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We determine the region in which the magnon-mediated spin torques exist. This region can be controlled by the
spin waves. In terms of stability analysis of magnetization dynamics based on the spin-wave background, we obtain the
instability conditions of spin waves. With these results, we find the relationship between unstable regions and the formation
of Akhmediev breather, Kuznetsov–Ma breather and rogue waves. We establish the phase diagram of some novel magnetic
excitaions.
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1. Introduction
In recent years, there has been significant progress in

solid-state random access memories and magnetic hard disk
drives for storing digital information. In principle, these ad-
vances depend on new materials and a variety of nonlinear
excitation states of magnetization[1,2] in magnetic devices,
which can be driven by the magnetic field[3] or spin-polarized
current.[4–13] In these excitation states, a domain wall can be
seen as a potential hill which separates two generated mag-
netic states. Of great significance is the implementation of
memory and logic technologies with the high density and high
speed.[14–18] This progress requires reorienting the magneti-
zation with the development of efficient mechanisms driven
by the least possible current and power. There is consid-
erable progress in this field, such as the spin Hall effect[19]

in the heavy metal, and the Rashba–Edelstein effect[20,21] in
the ferromagnet, which arose from the spin–orbit interactions
in heavy-metal/ferromagnet bilayers.[22–26] Also, this spin-
transfer torque has been studied in antiferromagnets.[27,28]

In addition, in the study of two-dimensional film systems,
spin waves[29] and skyrmion[30] have also attracted much at-
tention, which can be nucleated as a metastable state in thin
films. Therefore, it provides potential application for the de-
sign of new generation memory based on skyrmion motion
in nanotracks.[31–33] Recently, the destruction of spatial in-
version symmetry in some materials leads to the formation
of Dzyaloshinskii–Moriya interaction.[34] It also exists at the

interface between a magnetic layer and an adjacent one with
high spin–orbit coupling.[35–37] The Dzyaloshinskii–Moriya
interaction can be regarded as the asymmetric magnetic inter-
action caused by the spin–orbit coupling. It tends to make the
magnetization rotating around a local vector, and forms some
chiral structure, such as skyrmions and helix structure.[38–42]

The Dzyaloshinskii–Moriya interaction can also affect the lin-
ear and the nonlinear magnetic excitation such as spin wave,
domain wall and dynamic soliton.

Although there have great achievements about this spin-
polarized current, many shortcomings should be brought to
the attention, such as Joule heat and corresponding power dis-
sipation. The spin propagation length is typically on the or-
der of nanometers,[43] which prevents transmission of spin in-
formation over long distances. Recently, the magnon current
has shown even greater advantages with much less dissipa-
tion. This is because the flux carries the spin moment, rather
than moving electrons.[44] It has been found that spin waves
can transport spin angular momentum in ferromagnetic and
antiferromagnetic insulators, and it could potentially be ex-
ploited for high-speed, low-power magnonic devices for signal
transmission and magnetic logic applications. Therefore, it be-
comes the research hotspots for long-distance transport,[45–48]

spin waves (magnons) driving magnetization dynamics,[49–53]

thermally driven domain wall motion,[54–56] and magnetiza-
tion switching.[57] However, it is not well clear for the interac-
tion region of magnon-mediated spin torque, and the relation
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between the instability condition and novel excitation in ferro-
magnet.

In this paper, in terms of stability analysis we clarify the
interaction region of magnon-mediated spin torques. By sta-
bility analysis of magnetization dynamics based on the spin
wave background, we obtain the instability conditions of spin
waves. With these results, we find the relationship between
unstable regions and the formation of Akhmediev breather,
Kuznetsov–Ma breather and rogue waves. We obtain the phase
diagram of some novel magnetic excitations.

2. Linear stability analysis of spin waves
As a general discussion, we consider the dimensionless

Landau–Lifshitz equation

∂𝑚

∂ t
=−𝑚× ∂ 2𝑚

∂x2 , (1)

where 𝑚 is the normalized magnetization with |𝑚| = 1.
Obviously, Eq. (1) admits a spin-wave (SW) solution, i.e.,
𝑚0 ≡ (m01,m02,m03) =

(
Ac cosϕ0,Ac sinϕ0,

√
1−A2

c

)
with

ϕ0 =−kcx+ωct and the dispersion relation ωc = k2
cm03. The

general form of unit magnetization vector can also be ex-
pressed as 𝑚0 = (sinθ0 cosϕ0,sinϕ0 sinθ0,cosθ0) in polar
coordinates and 𝑚0 = (𝑒̂r,0,0) in spherical coordinates.

