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Multi-path (or multi-mode) entanglement has been proved to be a useful resource for sub-shot-noise sensitivity of
phase estimation, which has aroused much research interest in quantum metrology recently. Various schemes of multi-path
interferometers based on optical systems have been put forward. Here, we study a multi-state interferometer with multi-
level atoms by projective measurements. Specifically, we investigate its ultimate sensitivity described by quantum Fisher
information theory and find that the Cramer–Rao bound can be achieved. In particular, we investigate a specific scheme
to improve the sensitivity of magnetometery with a three-state interferometry delivered by a single nitrogen-vacancy (NV)
center of diamond with tailor pulses. The impacts of imperfections of the atomic beam-splitter, described by the three-level
quantum Fourier transform, on the sensitivity of phase estimation is also discussed.

Keywords: quantum metrology, multi-path interferometers, quantum measurement
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1. Introduction
It is well-known that interferometers (IFRs) are particu-

larly important state-of-the-art setups in present-day precise
measurements,[1] e.g., for the atomic clocks, sensitive magne-
tometery, and the quantum manipulations of qubits. Indeed,
beginning with the original Ramsey IFR by using a two-level
atom[2] or its formally equivalent Mach–Zehnder IFR with
two optical paths,[3–5] various generalized versions of IFRs
have been developed for many metrologic applications.[6–8]

For example, the squeezed light IFRs for gravitational wave
detections,[9–11] the matter wave IFRs with cold atoms (with
the shorter de Broglie wavelengths) for the precise measure-
ments of gravity and fine structure constants,[12–15] and also
the Sagnac IFRs for rotation measurements,[16] etc.

Practically, any measurement is a physical process and
the measured system is always influenced by its environments.
As a consequence, the available accuracy of the measured
quantities is limited by certain fundamental laws. For exam-
ple, due to the shot noise, the optimal accuracy of the phase
estimation by usual two-level atomic Ramsey-type IFRs (af-
ter N trials) is ∆φ ≥ 1/

√
N. This is the standard quantum

limit (SQL), which cannot be beaten unless certain nonclas-
sical resources[17–19] (such as the squeezing states[20–23] and
entangled atomic NOON states[24,25]) are utilized.

Given that the quantum many-body entanglements are
very fragile and also hard to be prepared, an alternative way
for improving the interferometer sensitivity by using the multi-

path interferometry have attracted much attention in recent
years.[25–31] Physically, the resolution of the interferometric
signals and thus the sensitivity of the relevant IFRs can be
improved by increasing the number of interference paths. In
this kind of multi-mode interferometers, the realization of the
beam-splitter (BS) for the separation and recombination of
the multi-mode evolutions is the key operation, which can be
theoretically described by a N×N quantum Fourier transfor-
mation (QFT) for N-mode interferometers.[26] For instance,
the passive linear optical devices with uncorrelated single-
photon inputs[26–30] for optical interferometers, the Kapitza–
Dirac pulse[15] for implementing the sub-shot noise limit of
atomic interferometers.[32] It is shown theoretically that, the
sensitivity of phase estimation can be enhanced to beat the
shot-noise limit (SNL) with respective to the number of inter-
ference paths.[26] The imperfection of the multi-path optical
interferometers, due to photon losses, is also investigated.[28]

Specifically, the recent experiment,[33] demonstrated by a five-
state interferometer, showed the 1.75 times resolution higher
than that with the usual two-state one.

Inspired by the above demonstrations, in this paper we
propose a multi-state atomic interferometry with a multi-level
atom to implement the precise estimation of an unknown
relative phase θ , and then specially apply it to implement
the sensitive magnetometery with a nitrogen-vacancy (NV)
color center. Differing from the previous multi-state IFRs
with the simultaneous multi-state measurements (see, e.g.,
Refs. [26,33]), here the measurement of a single atomic state
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is enough for certain phases. We find that the optimal sen-
sitivity of phase estimation is reduced by a factor 1/

√
FQ,

where FQ = (M2−1)/3 denotes the quantum Fisher informa-
tion (QFI) of the output atomic states with M being the num-
bers of atomic energy levels. Furthermore, the feasibility of
the compact multilevel atomic IFRs proposed here is demon-
strated with a single three-level NV center in diamond driven
by proper pulses. The effects of unperfect implementations
of the QFT on the sensitivity of the phase estimation is also
analyzed.

