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We study dynamical behaviors of a Bose–Einstein condensate (BEC) containing a dark soliton reflected from potential
wells and potential barriers, respectively. The orientation angle of the dark soliton and the width of the potential change
play key roles on the reflection probability Rs. Variation of the reflection probability with respect to the orientation angle
θ of the dark soliton can be well described by a cosine function Rs ∼ cos[λ (θ −π/2)], where λ is a parameter determined
by the width of the potential change. There are two characteristic lengths which determine the reflection properties. The
dependence of the reflection probability on the width of the potential change shows distinct characters for potential wells
and potential barriers. The length of the dark soliton determines the sensitive width of potential wells, whereas for potential
barriers, the decay length of the matter wave in the region of the barrier qualifies the sensitive width of the barrier. The time
evolution of the density profiles of the system during the reflection process is studied to disclose the different behaviors of
matter waves in the region of the potential variation.

Keywords: Bose–Einstein condensate, dark soliton, quantum reflection
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1. Introduction

Quantum reflection is a classically counterintuitive phe-
nomenon whereby particles are reflected from potential bar-
riers or wells without reaching a classical turning point.[1,2]

Such a phenomenon has been observed in various systems,
such as atomic mirror,[3–5] nanoporous media,[6,7] rough
surfaces,[8] and Si, BK7 glass surface.[9] Recent developments
are extended to cold atomic systems in which quantum re-
flections of ultra-cold atoms appear on the potential of solid
surfaces[10,11] as well as on the various structures, such as
graphene,[12] semiconductor superstructures and thin films.[13]

Since significant reflection occurs under the condition φ(k) =
(1/k2)dk/dxs ∼ dλ/dxs � 1,[9] where the local wave num-
ber, k = 2π/λ , depends on the de Broglie wave length λ ,
and xs is the normal distance from the atom to the surface,
the system of ultracold and quantum degenerate atomic gases
with large de Broglie wave lengths is an excellent platform for
experiments to study quantum reflection at normal incidence
with large flexibility on the control of the atomic motion.

Solitons are self-reinforcing wavepackets, which main-
tain their shapes when propagating over long distances, and
emerge from collisions unaltered.[14,15] The existence of such

localized wavepackets indicates nontrivial effects from non-
linear interactions, and they have been observed in different
systems, including water waves,[16] plasmas,[17,18] and non-
linear optics.[19,20] Theoretically, solitons in nonlinear media
were described numerically[21] and analytically[22] half a cen-
tury ago, and have been confirmed in different fields such
as oceanography, biology, and fiber optics. Afterwards, the
atomic solitons were also investigated in various platforms,
such as optical systems,[23] magnetic films,[24] and waveg-
uide arrays.[25] Recently, solitons in ultracold atomic systems,
e.g., Bose–Einstein condensates, have attracted much atten-
tion. Especially, such solitons can theoretically be interpreted
well by the well-known Gross–Pitaevskii (GP) equation.[26,27]

Experimentally, a matter-wave dark soliton with a phase dif-
ference of π can be generated readily by appropriate phase
imprinting,[28,29] density engineering,[30] sweeping a dipole
potential through the condensate,[31,32] as a consequence of
quantum shock, and from the local minima of interference
fringes.[33,34]