Although we construct the exact soliton solutions of
Eq. (1) on the spin wave background,[59] the region is not
clarified, in which the magnon-mediated spin torques emerge.
In the following we can clarify this region by presenting the
linear stability analysis,[58,60–65] which shows an approximate
characterization on the stability of perturbations with spin
wave background. To this purpose, we apply perturbations

𝑚=𝑚0 +δ𝑚=𝑚0 +
(
u0𝑒̂θ + v0𝑒ϕ

)
e i(Kx−Ω t), (2)

where u0 and v0 are small amplitudes, 𝑒̂θ = (cosθ0 cosϕ0,
cosθ0 sinϕ0,−sinθ0), 𝑒̂ϕ = (−sinϕ0,cosϕ0,0), and Ω is the
perturbation frequency. By substituting Eq. (2) into Eq. (1),

and linearizing the equations, the perturbation dispersion rela-
tion is obtained as

Ω = KΩV , (3)

where ΩV = 2kcm03±
√

K2− k2
cA2

c . The stability condition
of the system is that the imaginary part of the frequency can-
not appear. Therefore, the instability condition is K2 < k2

cA2
c .

We demonstrate the dispersion diagram of Eq. (3) in Fig. 1(a),
in which the blue and red lines are the real component of the
perturbation frequency Ω . It can be seen from the illustra-
tion that there are two special intersections ±kcAc. The fre-
quency is imaginary when K is between +kcAc to −kcAc, but
only the real part of the frequency is represented in the fig-
ure, i.e., Ω = 2Kkcm03. We find that when K = 0, the cor-
responding Ω is zero, and the perturbation frequency can be
the same as the frequency of spin wave background, which
can be clearly observed by the definition 𝑚+ ≡ m1 + im2 =[
Ac+(u0m03+ iv0)e iK(x−ΩV t)

]
e iϕ0 . It can generate resonance

behavior which is manifested as the instability of resonance
amplification. Therefore, the case K = 0 no longer fits the
above assumption at this time, and the following discussion
for the instability analysis does not include the point K = 0.
However, the perturbation form needs to be assumed again.

We demonstrate the instability gain ImΩ distributed on
the kcAc–K plane, as shown in Fig. 1(b). It is seen that there
are two distinctive regimes, namely, the stability and insta-
bility region. In general, the perturbation uncertainty and the
nonlinear excitation is composed of two terms, one is the spin
wave background, and the other term is the perturbation term,
i.e., 𝑚(x, t) =𝑚0(x, t)+ fpert. We can know qualitatively that
in the instability mechanism fpert is amplifying and growing,
while in the stability mechanism does not grow with time. It
should be noted that Eq. (3) can not accurately describe the
case of K = 0 being the perturbation instability gain situation,
and then one can define a special red line for the resonance
lines. Therefore, the disturbances in different regions exhibit
different nonlinear dynamic behaviors.
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Fig. 1. Interaction region of magnon-mediated spin torque. (a) Dispersion law of perturbation waves in Eq. (3) with parameters kc = 1, Ac = 0.8, and the
sign ± corresponding to the red and the blue lines, respectively. (b) The stability and perturbation instability gain distributed on the product of spin wave
background amplitude and wave vector kcAc and perturbation wave vector K space. The instability region corresponds exactly to the interaction effect of
magnon-mediated spin torque (MMST). (c) Phase diagrams of the relation of erturbation instability region and various nonliear excitations, such as spin
wave (SW), Akhmediev breather (AB), Kuznetsov–Ma breather (KM), and rogue wave (RW).
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From the above discussion and our early results,[59,66–68]

we confirm that the region of instability corresponds to the one
that the magnon-mediated spin torques appear. In this region,
the interaction of spin wave and soliton forms some novel non-
linear magnetic excitations, such as breather and rogue wave
solutions obtained by solving Eq. (1) with Darboux trans-
form. Similar results are also studied in other fields.[69–75]

These magnetic states can be clarified as follows, also shown
in Fig. 1(c). There is a special line (kcAc = 0), which cor-
responds to the dark soliton solution under the ground state
background.[76] For the case of kc = 0 and Ac = 0, any pertur-
bation on this line will not be amplified, which is consistent
with the characteristic that dark solitons are stable under small
perturbations, as shown in Fig. 1(c) with a solid black line.