2. M-level atomic Ramsey IFRs to estimate un-
known relative phases
The configuration of the proposed IFR is shown in Fig. 1,

which reduces to the original Ramsey one if (i) the M-level
atom is replaced by a two-level one and (ii) a pair of M-
dimensional QFTs are simplified to a pair of Hadamard gates.
For the formal simplicity, we first assume that the split-
tings between two nearest-neighbor atomic levels are equiv-
alent. As a consequence, the M-level atom can be described
by the Hamiltonian Ha = ∑

M
k=1 h̄ωk|k〉〈k|, ωk = kω1, with

ω1 being the transition frequency between the two nearest-
neighbor levels. After the first M-dimensional QFT, U (M)

QFT =(
Ak,l
)
, Akl = exp[2iπ(k− 1)(l− 1)/M]/

√
M, k, l = 1, . . . ,M,

the atom initially in state |1〉 is evolved into the suppo-
sition state |ψin〉 = ∑

M
k=1 |k〉/

√
M. Next, the atom under-

goes a free evolution for the duration t, described by a di-
agonal matrix V (θ) = exp(ikθ)δk j, and its state becomes
|ψ(θ)〉 = ∑

M
k=1 e iφk |k〉/

√
M = ∑

M
k=1 e ikθ |k〉/

√
M, with θ =

ω1t being the phase desired to be estimated. Then, another
M-dimensional inverse QFT is applied to evolve the atom
into the state |ψout(θ)〉 = U (M)†

QFT |ψ(θ)〉. This means that the
operational procedure for the phase estimation demonstrated
above can be expressed by the evolution operator T (θ) =
U (M)†

QFT V (θ)U (M)
QFT, which evolves the input atomic state |1〉 to

the output one: |ψout(θ)〉 = T (θ)|1〉. The matrix elements of
the operator T (θ) read

T (θ)kl =
1
M

M

∑
j=1

exp
{

i[ jθ +
2π

M
( j−1)(k− l)]

}
, (1)

from which the output atomic state can be specifically written
as

|ψout(θ)〉 =
1
M

M

∑
k=1

exp(ikθ)
M

∑
l=1

× exp
[

2iπ
M

(l−1)(k−1)
]
|l〉. (2)

Finally, we perform a projective measurement P̂k = |k〉〈k| or a
POVM {|k〉〈k|} to collapse the atomic superposition state into
the state |k〉 with the probability

Pk(θ) = 〈ψout(θ)|P̂k|ψout(θ)〉

=
1− cos(Mθ)

M2

(
1− cos

(
θ − 2kπ

M

) . (3)

With such an experimental interference distribution, the infor-
mation of the desired relative phase θ can be extracted. Equa-
tion (3) shows that the population of the state |k 6= 1〉 is just a
phase shift 2kπ/M compared with state |1〉.

QFT+

initial state free evolution
T

projective
measurement  

QFT

M>

k>

>

>

>

M↩> ↼M↩↽θ

Mθ

kθ

θ
θ

M level atom

Fig. 1. The schematic of an M-level atomic IFR, implemented by two
QFTs in a projective measurement of the atom, for estimating the rela-
tive phase θ acquired by a free evolution.

We now discuss what is the uncertainty ∆θM of the mea-
sured phase θ by running the above IFR after N trials. This
can be determined by using the well-known error-propagation
formula and the Cramer–Rao inequality.[34] For example, for
a single projective measurement on the state |1〉, we have

∆θM =
1√
N

∆P1(θ)∣∣∣∣ dP1(θ)

dθ

∣∣∣∣ ≥
1√

NFQ(|ψout(θ)〉)
= ∆θ

(M)
min , (4)

with ∆P1(θ) =
√
〈P̂2

1 (θ)〉−〈P̂1(θ)〉2 being the uncertainty
and

FQ(|ψout(θ)〉) =
M2−1

3
(5)

the θ -independent QFI of the state |ψout〉. Equation (5) in-
dicates clearly that the SQL in the original Ramsey IFRs can
be really enhanced by running the M-level atomic IFRs for
M ≥ 3.

