
 

 

Quantum exceptional points of non-Hermitian Hamiltonian and Liouvillian in dissipative 

quantum Rabi model 

Xianfeng Ou(欧先锋), Jiahao Huang(黄嘉豪), and Chaohong Lee(李朝红) 

Citation:Chin. Phys. B, 2021, 30 (11): 110309.   DOI: 10.1088/1674-1056/ac0349 

Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb   

 

What follows is a list of articles you may be interested in  

 

Quantum exceptional points of non-Hermitian Hamiltonian and Liouvillian in dissipative 

quantum Rabi model 

Xianfeng Ou(欧先锋), Jiahao Huang(黄嘉豪), and Chaohong Lee(李朝红) 

Chin. Phys. B, 2021, 30 (11): 110309.   DOI: 10.1088/1674-1056/ac0349 

Observation of the exceptional point in superconducting qubit with dissipation 

controlled by parametric modulation 

Zhan Wang(王战), Zhongcheng Xiang(相忠诚), Tong Liu(刘桐), Xiaohui Song(宋小会), Pengtao Song(宋鹏涛), 

Xueyi Guo(郭学仪), Luhong Su(苏鹭红), He Zhang(张贺), Yanjing Du(杜燕京), and Dongning Zheng(郑东宁) 

Chin. Phys. B, 2021, 30 (10): 100309.   DOI: 10.1088/1674-1056/ac0520 

Quantum speed limit for the maximum coherent state under the squeezed environment 

Kang-Ying Du(杜康英), Ya-Jie Ma(马雅洁), Shao-Xiong Wu(武少雄), and Chang-Shui Yu(于长水) 

Chin. Phys. B, 2021, 30 (9): 090308.   DOI: 10.1088/1674-1056/ac0daf 

Application of non-Hermitian Hamiltonian model in open quantum optical systems 

Hong Wang(王虹), Yue Qin(秦悦), Jingxu Ma(马晶旭), Heng Shen(申恒), Ying Hu(胡颖), and Xiaojun Jia(贾晓军) 

Chin. Phys. B, 2021, 30 (5): 050301.   DOI: 10.1088/1674-1056/abda30 

Solvability of a class of PT-symmetric non-Hermitian Hamiltonians: Bethe ansatz 

method 

M Baradaran, H Panahi 

Chin. Phys. B, 2017, 26 (6): 060301.   DOI: 10.1088/1674-1056/26/6/060301 

 

-------------------------------------------------------------------------------------------------------------------- 

http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac0349
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac0349
https://doi.org/10.1088/1674-1056/ac0349
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac0349
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac0349
https://doi.org/10.1088/1674-1056/ac0349
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac0520
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac0520
https://doi.org/10.1088/1674-1056/ac0520
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac0daf
https://doi.org/10.1088/1674-1056/ac0daf
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/abda30
https://doi.org/10.1088/1674-1056/abda30
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/26/6/060301
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/26/6/060301
https://doi.org/10.1088/1674-1056/26/6/060301


Chin. Phys. B Vol. 30, No. 11 (2021) 110309

Quantum exceptional points of non-Hermitian Hamiltonian and
Liouvillian in dissipative quantum Rabi model*

Xianfeng Ou(欧先锋)1,2, Jiahao Huang(黄嘉豪)1,2,†, and Chaohong Lee(李朝红)1,2,3

1Guangdong Provincial Key Laboratory of Quantum Metrology and Sensing & School of Physics and Astronomy,
Sun Yat-Sen University (Zhuhai Campus), Zhuhai 519082, China

2State Key Laboratory of Optoelectronic Materials and Technologies, Sun Yat-Sen University (Guangzhou Campus),
Guangzhou 510275, China

3Synergetic Innovation Center for Quantum Effects and Applications, Hunan Normal University, Changsha 410081, China

(Received 8 April 2021; revised manuscript received 8 May 2021; accepted manuscript online 20 May 2021)

The open quantum system can be described by either a Lindblad master equation or a non-Hermitian Hamiltonian
(NHH). However, these two descriptions usually have different exceptional points (EPs), associated with the degeneracies
in the open quantum system. Here, considering a dissipative quantum Rabi model, we study the spectral features of EPs in
these two descriptions and explore their connections. We find that, although the EPs in these two descriptions are usually
different, the EPs of NHH will be consistent with the EPs of master equation in the weak coupling regime. Further, we find
that the quantum Fisher information (QFI), which measures the statistical distance between quantum states, can be used as
a signature for the appearance of EPs. Our study may give a theoretical guidance for exploring the properties of EPs in
open quantum systems.