In recent years, a great deal of experimental and theoreti-
cal work has been involved with the quantum reflection of con-
densates. Conventionally, the incident velocity of the conden-
sate has a significant effect on the reflection process, and when
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the velocity of the condensate is low, an abnormal reflectivity
has been observed experimentally.[6,11] The probable explana-
tion attributes it to interatomic interactions, which may lead to
nonlinear excitations that slow down the center-of-mass mo-
tion of the matter wave and result in disruptions.[10,35,36] Due
to the surprising robustness of bright matter-wave solitons, its
collision and associated regions of chaotic dynamics have been
addressed.[37,38] Also, the quantum reflection of such bright
solitons has been discussed intensively.[15,39] Moreover, the
dynamics of moving bright solitons in a polarized BEC with
spin-orbit coupling has been studied, showing that the speed
of a soliton dominates its structure.[40] Both stationary bright
solitons and moving bright solitons can be found in a spin-
orbit-coupled condensate.[41] In contrast to bright solitons, re-
flection of a dark matter-wave soliton has not yet been well
investigated, particularly in its structure. Some theoretical
works have addressed the role of the nonlinear excitations,
such as dark solitons and vortices, in the quantum reflection
of the condensate interacting with a solid surface or a gaussian
potential.[42–44] For matter-wave dark solitons in boxlike traps,
dissipative reflections occur with soft boundaries.[45] A recent
work also shows that the orientation of a two-dimensional
(2D) dark soliton can significantly affect the reflection prob-
ability of the condensate from a sharp potential barrier due
to the rotational symmetry broken.[44] However, the essential
factors for such influence have not been clarified. Moreover,
influence of a 2D dark soliton, especially its configuration, on
the quantum reflection subject to a potential well has not yet
been investigated. Correspondingly, differences between the
reflections of a BEC with a dark soliton from a potential well
and a potential barrier are still unclear. In this paper, we in-
vestigate the dynamical behavior of a 2D disk-shaped Bose–
Einstein condensate containing a dark soliton separately re-
flected from square potential wells and potential barriers. We
try to find the influence of the orientation angle of a dark soli-
ton, the structure of the potential and the width of the potential
variation on the quantum reflection probability. We further use
dynamical images of the density profiles of the condensates
to reflect the physical mechanism through numerical simula-
tions. The underlying mechanism of the quantum reflection is
discussed intensively.

2. Method and simulation scheme
We consider a 23Na BEC containing N atoms, which

are initially trapped by a harmonic trapping potential of the
form Vh(x,y,z) = m(ω2

x x2 +ω2
y y2 +ω2

z z2)/2. Here we choose
the trap frequencies to be ω = ωx = ωy = 2π × 10 Hz and
ωz = 2π × 100 Hz so that the trap frequency in the z direc-
tion is much larger than those in the x and y directions. One
can verify that the chemical potential in the radial directions
is much smaller than the confining oscillator energy in the

axial direction. Hence, the system can be treated as a disk-
shaped 2D condensate. The dynamics of such a system at zero
temperature are well described by the 2D time-dependent GP
equation

ih̄∂tψ =− h̄2

2m
∇

2
ψ +V (x,y)ψ +gN|ψ|2ψ, (1)

where ψ(x,y, t) is the temporal condensate wave function with
N = 1.8× 104 in our calculations. The 2D coupling con-
stant is g = 2

√
2π h̄ωzasaz with the s-wave scattering length

as = 2.9 nm. The radial and axial oscillation lengths are
x0 =

√
h̄/mω and az =

√
h̄/mωz, respectively. The ground

state of the dark soliton is obtained by the imaginary time evo-
lution of the GP equation, where a π phase step is added into
the condensate wave function so that two stable density halves
are formed. We use x0, t0 = 1/ω , E0 = h̄ω as the units of
length, time and energy, respectively, to derive the dimension-
less GP equation for a better accuracy of our simulations.

To get a prevalent insight about the interaction between a
dark soliton and a potential energy surface, we consider a gen-
eral potential which is in combination of a harmonic trap and
a potential barrier/well of the form

V (x,y) =

Vh(x,y), x < 0,
V0, x ∈ [0,d],
0, x > d

(2)

where V0 > 0 and V0 < 0 correspond to the potential barrier and
potential well, respectively, and d is the width of the potential
barrier or well. We note that in the region of the potential drop,
the velocity of the condensate is much larger than the incident
velocity, which makes that a sufficiently small grid size is re-
quired to avoid the distortion arisen from the finite size scale.
In our calculations, we use 4000×1000 grids, and the grid size
is 0.01

√
2x0 to make the results of our calculations reliable.

We consider two different potential profiles: potential
I [Fig. 1(a)] is a potential barrier of width d; potential II
[Fig. 1(b)] is a potential well of width d. The abrupt change of
the potentials chosen here fulfills readily the quantum reflec-
tion condition and makes the reflection of solitons prominent.
Thus it enables us to identify the key physical processes oc-
curring when the BEC experiences reflection, and to sharpen
the understanding needed for experimental studies to explain
BECs with solitons reflected from more complex semiconduc-
tor surface potentials or nanostructure potentials. The center
of mass of the condensate is initially placed at the position
(∆x,0) away from the center of the harmonic trap. In this re-
search, we always consider the normal incident of condensates
towards the energy potential surface. Due to the variation of
the trap potential, the condensate cloud is driven to move to-
wards the potential barrier or the potential well, which allows
us to study the reflection process of the condensate contain-
ing a dark soliton. Figures 1(c) and 1(d) show a typical den-
sity distribution and the corresponding phase distribution of
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the initial state of a condensate containing a dark soliton with
the orientation angle θ = π/4, respectively. When the solitons
are initially imprinted in the condensate, we can freely adjust
the angle between the dark solitons and the positive x-axis.