The question is if the optimal sensitivity ∆θ M
min of the

phase measurements with the above IFRs is reachable. From
Eq. (3), we have

dP1(θ)

dθ
=

M sin(Mθ)(1− cosθ)− [1− cos(Mθ)]sinθ

M2(1− cosθ)2 , (6)

(∆P1(θ))
2 =

1− cos(Mθ)

M4(1− cosθ)2

×
[
M2(1− cosθ)+ cos(Mθ)−1

]
. (7)

Furthermore, from Eqs. (6) and (7) we have

∆P1(θ)

| ∂P1(θ)
∂θ
|
=
|sin( θ

2 )|
√

M2 sin2( θ

2 )− sin2(Mθ

2 )

|M cos(Mθ

2 )sin( θ

2 )− sin(Mθ

2 )cos( θ

2 )|
, (8)

which is related to both the number M of the atomic levels
and the θ with a period of 2π . This implies that, by properly

120601-2
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selecting the number M of the atomic levels the optimal sensi-
tivity ∆θ M

min could be achievable for certain estimated phases.
More clearly, Fig. 2 shows the attainability of such an optimal
sensitivity, i.e., ∆

(M)
A = ∆θ

(M)
min /∆θM , versus the number M of

the atomic levels and the estimated phase θ within a minimal
period 2π . It is seen that:

(i) If the estimated phase θ � 1, the uncertainty ∆θM →√
3/(
√

N
√

M2−1). This means that the relevant Cramer–Rao
bound can always be achieved and the M-dependent minimal
uncertainty ∆θ

(M)
min defined in Eq. (5) is realized, which beats

the original two-level SQL for M≥ 3. Certainly, for the phases
estimated near 2kπ,(k = 0,1,2 . . .), the greater number M of
the atomic levels used in the IFRs implies the lower bounds
which can be achievable.

(ii) The effective range of the phase θ that can be opti-
mally measured, i.e., approaching the Cramer–Rao bound,[34]

decreases with the number M of the atmoic levels. This ef-
fective range can be estimated as [(2k−3)π/M,(2k−1)π/M]

for each single projective measurement P̂k = |k〉〈k| as shown in
Fig. 3. Specifically, for the original Ramsey IFRs with M = 2
any phase θ with θ ∈ [0,2π] can be estimated with the accu-
racy arriving at Cramer–Rao bound, i.e., ∆

(2)
A = 1.


.

. 

. 

. 

. 

       

M 



θ

Fig. 2. Attainability ∆
(M)
A = ∆θ

(M)
min /∆θM (of Eq. (4)) of the sensitivity

of the phase measurements versus the number M of the atomic levels
and the estimated phase θ by a single projective measurement of ground
state |1〉.

The above observations indicate that, although the M-
level atomic IFRs proposed here could be utilized to improve
the sensitivity of the phase estimation, the region (within a 2π

period) optimal is limited for a single projective measurement
on a certain state. Fortunately, most of the phases estimated
with the practical IFR applications, e.g., the sensitivity mag-
netometery, gravitater and fine-structure constants, are suffi-
ciently small, and thus the present IFRs should be robustness.

In fact, the tradeoff between the sensitivity and effective
range can be overcome by performing a POVM {|k〉〈k|} in-
stead of a single projective measurement. This is because ev-
ery projective measurement covers a separate effective regime,
the sum in measurements just covers the whole regime of
[0,2π] as shown in Fig. 3. Actually, this can be viewed from
the perspective of Fisher information with respective to the

POVM of projective measurement. This is verified numeri-
cally in Fig. 4.

0

∆
k
θ

0

1

2

3

4

21 3 4 5 6 7
θ

|1>
|2>
|3>
|4>

Fig. 3. The phase estimation sensitivity ∆kθ = ∆Pk(θ)/|∂θ Pk(θ)| of
different projective measurements |k〉〈k| as a function of phase θ , for
the number of levels M = 4 as an example. Each single projective mea-
surement has its own optimal parameter regime that can approach the
ultimate bound of QFI.

F
I

0

10

20

30
M / 

M /  

M /  

M / 

M / 

0 21 3 4 5 6

θ

Fig. 4. The Fisher information corresponding to the POVM measure-
ment {|k〉〈k|}, defined as F(θ) = ∑

m
k=1 |∂θ Pk(θ)|2/Pk(θ), as a function

of phase θ , for various number of levels, which just achieve the QFI
FQ(|ψout(θ)〉) of Eq. (5).

