioreps, Bi=pitaken. Q)

In Ref. [47], authors proved that in order to keep the
gauge invariance of the charged Dirac particle interacting with
the magnetic field in noncommutative space, we must drop the
noncommutativity between the spatial coordinates. Therefore,
we set 0 = 0 in the following.

Mapping the noncommutative variables %;, p; to the com-
mutative ones via the Bopp shift and defining a new parameter
with the frequency dimension

Oy = —— (26)

110307-3
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we get the Hamiltonian

mc? c(p1+imwl’x)

—ic(py+imw /)CQ
Hne = : / ( ¢x2) » (27)

c(p1 —imwl'xy)
+ic(p, —imwl'x;) —mc?
where {' is also a dimensionless parameter
o, — O

=] = 28
¢ - (28)

The relative magnitude of the frequency @y and @ had been
estimated and the conclusion was @y < .10

Substituting the chiral annihilation—creation operators (6)
and the parameter {’ into the above Hamiltonian, we find that
the Hamiltonian (27) can be written as

Hyc = mc? 03+ Hase(81) + Hic (1), (29)
where Hajc(g)) and Hyc(g;) are the AJC and JC interactions,
Haic(g)) = giaf oy +(g)‘ao,
Hic(gr) = ga:04 +(g1)"af o, (30)
in which g| = iy’, g; = —iv’ with u’ and v/ being
1 =cvmho (1+¢'),
V' = cvVmho (1-¢'). 31)

It shows that the noncommutative extension of Hamilto-
nian (1), i.e., Hamiltonian (27) is also equivalent to a quantum
optics model which contains both AJC and JC interactions.

Solving the eigenvalue equation of Dirac equation
Hne|W)Ne = Enc|¥)ne on the noncommutative plane, we get

(Efc —m*c")|[W)ne = HNclW)ne, (32)
where
S
HSe = ( (Hic)u 0 )

0  (Hyo)xz

is a diagonal matrix with (HEIC) 11 and (HEIC) |, being

(HNe) 1,
(HI%C)22 = (W)2(M+1)+ V)N, — u'vVaya, — ,u’v’alTa'r".

= (W)2N+ (VAN 1) — 'V aga, — p'vialal,

The noncommutative generalization of the Dirac oscilla-
tor (27) also possesses the supersymmetric structure. The gen-
erators of the supersymmetric structure consist of HIEC and two
non-Hermitian supercharges Onc, QLC. The explicit form of
these two non-Hermitian supercharges is

Onc = —i(Viar—p'af)oy,
O = i(Vdl —p'a)o_. (33)
It can be checked that the generators ch and two non-

Hermitian supercharges Onc, Q;C satisfy the same commu-
tation relation as (15).

Similar with the commutative case, we can construct
two Hermitian supercharges Qi (i = 1,2) out of the non-
Hermitian ones Onc, QLC in the same manner as (16). The
generators Hys, Q%\Is obey the same algebraic relation (17). It
shows that the N = 2 supersymmetric structures survive the
noncommutative extension.

The generators HEIC, Qf\,C contain both the left and right-
handed phonons simultaneously. The dimensionless parame-
ter {’ separates the model (27), (24) into two distinct regions,
ie., £’ >0and ' <0. In the region {’ > 0, the AJC inter-
action is dominated. In the other region, the JC interaction
dominates. We can map the generators Hy., Qi onto the
ones which only contain the left or right-handed phonons by
unitary transformations according to the signs of {’.

The unitary operator we applied is

U (Brc) = efvelaaaia), (34)

It takes the same form as Eq. (18) except the parameter is dif-
ferent from the commutative case. In the region ' > 0, the
parameter Oy is

/

N arctanh%. (35)

Under this unitary transformation, the generators ch, vac
transform as H. — (HYc)' = U (64¢) HYU' (6c) and
Qe — (Q{\IC)I =U (64¢) QkcU™ (6}c)- The results are
N O
S S\l _ 200! 1

Hyc — (Hxe) = 4mhc” ol ( 0 M+1 ),

Ol = (Oke)' = Vamh@ ol (d{ oy +aio-).

QIZ\IC — (Qch)1 = fi\/m(afca —ajo_). (36)

While in the region §’ < 0, the parameter Oyc should be cho-
sen as

/

One = Oy = arctanh%, (37)

and the generators Hflc, Qf\lc transform as HEIC —
(HR)' - U (6c) HNcU' (8%c) and Qe — (Qhc)' =
U (8%c) OkcUT (6%c)
HEIC — (ch)r = _4mhczwc/ Nr+1 0 N
0 N
Okc = (Oh¢) = =/ —2mhiccol' (a,6, +dlG_),
Qkc = (Oke)" = iV —2mhc2w{'(a;01 —afc-). (38)

The results (36), (38) not only indicate that the noncom-
mutative generalization of the model (1) possesses an N = 2
supersymmetric structure, but also imply that similar with the
commutative case, the generators of the supersymmetric struc-
tures can also be constructed by using phonons with certain
chiralities.

110307-4
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4. Conclusion

In this paper, we study the supersymmetric structures of a
charge planar Dirac oscillator in the background of a uniform
perpendicular magnetic field. We find that this model pos-
sesses an N = 2 supersymmetric structure in the commutative
space.

Previous studies showed that the model (1) would experi-
ence a chirality quantum phase transition when the parameter
¢ passes the critical point. Our studies show that the chirali-
ties of the phonons which construct the generators of the su-
persymmetric structures change abruptly when the quantum
phase transition occurs. It can certainly be regarded as an evi-
dence of the chirality quantum phase transition.

Then we generalize our studies to the noncommutative
space (24). Noticing the fact that the spatial noncommutativ-
ity should be dropped for the charged Dirac particle interacting
with the magnetic field, we confine ourselves to 6 = 0. Our
results show that the model (1) also has an N = 2 supersym-
metric structures in the noncommutative plane (24).
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