Keywords: dissipative quantum Rabi model, non-Hermitian Hamiltonian, Lindblad master equation, excep-
tional points

PACS: 03.65.Yz, 42.50.Pq, 42.50.Lc DOI: 10.1088/1674-1056/ac0349

1. Introduction

Quantum Rabi model (QRM) is a simplest and most fun-
damental model describing the light–matter interaction involv-
ing a two-level system and a quantized bosonic field.[1,2] Re-
cently, there appear various excellent experimental platforms
for realizing QRM ranging from weak to ultrastrong coupling
regimes, such as, cavity quantum electrodynamics,[3] trapped
ions,[4,5] circuit-QED,[6,7] cold atoms[8] and superconducting
circuits.[9,10] In addition to the fundamental interests in quan-
tum optics, QRM has extensively potential applications, such
as high-precision weak force measurement.[11–13]

In realistic situations, dissipation inevitably exists during
the time evolution. The system is not exactly isolated and it
interacts with an environment. Thus, the system and the en-
vironment form an open quantum system. In general, the dy-
namics of an open quantum system can be described by a Lind-
blad master equation captured by a Liouvillian superoperator
ℒ,[14] which consists of a Hermitian Hamiltonian part, and a
non-Hermitian part called Lindblad dissipators. The Lindblad
dissipators can be divided into two parts.[15–18] The first part
represents a non-unitary dissipation of the system, transform-
ing the Hamiltonian to be non-Hermitian. The second part
describes the effect of quantum jumps.

Generally, by neglecting the effect of quantum jumps, the

system can be described by an effective non-Hermitian Hamil-
tonian ℋ.[19,20] A distinct feature of non-Hermitian systems is
exceptional points (EPs), which are the degeneracies at which
not only eigenvalues but also the eigenstates coalesce.[21–25]

In recent years, notions drawn from EPs in non-Hermitian
systems have attracted considerable attention.[26,27] EPs were
subsequently observed in microwave cavities,[28–30] optical
microcavities,[31–35] coupled atom-cavity systems,[36] pho-
tonic lattices,[37] exciton-polariton billiards,[38] and so on.

Among the investigations on EP so far, the majority use
the non-Hermitian Hamiltonians. However, the description
of non-Hermitian Hamiltonian cannot be completely equiva-
lent to the standard Lindblad master equations. For the Lind-
blad master equation, the Liouvillian superoperator ℒ is a non-
Hermitian matrix, which also possesses EPs. Liouvillian EPs
(LEPs) are defined via degeneracies of Liouvillians, i.e., when
two (or more) eigenvalues and the corresponding eigenmatrix
of a given Liouvillian superoperator coalesce. In general, the
LEPs are not the same with the Hamiltonian EPs (HEPs) of
the non-Hermitian Hamiltonian ℋ. Thus, in certain scenarios,
the processes via HEPs may not be valid in the framework of
full quantum description via Lindblad master equations. It is
interesting to investigate in what conditions are the HEPs the
same as the LEPs[39] and how to characterize the EPs with a
quantity.
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On the other hand, quantum Fisher information (QFI),
which is related to the Bures metric, measures the ability
of distinguishing two quantum states.[40] Generally, the QFI
gives the ultimate precision bound on the estimation of a pa-
rameter encoded in a quantum state. Moreover, the QFI and
the Bures metric have been also used for describing the crit-
icality of quantum phase transitions, where they help to dis-
tinguish a sudden change of a quantum state when an external
parameter is varied.[41–45] Thus, can we use the QFI to capture
the signature of the EPs?