It is worth emphasizing that the above assumption of
equivalent energy splittings to simplify the presentation of
our generic proposal is practically unnecessary. In fact, for
the multilevel atoms with inequivalent energy splittings, cer-
tain additional quantum operations, typically such as the spin-
echo-like ones, can be added to refocus the unwanted addi-
tional dynamical phases. This implies that the proposed IFRs
should still work, even for the generic multilevel atoms.

3. Improving the sensitivity of the magnetome-
tery with the IFRs using three-level NV cen-
ters in diamond
Single NV centers in diamond are perfect quantum ob-

jects to implement quantum coherent manipulations, as they
possess significantly long coherence times and can be oper-
ated at room temperature. In fact, a series of experiments
have been recently demonstrated to implement the IFRs us-
ing single NV centers with two Zeeman levels for magnetic
sensors at nanoscale space resolutions, see, e.g., Refs. [35,36]
and references therein. Typically, a 3 nT magnetic field has
been detected at the sensitivity of 0.5 µT·Hz−1/2 for a dia-
mond nanocrystal with a diameter of 30 nm.[37] However, the
further improvements of the sensitivity with the standard IFRs
would be principally limited by the SQL bound.
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By just generalizing the IFRs with two-level NV centers
to those with three-level ones, we now specifically demon-
strate that the original two-level SQL can be enhanced. With-
out loss of generality, we consider the simplest V-type three-
level configuration of the NV center shown in Fig. 5, wherein
Dgs−ω21 = ω31−Dgs and ω jk = ω j −ωk, j > k. Here, Dgs

is the ground triplet-state zero-field splitting, i.e., the Zeeman
splitting of S = 1, which is proportional to the projection of
the applied magnetic field along the NV symmetry axis.

Dgs

ν1

∆1

gµB↼B⇁DB↽

ν2

∆2

|3>

|2>

|1>

Fig. 5. The lower three Zeeman levels and their transition relations of
an NV center in diamond. Here, g denotes g-factor, µB is the Bohr mag-
neton, νi with i = 1,2 is the frequency of the allowed transition, and B
is supposed as a given applied magnetic field to obtain the desired fre-
quencies ω2 and ω3, while ∆B is the weak magnetic field expected to
be measured.

As mentioned above, the key of our phase estimation al-
gorithm with the proposed M-level IFRs is to implement the
relevant QFT operations. For the present three-level system,
the QFT reads[38]

U (3)
QFT = iUDU3U2U1, (9)

with

U1 =


−1 0 0

0 − 1√
2

− e i2π/3
√

2

0 − e−i2π/3
√

2
1√
2

 ,

U2 =


−
√

2
3

i e iπ/6
√

3
0

i e−iπ/6
√

3
−
√

2
3

0

0 0 1

 ,

U3 =


1√
2

0
i e−i2π/3
√

2
0 1

i e i2π/3
√

2
0

1√
2

 ,

UD =

 e−iπ/2 0 0
0 e iπ/6 0
0 0 e iπ/3

 .

The evolutions Uk=1,2,3,D to implement the required QFT can
be successively achieved by applying the relevant microwave
pluses designed accordingly.

First, to realize the U1-evolution using the transition
|1〉 ↔ |2〉, which is practically dipole forbidden, we apply two
microwave pulses with the frequencies ν1 and ν2, respectively.
These pulses drive the system by the following Hamiltonian:

H(t) =
3

∑
j=1

ω j| j〉〈 j|+{Ω ∗1 e iν1t |1〉〈2|

+Ω
∗
2 e iν2t |1〉〈3|+H.c.}, (10)

under the usual rotating-wave approximation. Here, Ω1 and
Ω2 are the relevant Rabi frequencies. Furthermore, under the
large detuning limit the above Hamiltonian becomes

H̃1 =
−3
2

(
|Ω1|2

∆1
+
|Ω2|2

∆2

)
|1〉〈1|

+

(
|Ω1|2

∆1
− |Ω2|2

∆2|2

)(
|2〉〈2|− |3〉〈3|

)
+

Ω1Ω ∗2
2

((
1

∆1
+

1
∆2

)
|2〉〈3|+H.c.