d

d

V0

V0

∆x

∆x

π/4

−3π/4

(a)

(b)
(d)

(c)

Fig. 1. A schematic view of the systems. A condensate cloud containing
a dark soliton interacting with a potential barrier (a) and a potential well
(b) for the initial center-of-mass displacement in the x direction being
∆x. (c) and (d) The top view of the initial density distribution and the
corresponding phase distribution of a condensate with the orientation
angle of the dark soliton being θ = π/4.

A condensate carrying a dark soliton has two specific
length scales determined by the interatomic interaction, the
Thomas–Fermi (TF) radius RTF = (4g/πmω2)1/4 character-
izing the size of the condensate cloud and the healing length
ξ = h̄/

√
2ngm ' 0.5x0 correlated to the width of the soliton

with n being the density of the condensate. For the parame-
ters used in our calculations, we have RTF = 3.58x0 for a bare
condensate without a dark soliton. The half width of the con-
densate with a dark soliton is about 5.67x0. For a potential
well, the typical width is such that the soliton structure can
be completely maintained in the well, i.e., d = 11x0 ≈ 75 µm
for the parameters used in our simulations. For a potential
barrier, the typical width is the decay length which is deter-
mined by the decay rate of the wave function of the condensate
within the barrier region. Current cold-atom experiments can
achieve box-like potentials with length varying from several
micrometers to hundreds of micrometers,[46,47] so the poten-
tial wells we considered can be realized experimentally. A
relatively large interatomic interaction leads to a small healing
length, resulting in formation of a large size of ground-state
BEC with a small width of the dark soliton. Note that such an
interatomic interaction will not change essentially our conclu-
sion here if many excitations are not involved in the process
of reflection. The size of the condensate can be adjusted by
changing the trap frequencies or the interatomic interactions
experimentally.

To explore the role of a dark soliton in the quantum re-
flection of a BEC from potential energy surfaces, it is required
that the lifetime of the dark soliton should be larger than the
timescale of the reflection process. Since the dark soliton in
2D BECs is generally unstable, it will eventually decay into

vortices due to the snake instability. This indicates that the
complete quantum reflection should appear before the distor-
tion of the dark soliton. Previous work showed that for some
specific parameters the lifetime of the dark soliton either lo-
cated in the middle of a 2D condensate is larger than the
timescale of the reflection process.[44] We also note that the
stability of a 2D dark soliton in trapped BECs is still an inter-
esting topic.

3. Results and discussion
As stated in Refs. [48,49], the center-of-mass velocity and

interatomic interaction of condensates play important roles in
formation of interference patterns and dynamic excitations.
These two factors determine time scales of interference of
BECs and the distortion of solitons. The dynamics of the
system are determined by the competition of these two time
scales. As the condensate moves towards the trap center, its
average incident velocity at the edge of the potential well
or barrier is approximately v̄ ≈ ω

√
∆ 2

x +∆ 2
y . Previous re-

search showed that at low incident velocities and high den-
sities, the nonlinear interatomic interactions dominate the re-
flection process of a BEC from a silicon surface, which results
in formation of solitons and vortices and anomalous quantum
reflection.[10]

Here, we further study quantum reflection of BECs orig-
inally containing a dark soliton from an abrupt change of the
potential in space, and specifically concentrate on the role of
the initial configuration of the dark soliton and the width of
the potential variation in such a reflection process. To demon-
strate explicitly our findings, we define the time dependent
number of atoms on the left hand side of the step function
(x ∈ [−L/2,0]) in the form of