This article will be organized as follows. In Section 2, we
will introduce the dissipative quantum Rabi model. In Sec-
tion 3, considering a dissipative quantum Rabi model, we ver-
ify that the HEPs and LEPs are consistent in the weak coupling
regime. The model can be simplified to the Jaynes-Cummings
(JC) model where analytical analysis can be performed.[46] We
show the spectral properties with both NHH and Liouvillian.
While for a comparison, we find that the HEPs and LEPs are
totally different out of the weak coupling regime. In Section 4,
we show how to use QFI as a signature to characterize the EPs.
In Section 5, we give a conclusion and discussion of the main
results.

2. Model
The quantum system we consider consists of a single

bosonic mode and a spin system interacting via dipolar cou-
pling. Such a system is described by the Hamiltonian

H = HB +HS +HSB

= h̄ω â†â+ h̄Ωσ̂z + h̄g(â† + â)σ̂x, (1)

where HB is the Hamiltonian of a the bosonic field , HS is
the Hamiltonian of the spin system, and HSB is the interac-
tion Hamiltonian between the bosonic field and spin system,
and â (â†) is the bosonic annihilation (creation) operator cor-
responding to the single bosonic mode with frequency ω , σ̂i

(i = x,y,z) are the Pauli matrices for the two-level system with
level splitting Ω , and g is the coupling strength (we set h̄ = 1
in the following).

For a weakly coupled Markovian environment, the Lind-
blad master equation can efficiently capture the dynamics of
the open quantum system, which is in the form[14]

d
dt

ρ(t) = ℒρ(t)

= −i[H,ρ(t)]+L ρ(t), (2)

where ℒ is the Liouvillian superoperator, H is the Hamiltio-
nian (1), ρ(t) is the density matrix of the quantum Rabi sys-
tem at time t, and L is the so-called dissipators associated
with the jump operators â, which describes the system–bath
interaction, and has the Lindblad form[14]

L (ρ) = γ(âρ â† − 1
2
{â†â,ρ}). (3)

Here, γ is the dissipation rate and the annihilation operator â is
known as the jump operator, which determines the dissipative
component of the system’s evolution, while the symbol {·, ·}
represents the anticommutator. The dissipators can be spilt
into two part: the first term is quantum jumps that describe
the effect of the measurement performed by the environment
on the state of the system, while the second term describes the
continuous losses of energy, information, and coherence of the
system into the environment.

In the (semi)classical approximation, the quantum jump
term from Eq. (3) is neglected. Thus, we can get the corre-
sponding non-Hermitian effective Hamiltonian of the dissipa-
tive quantum Rabi model

ℋ= H − γ
iâ†â

2
. (4)

Recently, quantum simulation of the dissipative QRM has
been researched.[47] Moreover, it is worth stressing that dissi-
pative QRM may yield a dissipative phase transition.[48] In the
following, we will investigate the EPs of NHH and Liouvillian
(i.e., the HEPs and LEPs) in different parameter regimes and
find their connections.

3. Exceptional points
For NHH (4), the HEPs are the degeneracy point of

the non-Hermitian Hamiltonian ℋ, where the eigenvalues
and eigenvectors both collapse. In general, we can also get
the LEPs of the non-Hermitian Liouvillian superoperator ℒ,
which correspond to the degeneracies of the eigenvalues and
eigenmatrices of ℒ.

Generally, the HEPs and LEPs have essentially different
properties. However, under some specific conditions, they
may exhibit similar properties. One trivial condition can be
found in the subspace where the action of the annihilation op-
erator has no effect. In this case, the quantum jump term can be
exactly neglected. For example, if we consider n= 0 and in the
subspace of {|0⟩|e⟩; |1⟩|g⟩}, the annihilation operator acted on
â|0⟩|e⟩= 0, and the effect of quantum jump is eliminated. For
the eigenspectrum of ℒ in this subspace, the quantum jump
term will not work, and the LEPs and HEPs are identical.