)
. (11)

By setting ∆ = ∆1 = ∆2, ∆1 = ω21− v1 and ∆2 = ω31− v2,
This Hamiltonian delivers the evolution

Ũ1 = i exp
[
−3i(|Ω1|2 + |Ω2|2)

t1
2∆
− iπ

2

]
|1〉〈1|U1, (12)

where ∆0 = (|Ω2|2 − |Ω1|2)/(2∆), Ω0 = Ω ∗1 Ω2/∆ , Ω =√
∆ 2

0 +Ω 2
0 , and Ω t1 = 3π/2, ∆0 = |Ω0|, Ω0 = |Ω0|e−2iπ/3.

Turning back to the original basis {|1〉, |2〉, |3〉}, we have the
evolution:

Ub1 = e−iω1t1Λ1 iU1, (13)

with Λ1 = diag(e ia1 , e ia2 , e ia3) and a1 = −3(|Ω1|2 +

|Ω2|2)t1/(2∆)− π/2, a2 = −ω1t1, a3 = −ω2t1. The real-
ization of the U2-evolution is relatively simple, as it is only
required to drive the transition |1〉 ↔ |2〉 under the Hamilto-
nian Eq. (6) with Ω2 = 0,∆ = 0. In the interaction picture,
this Hamiltonian reads H2 = Ω1|1〉〈2|+Ω ∗1 |2〉〈1|+ω31|3〉〈3|,
which delivers an evolution Ub2 = e−iν1t2|1〉〈1|Ũ2 with

Ũ2 =
1√
3

−
√

2 i e−iθ2 0
i e iθ2 −

√
2 0

0 0
√

3e iω31t2

 , θ2 =
Ω1

|Ω1|
, (14)

in Schrödinger picture for sin(Ω t2) = −1/
√

3. It is easily to
prove

Ub2(iΛ1) = (iΛ2)U2, (15)

where Λ2 = diag(e ib1 , e ib2 , e ib3), and b1 = a1, b2 = a2−ν1t2,
b3 = a3 +β2t2 for θ2 +a1−a2 =−π/6. Thus, after these op-
erations, the evolution (iΛ2)U2U1 is implemented.

120601-4
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Continuously, by applying a resonant pulse with the fre-
quency ν2 = ω31 and the relevant duration satisfying the con-
dition sin(|Ω2|t) = 1/

√
2, the evolution

Ũ3 =
1√
2

 1 0 −i e−iθ3

0 −i e−i(ω21−∆/2)t2 0
e−iθ3 0 1

 (16)

could be implemented. Note that Ũ3(iΛ2) = iΛ3U3, with Λ3 =

diag(e ic1 , e ic2 , e ic3), c1 = b1, c2 = b2− (ω21−∆/2)t3, c3 =

b3− ν2t2. This means that, after the above three-step opera-
tion, we have realized the evolution iΛ3U3U2U1. The last step
is required to realize the evolution U4(iΛ3) = iUD, i.e., U4 =

UDΛ
−1
3 . As UDΛ

−1
3 is just a diagonal matrix with three inde-

pendent phase parameters, the evolution U4 can be achieved
by only a free evolution with duration t4, followed by a driv-
ing with duration t5 which is largely detuning from the transi-
tion |1〉 ↔ |2〉, and a global phase e ix. This largely detuning
driving leads to an evolution under the effective Hamiltonian
H5 =−(|Ω1|2/∆)|1〉〈1|+(ω21 + |Ω1|2/∆)|2〉〈2|+ω31|3〉〈3|.
If the parameters t4, t5, x delivered in these evolution processes
are properly set as

t4 =
λ

ω31
− χ

ζ |Ω1|2
(∆ +

|Ω1|2

ω31
),

t5 =
χ∆

ζ |Ω1|2
,

x =− ∆

|Ω |2

(
c1 +

π

2

)
− χ

ζ
,

(17)

where λ = c31 − 5π/6, χ = −c21 + 4π/6−ω21λ/ω31 and
ζ = ω21/ω31−2 with c j1 = c j− c1 ( j = 2,3), we have

UDΛ
−1
3 = e ixU5U6 (18)

with

U5 = diag(1, e−iω21t4 , e−iω31t4),

U6 = diag(e i|Ω1|2t5/∆ , e−i(ω21+|Ω1|2/∆)t5 , e−iω31t5).