Nl(t) =
1
N

∫ 0

− L
2

∫ L
2

− L
2

|ψ(x,y, t)|2 dxdy, (3)

where L is the size of the system in our calculations. We em-
ploy Rs to denote the reflection probability (asymptotic value
of Nl(t)) after the condensate cloud has been completely sep-
arated from the surface of the potential barrier or well. When
the height of the potential barrier or the depth of the poten-
tial well, |V0|, is large enough, the condensate cloud under-
goes the elastic reflection with Rs close to 1, which is similar
to its classical counterpart. For systems without interatomic
interactions, the reflection probability depends only on the in-
cident velocity (the displacement ∆x of the condensate in the
x direction in our systems). However, for interacting systems,
the momenta of the x and y directions can transform mutu-
ally during the reflection process, which will in turn affect the
dynamics of the system. However, as we only consider the
normal incident clouds, there is no initial potential energy in
the y direction.
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Previous work showed that when a BEC with a dark soli-
ton is reflected from a potential barrier, its asymptotic reflec-
tion probability Rs is highly sensitive to the initial orientation
angle θ of the soliton.[44] Here we further consider the behav-
ior of such a BEC reflected from a potential well. We find
that Rs is still sensitive to θ for potential wells. However, the
variation of Rs shows abundant modes with respect to differ-
ent widths of the potential well. In Fig. 2(a), we show three
typical examples of the Rs–θ curves for different d. It is found
that the relation between Rs and θ can be written as

Rs = R0 +Rse cos[λ (θ −π/2)], (4)

with R0, Rse and λ being adjustable parameters. For d = 4.2x0

as denoted by the red solid curve with squares, the fitting pa-
rameters are R0 = 0.42, Rse = 0.04 and λ = 2.25, respec-
tively. For d = 4.7x0, the fitting parameters are R0 = 0.38,
Rse = −0.12 and λ = 1.61, respectively. This case is simi-
lar to the Rs–θ curve of the reflection from a potential barrier
as shown in Fig. 2(b), which can be well fitted by employing
λ = 2 with ∆x = 7.05x0, R0 = 0.935 and Rse = 0.045. For
d = 12.7x0, Rs nearly does not change with θ as denoted by
the purple solid line with diamonds in Fig. 2(a). We note that
for both potential wells and potential barriers, θ = π/2, i.e.,
the dark soliton parallel to the surface where the reflection oc-
curs is a special configuration. For potential barriers, Rs al-
ways takes the minimum for any value of d at θ = π/2, while
for potential wells, Rs may take the minimum or maximum ac-
cording to different values of d. In Fig. 2(c), we give typical
density distributions of the condensate with a θ = π/4 dark
soliton (see Fig. 1(c)) during the reflection. For a potential
well, the orientations of the dark soliton in the confined part
within the potential well (α1) and in the transmitted part of the
condensate (α2) with respect to the orientation of the reflected
dark soliton may be different from that of the incident cloud
(2θ ). However, for a potential barrier, the orientations of the
dark soliton in the transmitted cloud and the incident cloud are
always 2θ . We note that for potential wells, Rse can be positive
and negative, while it is always positive for potential barriers.

In Fig. 3, we show the influence of the width of the step
potentials in the quantum reflection probability of the conden-
sate cloud containing a dark soliton. We find that when the
width of the potential well is less than the length of the soliton
(or the condensate), i.e., d < 11.34x0, the reflection probabil-
ity Rs is sensitive to d as well as the initial orientation of the
dark soliton θ . For different initial orientations, Rs displays a
regular oscillation with an envelope of exponential decay to-
wards a stable value, Rs ' 0.37, when d is larger than 11.34x0

as shown in Fig. 3(a). It indicates that the reflection probabil-
ity is immune against the dark soliton configuration when the
width of the potential well is larger than the size of the con-
densate cloud. We note that for a condensate cloud without a