As shown in Ref. [59], the critical point |µ|= kcAc forms
a dividing line between the instability process (|µ| < kcAc)

and periodic process (|µ| > kcAc) of Eq. (1), where µ is the
soliton amplitude. When |µ|< kcAc, the Akhmediev breather
solution [see Eqs. (A1) and (A2)] has spatial periodicity with
the period 2π/kAB, where kAB =

√
k2

cA2
c−µ2, while the tem-

poral period is infinity. When µ = 0, the wave number kAB

of breather reaches the maximum, i.e., kAB = ±kcAc, corre-
sponding to two purple dotted line in Fig. 1(c). As µ in-
creases, the corresponding kAB decreases, while the corre-
sponding spatial period of the Akhmediev breather solution
increases. As µ approaches kcAc, and kAB approaches 0, the
period of space and time approaches infinity, we get the rogue
wave solution.[59] It can be seen that the corresponding forma-
tion region of Akhmediev breather solution[69,70] is between
the purple dotted line and the red dotted line, as shown in
Fig. 1(c). When |µ| > kcAc, we obtain the Kuznetsov–Ma
breather solution [see Eqs. (A1) and (A3)], which has temporal
periodicity 2π/(µ

√
µ2− k2

cA2
c). It is spatially localized. The

space period tends to be infinite and the corresponding wave
number is zero. When |µ| → kcAc, the novel rogue wave solu-
tion emerges[59] see Eqs. (A1) and (A4). The time and space
are both local, and the time and space period tend to infinity.
As it happens, the wave number corresponding to the above
analysis is zero. And the perturbance frequency is the same as
the background frequency, thus generating resonance amplifi-

cation, as shown in Fig. 1(c). It can be seen that Kuznetsov–
Ma breather soliton and rogue wave correspond to the line of
K = 0.

When K = 0, i.e., the resonance frequency lines shown
in Fig. 1(c), the initial perturbation form proves unstable am-
plified and can be written as a general linear disturbance
ε p, where p = u1𝑒̂θ + v1𝑒̂ϕ with u1 ≡ 1+ f1(x, t) and v1 ≡
1+ f2(x, t). By a tedious calculation, we obtain

m+ = [Ac + ε (u1m03 + iv1)] e iϕ ,

m3 = m03− εu1Ac, (4)

where f1 = 0, f2 = a2t +(a2 + ξ2)x/ξ1, with ξ1 = −2kcm03,
ξ2 = k2

cA2
c , and a2 being the real parameters. Eq. (4) shows the

instability property of the resonant line K = 0 in Fig. 1(c).
It is interesting that how to control the interaction region

of magnon-mediated spin torque. From the discussion we give
the phase diagram of instability gain increasing with the in-
crease of amplitude Ac in the space K–kc, as shown in Fig. 2.
The structure characteristics of Akhmediev breather changes
accordingly.[59] As the amplitude Ac increases, the region of
disturbance wave number that causes unstable amplification
also increases. In addition, we can see the perturbation fre-
quency increases with the increasing K, while the perturbation
corresponding to the high frequency in the unstable gain dia-
gram has no obvious excitation in the background of the spin
wave. The states of this system can still be considered as the
spin wave background, which is represented in Fig. 2. It is
very clear that the classical resonance vibration is confirmed,
which cannot be driven away from harmonic frequency to pro-
duce resonance amplification.