Therefore, with the evolutions demonstrated above the re-
quired QFT operation U (3)

QFT can be implemented.
Similarly, the inverse of the QFT can be implemented in

the similar way by performing the U†
1 → U†

D in the reverse
order as U3†

QFT = U†
1 U†

2 U†
3 U†

D. Note that, after realization of
the U†

1 , there will be an extra phase shift e iΛ while obtain-
ing U3†

QFT, where Λ denotes a real diagonal matrix. This ex-
tra phase shift can be removed by applying some extra oper-
ations. However actually there is no need to remove it, be-
cause it only introduces a phase on each state |1,2,3〉, which
will not affect the final population measurement. Further-
more, actually, there is also no need to implement the diag-
onal matrix UD in U3

QFT and U3†
QFT. The reason is that, with-

out UD, the final output state can be theoretically expressed as

U3†
QFTUDP(θ)U†

DU3
QFT = U3†

QFTP(θ)U3
QFT since UD commutes

with P(θ).
Here, after the phase shift the state is |ψ2(θ)〉= 1√

3

(
|1〉+

e−i(ω2T+θ)|2〉+ e−i(ω3T−θ)|3〉, where θ = δT (with δ =

gµB∆B/h̄) denotes the phase to be estimated and T the free
evolution time. By choosing a specific T and the frequen-
cies ω2 and ω3, which can be realized by applying an exter-
nal magnetic field, we have ω2T = 2nπ and ω3T = 2mπ with
n,m being integers. Then state |ψ2(θ)〉 becomes |ψ2(θ)〉 =

1√
3

(
|1〉+ e−iθ |2〉+ e iθ |3〉. Note that, if exchange the phases

of states |1〉 and |2〉, it will turn to the standard model. How-
ever, there is no need to do that, since the populations mea-
surement after the inverse QFT are almost the same only diver
in the order of populations of states |2〉 and |3〉. Figure 6
shows the results of populations of states |1,2,3〉, denoted by
P1,2,3, respectively. We can see that P1, P3 and P2 differ from
each other only by an amount of translation of 2π/3, which is
the same as the standard model (not shown in the figure) with
P2↔ P3.

P
k



.

.

.

.

.

P1

P2

P3

0 21 3 4 5 6

θ

Fig. 6. The populations of states |1〉, |2〉 and |3〉 as a function of phase θ .

After the inverse QFT, the output atomic state of the three-
level IFR can be expressed as

|ψ3(θ)〉=
1
3
[1+ e−iθ + e iθ ]|1〉+ |ϕ〉⊥, (19)

with 〈1|ϕ〉⊥ = 0. Then the population of the ground state |1〉
can be calculated with

〈P̂1(θ)〉=
1
9
(1+2cosθ)2, (20)

and P2(θ) = P1(θ +2π/3), P3(θ) = P1(θ −2π/3), which are
shown in Fig. 6. Using the error-propagation formula, we can
derive the measurement uncertainty of a single projective mea-
surement as well as the ultimate bound of the projective mea-
surements, characterized with the correspondent Fisher infor-
mation, which is defined as F(θ) = ∑k=1,2,3

∣∣∂θ Pk(θ)
∣∣2/Pk.

Figure 7 shows the sensitivities of single projective measure-
ments Pk and the corresponding Fisher information. From
Fig. 7 we can see that: (i) Each single projective measurement
has its own optimal parameter regime that approaches the ul-
timate bound of QFI, for example, when θ � 1, measurement
P1 can reach this bound, which is an optimal measurement. (ii)
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From the point of FI, the projective measurements on all states
is an optimal POVM whose FI is exactly equal to the QFI,
which is also true for any finite multi-level case (not shown in
figure).
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θ

Fig. 7. The sensitivities characterized by the error-propagation formula,

∆kθ =
√

Pk−P2
k

/
|∂θ Pk|, of population Pk (dashed) and the Fisher in-

formation (red solid), ∆F θ = 1/
√

F(θ), corresponding to the projective
measurements POVM (P1,2,3).