dark soliton, the damped oscillation of the reflection probabil-
ity with respect to increasing width of the potential well has
nearly the same period as that of the case with a θ = 0 dark
soliton (red line with circles in Fig. 3(a)) except for a larger
amplitude.
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Fig. 2. The reflection probabilities as a function the orientation angle
of the dark soliton and the typical Density profiles of the system dur-
ing the reflection process. (a) The curves of the asymptotic reflection
probability (Rs) of a condensate reflected from the potential well with
respect to the orientation angle of the dark soliton θ . The red solid line
with squares, the black solid line with circles and the purple solid line
with diamonds are for the width of the potential well being d = 4.2x0,
d = 4.7x0, d = 12.7x0, respectively. The blue dashed line and the green
dotted line are the corresponding fitting curves calculated by Eq. (4),
respectively. (b) The red solid line with squares is the Rs(θ) curve of a
condensate reflected from the potential barrier with d = 5.64x0, and the
black dotted line is the corresponding fitting curve calculated by Eq. (4).
(c) The density distribution of the condensate reflected from the surface
of the potential well with d = 4.2x0 at t = 1.68t0, and from the surface
of the potential barrier with d = 5.66x0 at t = 1.68t0. The angles in-
dicated by the white arrows show the directions of the dark solitons in
different parts of the condensate cloud. In upper figures, the parame-
ters used for the potential wells are V0 =−180E0 and ∆x = 7.05x0, and
those used for the potential barriers are V0 = 40E0 and ∆x = 7.05x0.

For a square potential barrier, since the kinetic energy of
the incident condensate is less than the height of the barrier,
i.e., mω2∆ 2

x /2 ' 24E0 is less than V0 = 40E0, quantum wis-
dom indicates that the wave function of the condensate will
decay exponentially in the form of ψ ∼ e−βx within the re-
gion of the potential barrier. Here we have the decay con-

stant β '
√

2m(V0−E)/h̄2 = 5.5/x0 for the parameters used
in Fig. 3(b). Then we can obtain |ψ|2 ∼ 1.68×10−5 as x = x0,
which means that the decay of the condensate wave function
is mainly within the x0 length scale, and the reflection proba-
bility can reach its asymptotic value for d larger than x0. If d
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is smaller than the decay length, the dynamics of the system
are dominated by the decay process, and the effect of soliton
structure is strongly depressed. However, for d larger than the
decay length, the orientation angle of the dark soliton becomes
significant resulting in different asymptotic values. This anal-
ysis coincides with our numerical results shown in Fig. 3(b).

To see the influence of the orientation of the dark soliton
on the reflection probabilities more clearly, we calculate the
quantity δRs = Rs(θ = π/2)−Rs(θ = 0) for potential wells
and potential barriers as shown in Figs. 3(c) and 3(d), respec-
tively. The δRs–d curve performs a damped oscillation for
the potential well (see Fig. 3(c)), which is similar to the Rs–d
curves in Fig. 3(a). This variation can be fitted by the function

δRs = −0.74exp(−0.32d/x0)sin(3.42d/x0−9.38) (the dot-
ted curve in Fig. 3(c)). For a potential barrier, δRs decays ex-
ponentially to a nonzero constant with increasing d. It can be
fitted well by the function δRs = 0.09exp(−1.67d/x0)−0.09.
Compared to the potential barrier, the reflection from a poten-
tial well will be much more sensitive to the orientation of the
dark soliton if the width of the potential well is smaller than
the size of the condensate, where the amplitude of variation
can reach up to 25% with respect to the total reflection. As
shown in Fig. 3(d), the reflection from a potential barrier is
less sensitive to θ , where the amplitude of variation increases
exponentially with d, and is less than 9% with respect to the
total reflection.
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Fig. 3. The reflection probability Rs(θ) and the difference δRs between Rs(π/2) and Rs(0) versus the width d of the potential change. (a)
The Rs curved with respect to d for the orientation angles of the dark solitons are 0 (red solid line with circles), π/4 (black solid line with
squares), and π/2 (blue solid line with triangles), with ∆x = 7.47x0 and V0 =−180E0. (b) The Rs curved with respect to d for the orientation
angles of the dark solitons are 0 (red solid line with circles), π/4 (black solid line with squares), and π/2 (blue solid line with triangles), with
∆x = 7.05x0 and V0 = 40E0. (c) and (d) The red solid lines with squares are the corresponding δRs curves with respect to d of (a) and (b),
respectively. The black dotted lines are the corresponding fitting curves.