From the above detailed discussion we see that under the
interaction of spin waves and magnetic soliton, the instability
region witnesses the effect of magnon-mediated spin torque, in
which the magnons transport spin angular momentum in ferro-
magnet. These novel magnon-mediated spin torque excite new
magnetic states, including Akhmediev breather, Kuznetsov–
Ma breather, and rogue waves. It also brought with the local-
ized spatial and temporal states of magnetization, which takes
the high-density magnons, and is useful microwave field for
magnonic devices.
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Fig. 2. Phase diagrams of the control region for the effect of magnon-mediated spin torque (MMST) by spin wave amplitude, (a) Ac = 0.2, (b) Ac = 0.4,
(c) Ac = 0.5.
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3. Conclusion
In conclusion, we investigate the instability of magneti-

zation dynamics by linear stability analysis. With the interac-
tion between spin wave and perturbation, we obtain the region
that the magnon-mediated spin torques exist. This instabil-
ity region provides the relationship between instability condi-
tion and some novel nonlinear analytical solution. The exci-
tations of Akhmediev breather, Kuznetsov–Ma breather, and
rogue waves are quantitatively located on the instability gain
spectrum plane. In particular, rogue waves come from instabil-
ity excitation with resonance disturbance, which are existed in
different nonlinear systems. We find how to control the effect
of magnon-mediated spin torque, and it is of great significance
for nonlinear controllable excitation.

Appendix A
Exact breather solutions and rogue waves

We obtain the exact solutions of Eq. (1) as the form

𝑚 ·𝜎 = 𝐹 (𝑚0 ·𝜎)𝐹−1, (A1)

where 𝜎 is Pauli matrix and the matrix 𝐹 is given by

𝐹 =
1

|ξ |2(P+Q)

(
ξ ∗P+ξ Q −µR∗ e−iδ

µRe iδ ξ P+ξ ∗Q

)
,

with ξ = iµ/2 + ν/2, N =
√
(kc +2ξ m03)2 +4ξ 2A2

c ,
β = −i2ξ + im0,3kc, P = h11h∗11, Q = h12h∗12, R =

−ieiϕ0 h∗11h12, h11 = i(C1 eB−C2 e−B)e iϕ0/2, h12 = (C1 e−B−
C2 eB)e−iϕ0/2, C1 =

√
(µm03 + i(A2

ckc +N))/2, C2 =√
(µm03 + i(N−A2

ckc))/2, and B =−iN(x+ iβ t)/2.

Akhmediev breathers

In ferromagnet this ubiquitous process of magnetization
dynamics can be realized by the condition |µ| < Ackc and
ν =−kcm03 in Eq. (A1). The parameters is given by

P =−Ac(kc coshθ1 +N sinhθ1)−µ cosφ1−Nm03 sinφ1,

Q = Ac(−kc coshθ1 +N sinhθ1)−µ cosφ1 +Nm03 sinφ1,

R = µ coshθ1 + iNm03 sinhθ1

−Ac(iN sinφ1− kc cosφ1), (A2)

where θ1 = µNt, φ1 = −N(x − 2kcm03T ) with N =√
A2

ck2
c −µ2.

Kuznetsov–Ma soliton solution
Under the condition |µ| > Ackc and ν = −kcm03 we ob-

tain the magnetic Kuznetsov–Ma soliton solution of Eq. (A1),
which can be proposed as prototypes of hydrodynamic of
rogue waves. This solution is characterized by the following
parameters:

P = µ coshθ2 +ζ m03 sinhθ2−Ac (ζ sinφ2− kc cosφ2) ,

Q = µ coshθ2−ζ m03 sinhθ2 +Ac (kc cosφ2 +ζ sinφ2) ,

R = Ac(iζ sinhθ2− kc coshθ2)

−µ cosφ2 + iζ m03 sinφ2, (A3)

where ζ =
√

µ2−A2
ck2

c , θ2=ζ (x−2m03kct), and φ2=µζ t.

Rogue waves

In the limit case of |µ| → Ackc, we get the novel magnetic
rogue wave of Eq. (1), where the main parameters is given by

P =
(
2tAck2

c −Ackcm03x±1
)2

+A3
ck2

c
(
Acx2−3Ack2

ct2∓6t
)
,

Q =
(
2tAck2

c −Ackcm03x∓1
)2

+A3
ck2

c
(
Acx2−3t2Ack2

c ±6t
)
,

R = i2A2
ckc (x−3tkcm03)+(P+Q)/2−2, (A4)

where the sign ± denotes the limit case µ →±Ackc, respec-
tively.
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