With the phase θ = δT0 determined, the detuning δ can
be derived such that the magnetic field ∆B = h̄δ/(gµB) can be
estimated, with µB being the Bohr magneton and g denoting
the g-factor. Specifically, for a weak magnetic field required to
be estimated, e.g., Bz ∼ lnT ,[35,37] and for the typical free evo-
lution duration t ∼ 0.3 ms, Fig. 8 shows clearly that the reach-
able sensitivity of the IFRs with the present three-level NV-
centers really beats the optimal bound in the original atomic
IFRs using the usual two-level ones.

B (nT)

D
B

m
in
 (
m
T
SH

z
-

1
/
2
)

0
0
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8

SQL for usual 2 level IFRs

Reachable sensitivity of 
3 level atomic IFRs.

10 20 30 40 50

Fig. 8. Reachable sensitivity ∆Bmin vs the measured magnetic field
strength B, implemented by the IFRs with single two-levels NV centers
(red solid line) which is given as ∆Bmin = h̄/(gµB

√
T2T ) with T and

T2 denoting the measurement and coherent time, respectively,[37] and
three-level (blue dash-dot line) NV centers, respectively. Here, the free
evolution time T0 is typically set as π/10 ms.[35] It is seen that reachable
sensitivity with the three-level atomic IFRs is higher than that with the
usual two-level atomic IFRs for the applied weak magnetic field, i.e.,
B < 40 nT.

Note that, the sensitivity of the above phase estimation
can also be enhanced by performing the IFRs with only two
spin basis {−1,+1} (states |2〉, |3〉) for phase integration,
which is called the double quantum (DQ) coherence magne-
tometry (Refs. [39,40]), since it accumulates phase at twice the
rate of traditional single quantum (SQ) coherence magnetom-
etry with states |1〉 and |2〉 (or |3〉). Though DQ magnetometry
provides enhanced susceptibility to target magnetic-field sig-
nals while also making the spin coherence as twice as being
sensitive to magnetic noise, making the spin coherence time

for |2〉↔ |3〉 is usually shorter than |1〉↔ {|2〉, |3〉}.[41] Many
schemes have been put forward to prolong the coherent time
by suppressing the dephasing, including the dynamical decou-
pling and quantum teleportation.[41–43]

4. Discussion and conclusion
Probably, one of the most challenges to experimentally

demonstrates the proposed multilevel atomic IFRs such that
the implementations of the required QFTs are relatively com-
plicated and their fidelities are certainly limited by various op-
erational imperfections (due to the inevitable noises). This is
one of the common obstacles for the current implementations
of all the desired quantum coherence manipulations. In this
work, we have shown how to implement a QFT with pulse se-
quence in a V -type three-level atom with the known energy
splittings. In practical cases, the external field (to be esti-
mated) may exist during the whole process and can always not
be turned off before and after the phase integration, and thus
the implementations of the QFT may be imperfect. Specifi-
cally, we suppose that the real frequency of states |2〉 and |3〉
is symmetrically shift by a relative small detuning δ as ω2−δ

and ω3 + δ , due to the Zeeman effect of a external magnetic
field. Under this assumption, the Hamiltonians for implement-
ing the evolution U1 to UD should be modified. Firstly, the
Hamiltonian H̃1 in Eq. (11) would be changed to

He =
1

2(∆2−δ 2)

{
−3
[
∆(|Ω1|2 + |Ω2|2)

+δ (|Ω2|2−|Ω1|2)
]
|1〉〈1|

+
[
δ (|Ω1|2 + |Ω2|2)+∆(|Ω2|2−|Ω1|2)

]
×
(
|2〉〈2|− |3〉〈3|

)(
2∆Ω1Ω

∗
2 |2〉〈3|+H.c.

)}
. (21)

Under the condition ∆� δ , neglecting the terms δ/∆ , Hamil-
tonian He is the same as H̃1 with ∆1 = ∆2 = ∆ . Considering
the first term of the Magnus expansion, we have

R1 = i
∫ t1

0
H(t)dt =

Ω ∗1
∆1

(e i∆1t −1)|1〉〈2|

+
Ω ∗2
∆2

(e i∆2t −1)|1〉〈3|+H.c. (22)

In the case of δ = 0 this term R1 ≈ 0 can be neglected
by choosing Ω1,2 � ∆ and ∆t1 ≈ 2nπ . As δ 6= 0, due to∣∣Ω∗1(2)

∆1(2)
(e i∆1(2)t − 1)