To explore the reflection behaviors of a condensate con-
taining a dark soliton from a potential well and a potential bar-
rier further, we study the time evolution of the density profile
of the condensate cloud. We know that a incident wave with
energy E and wave number

√
2mE/h̄2 subject to a square po-

tential V0 leads to the wave number within the region of the

square potential being
√

2m(E−V0)/h̄2. In our calculations,
we consider potential wells with V0 < 0 and E−V0 � E, re-
sulting in the velocity of the transmitted wave being much
higher than that of the incident wave. Such high velocity of

the transmitted wave accounts for an interference pattern with
very small fringe spacings in the region of the potential wells.
This is in contrast with the system of potential barriers, where
the order parameter decays exponentially. In Fig. 4, we show
the time evolution of the density profile of a condensate con-
taining a θ = π/2 dark soliton reflected from a potential well.
The self-interference pattern of the condensate cloud within
the region of potential well during the reflection process can be
identified clearly in the areas surrounded by the white rectan-
gles as shown in Figs. 4(Ib) and 4(IIb) (as well as in Figs. 4(d)
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and 4(e)). The interference modes in Figs. 4(d) and 4(e) are
obviously different. We argue that the different interference
modes due to the different widths of the potential wells may re-
sponsible for the distinct Rs–θ behaviors as shown in Fig. 2(b).
As shown in Figs. 4((Ic) and 4(IIc)), the dark-soliton can pen-
etrate the potential well and maintain its structure very well
in the transmitted part of the condensate cloud, indicating the
robustness of the dark soliton structure during the reflection
from potential wells. The distortion of the dark soliton in the
transmitted part of the condensate cloud is lager for d = 4.2x0

(Fig. 4(Ic)) than that for d = 4.7x0 (Fig. 4(IIc)).
For the reflection of BECs from potential barriers as

shown in Fig. 5, no self-interference occurs within the bar-
rier region, which is completely different from the cases of
potential wells. With increasing d, Fig. 5 shows the reflec-
tion process of the condensate with different orientations for
the same potential barrier. When the soliton orientation is par-
allel to the barrier surface (Fig. 5(Ia)), the soliton structure
tends to prevent the return of the reflected wave by barriers
due to its self-reinforcement and thus reduces the reflection
probability. For θ = 0, the reflection of the condensate can
be regarded approximately as the reflection of two symmetric
small condensates, and the influence of the dark soliton is triv-
ial. The reflection behavior of the condensate with a θ = 0
dark soliton is identical to that of the condensate without a
soliton (see Fig. 2 in Ref. [45]). Therefore, when a BEC con-
taining a dark soliton is reflected from a potential barrier, the

reflection probability for θ = π/2 is smaller than that for θ = 0
(see Fig. 2(c)). Compared to the potential well reflection, the
ability of a dark soliton passing through a potential barrier is
much weaker. The soliton structure in the transmitted conden-
sate cloud is not obvious or complete as shown in Figs. 4(Ic)
and 4(IIc).
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Fig. 4. The typical density profiles of the condensate containing a
θ = π/2 dark soliton reflected from the potential wells with two differ-
ent widths. Line I: the reflection for d = 4.2x0. The density distribution
of the condensate at t = 0 (Ia), t = 2.16t0 (Ib) and t = 2.88t0 (Ic). Line
II: the reflection for d = 4.7x0, with the corresponding times as the same
as those in line I. The depth of the potential well is V0 = −180E0. (d)
and (e) Enlarged figures of region surrounded by the withe rectangles in
(Ib) and (IIb), respectively.
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Fig. 5. The typical density profiles of the condensate containing a dark soliton with different orientation angles reflected from a potential
barrier. Line I: the density distribution of the condensate containing a dark soliton with θ = π/2 at t = 0 (Ia), t = 2.40t0 (Ib) and t = 3.68t0
(Ic). Line II: the density distribution of the condensate containing a dark soliton with θ = 0, with the corresponding times as the same as those
in Line I. The width and the height of the potential barrier are d = 1.41x0 and V0 = 20E0, respectively.

Moreover, we explore the effects of the expansion mo-
tion on the quantum reflection of the system. To clearly iso-
late the effects, we only consider the potential drop with infi-
nite width. The ground-state BECs are created under different
traps: ω = 4ω0, 6ω0, and 8ω0. The expansion-dominated mo-
tion is triggered by changing the trap frequencies rapidly from
their original values to ω = ω0 at t = 0. Meanwhile, we sud-
denly displace the harmonic trap by a distance 2.83x0. Thus

the condensate expands rapidly when it is accelerated towards
the potential drop. In Fig. 6, we show the reflection prob-
abilities of the expansion-dominated BECs, Rs, with respect
to different orientation angle θ . We can seen clearly that the
shapes of the curves are similar to that of the finite potential
well with d = 4.7x0 in Fig. 2(b) and that of the barrier po-
tential in Fig. 2(c). Here θ = π/2 is still a special configura-
tion with the lowest reflection probability. We find that these
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curves can also be well described by Eq. (4). However, the
curves are much shallow, and the variations of Rs with respect
to θ are only up to 0.05. We note that the significant differ-
ence between the systems with expansion and without expan-
sion is that the sensitivity of the reflection probability to the
soliton orientation at infinite width of the well. When the ex-
pansion is included, Rs is still sensitive to θ at infinite width of
the well for the reflections in the potential well systems. This
is quite similar to reflections of systems for potential barriers
(see Fig. 3(b)). Since the expansion results in the acceleration
of center-of-mass of the condensate cloud towards the poten-
tial drop, the reflection probability reduces accordingly. As
shown in Fig. 6, Rs for larger initial trap frequency is smaller
than those for smaller ones, due to the fact that the larger the
initial trap frequency is, the higher the expansion speed is.

R
s

0 0.25 0.750.50 1.00

ω=4ω0

θ/π

ω=6ω0 ω=8ω0
0.48

0.44

0.40

0.36

0.32

Fig. 6. The reflection probability of the condensates dominated by ex-
pansion motions from a infinite wide potential drop as a function of
the orientation of the dark soliton. The red solid line with squares,
black line with circles and green line with diamonds are for systems
with initial trap frequencies 4ω0, 6ω0 and 8ω0, respectively. The depth
of the potential well and the initial displacement of the condensate are
V0 =−180E0 and ∆x = 2.83x0, respectively. The dotted line (R0 = 0.44,
Rse =−0.018 and λ = 2.07), dashed line (R0 = 0.41, Rse =−0.020 and
λ = 2.24) and dash-dotted line (R0 = 0.38, Rse =−0.022 and λ = 2.28)
are the fitting curves calculated by Eq. (4).

4. Conclusion
In summary, we have investigated some crucial factors

that influence the reflection probability of a condensate con-
taining a dark soliton, in particular, the orientation of the dark
soliton (θ ), the widths of the potential wells and barriers (d),
and the expansion of the condensate cloud. By comparing the
results of potential wells and potential barriers, we find that
the orientation of a dark soliton in the condensate does affect
the quantum reflection of the condensate in a non-trivial way.
The dependence of the reflection probabilities on the orien-
tation of the dark soliton for both potential wells and barri-
ers can be unifiedly described by a function in the form of
R(θ) ∼ cos[λ (θ − π/2)], where λ is a parameter related to
d. For potential barriers, λ = 2 is a good approximation to
fit the Rs–θ curves. However, the dependence of λ on d is
quite complicated for potential wells, where λ may choose its
value in a wide range from negative to positive according to
d. The dependence of the reflection probability on the width
of potential wells or barriers obeys completely different rules.

For potential wells, Rs shows a damped oscillation to a stable
value until d is larger than the length of the dark soliton (size
of the condensate cloud). For potential barriers, Rs increases
monotonically until reaching its asymptotic value when d is
larger than the decay length of the barrier which is determined

by the decay constant β '
√

2m(V0−E)/h̄2 (V0 > E). Rs is
sensitive to θ for a potential well within the size of the con-
densate cloud, while Rs shows differences for varying θ for a
potential barrier when d > x0. While the reflection probabil-
ity for a potential well is much smaller than that for a poten-
tial barrier, the sensitivity to θ can be greatly improved. The
sensitivity of reflection probability on the orientation of the
soliton for potential wells may permit experiments to detect
the existence of a dark soliton and probe the possible struc-
ture. These results are useful for better understanding of the
underlying mechanism of a BEC with a dark soliton reflected
from a step potential and the physics behind the experimental
observations of BECs with solitons reflected from more com-
plex semiconductor-surface and nanostructure potentials. The
dark-bright solitons in multi-component BECs have novel dy-
namical properties due to the novel nonlinear structures. It
has been shown that the dark soliton can modify the spectral
shape and the splitting of the bright soliton.[50] The spin-orbit
coupled strength affects interaction types (attractive or repul-
sive) between the two dark-bright solitons.[51] It is interesting
to study the quantum reflection properties of this kind of sym-
biotic solitons.
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