∣∣ ∼ δ

|Ω1(2)|
, we find that R1 is in the order

of δ/|Ω | � 1 and thus can be safely neglected. In the real-
istic case of NV center, the frequency of ω2,3 is in the order
of GHz, and the small frequency shift caused by a supposed
small magnetic field of nT scale is just in the order of kHz.
Therefore, the small detuning δ has little effect on the real-
ization of evolution U1. Secondly, the Hamiltonian H2 under
detuning becomes

H2d = Ω1|1〉〈2|+Ω
∗
1 |2〉〈1|−δ |2〉〈2|+(ω31 +δ )|3〉〈3|. (23)
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The corresponding evolution is

U2d =
[

cos(Ω ′1t2)I− i sin(Ω ′1t2)𝑛 ·𝜎
]

× exp
[
i(ω31 +3δ/2)t2|3〉〈3|

]
,

with Ω ′1 =
√

Ω 2
1 +δ 2/4. Here, I and 𝜎 are the identity

and Pauli operators of two-level states |1〉 and |2〉, and 𝑛 =

(|Ω1|cos(θ2), |Ω1|sin(θ2),δ/2)/Ω ′1. Consequently, under the
condition Ω1 � δ , the evolution of H2d can be approxima-
tively obtained as

U2d ≈ Ũ2 +diag
([

iδ
2
√

3Ω1
,
−iδ

2
√

3Ω1
, e

i3δ t2
2

])
, (24)

with the same pulse time t2 ∼ Ω
−1
1 . Similarly, by adding a

detuning δ to Hamiltonians H3, H4 and H5, the correspond-
ing unperfect evolution of U3, U4, U5 can also be designed.
Finally, the imperfect QFT Ud

QFT with the detuning δ can be
constructed.
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Fig. 9. The dependence of population of state |1〉 on detuning δ with
different Rabi-frequency Ω . The distance is defined as maxkl

{
|(Ud

QFT−
U3

QFT)kl |/|(U3
QFT)kl |

}
, where U3

QFT and Ud
QFT denote the perfect and the

imperfect QFT with the detuning δ . The frequencies of states |1,2,3〉
are supposed as ω1 = 0, ω2 = 0.96 GHz, ω3 = 1.92 GHz.

P
1



.

.

.

.

.

P
1

.

.

.

.

0 0.01 0.02

θ

θ

δ/ Hz

δ/2 Hz

δ/3 Hz

δ/4 Hz

0 21 3 4 5 6

Fig. 10. The measurement population of state |1〉 as a function of
phase θ under different detuning δ . Here Rabi frequencies are all set as
2π×106 with the large detuning ∆ = 0.1 GHz.

Figure 9 shows the dependence of the distance between
the theoretical imperfect QFT matrix Ud

QFT and the true QFT
matrix U3

QFT with and without the detuning δ . The distance
is defined as the maximum absolute value of the matrix ele-
ments |(Ud

QFT−U3
QFT)kl |/|U3

QFT)kl |. It is seen that the distance
depends not only on the detuning δ but also on the Rabi fre-
quency Ω . If δ is significantly small, a small error in the order
of δ/Ω exists. To further check the validity of the QFT with
the detuning, we also plot the dependence of the populations

of the ground state |1〉 on the phase θ for different detunings
in Fig. 10. One can see that a very small difference (less than
10−3) occurs, even for δ = 10 kHz. From the above analy-
ses, we can draw a conclusion that the proposed interferometry
works even the level-spacing is not known exactly.

In conclusion, via replacing the Hadmard gates by a pair
of QFTs we generalize the original Ramsey IFR with a two-
level atom to a new IFR with a multilevel atom. The sensitiv-
ity of the phase estimations with the proposed M-level IFRs
could be enhanced by a factor of (M2− 1)/3 compared with
the usual two-level cases. Specifically, our generic proposal
has been demonstrated with single three-level NV centers in
diamond to improve the sensitivity of the magnetometery. Fur-
thermore, considering the practical application, we also inves-
tigate the effect of imperfection of the evolutions on the phase
estimation sensitivity by considering the impact of a small de-
tuning, caused by an external field, on the realization of QFT.
Anyway, given the IFRs proposed here using only single atoms
without any inter-atom quantum entanglement and possessing
the significant improvement of sensitive bound, its experimen-
tal realization and application should be valuable and interest-
ing.
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