Next, we consider the weak coupling regime where g ≪
ω . In this regime, the quantum Rabi model can be transformed
to the Jaynes–Cummings (JC) model by using the rotating
wave approximation (RWA),[46] which can be readily solved.
The Hamiltonian (1) then becomes

HJC = ω â†â+
Ω

2
σ̂z +g(â†

σ̂−+ âσ̂+), (5)

where σ̂+ and σ̂− are the spin raising and lowering operators.
The evolved state of the JC mode at time t can describe as

|Ψ(t)⟩=
∞

∑
n=0

Cn(t)|n⟩|e⟩+Dn(t)|n+1⟩|g⟩, (6)

110309-2
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where |n⟩ is the Fock state of the bosonic field, |3⟩ (|g⟩) stands
for the excited (ground) state of the two-level system, and
Cn(t) (Dn(t)) is the coefficient of state |n⟩|e⟩ (|n+1⟩|g⟩).

For a fixed excitation number N = n+1, we can decom-
pose into two-dimensional subspace {|n⟩|e⟩; |n+1⟩|g⟩}. Fur-
ther, we can get the analytic results in this subspace

|ψ(t)⟩=Cn(t)|n⟩|e⟩+Dn(t)|n+1⟩|g⟩. (7)

Inserting Eq. (7) in the Schrödinger equation

i
∂ |ψ(t)⟩

∂ t
=ℋJC|ψ(t)⟩, (8)

for a specified n, we can get the following equations:

iĊn =

(
nω +

Ω

2
− iγn

2

)
Cn +g

√
n+1Dn, (9)

iḊn =

(
(n+1)ω − Ω

2
− iγ(n+1)

2

)
Dn

+g
√

n+1Cn. (10)

Thus, the dynamics are captured by the coefficient matrix

M =


nω +

Ω

2
− iγn

2
g
√

n+1

g
√

n+1 (n+1)ω − Ω

2
− iγ(n+1)

2

 . (11)

The eigenvalues and the corresponding right eigenvectors are
obtained by diagonalizing the coefficient matrix M. Eigenval-
ues are

λ1 =
1
4
(
−
√

16g2(n+1)− (γ +2i(ω −Ω))2

− iγ(2n+1)+4nω +2ω
)
,

λ2 =
1
4
(√

16g2(n+1)− (γ +2i(ω −Ω))2

− iγ(2n+1)+4nω +2ω
)
. (12)

It is obvious that, when ω ̸= Ω , the imaginary part of the
eigenvalues cannot be vanished, and λ1 ̸= λ2. Thus, the EPs
can only occur under the condition ω = Ω . To find the EPs,
we substitute ω = Ω into Eq. (12).

The eigenvalues become

λ1 =
1
4
(
−
√

16g2(n+1)− γ2 − iγ(2n+1)+4nω +2ω
)
,

λ2 =
1
4
(√

16g2(n+1)− γ2 − iγ(2n+1)+4nω +2ω
)
, (13)

and the corresponding right eigenvectors are

|ψ1⟩= z1

(
−
√

16g2(n+1)− γ2 + iγ
4g
√

n+1
, 1
)
,

|ψ2⟩= z2

(√
16g2(n+1)− γ2 + iγ

4g
√

n+1
, 1
)
, (14)

where z1,2 are the normalization factors.
The HEPs occur when λ1 = λ2, and we get the condition

g =
γ

4
√

n+1
, (15)

where n = 0, . . . ,N − 1 with N the excitation number. For
HEPs, the eigenvectors coalesce and the fidelity |⟨ψ1|ψ2⟩|2 =
1.
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Fig. 1. Spectral properties of the dissipative quantum Rabi model in weak coupling regime with excitation number N = 2. The HEPs correspond
to the LEPs. (a) Real and (c) imaginary parts of the eigenvalues of NHH ℋ as a function of g/ω . (b) Imaginary and (d) real parts of the
eigenvalues of Liouvillian ℒ as a function of g/ω . (e) Fidelity between the eigenvectors of NHH ℋ associated with the EPs as a function of
g/ω . (f) The trace of the product between the eigenmatrices of Liouvillian ℒ associated with the EPs as a function of g/ω . Here, the parameters
are chosen as ω = 1, Ω = ω , and γ = 0.01ω .

In Figs. 1(a), 1(c), 1(e), the spectral properties of the

NHH with excitation number N = 2 are shown. Since the num-

ber of decoupled subspaces equals to the excitation number,

the system has two HEPs. The imaginary parts of the eigen-

values have crossover points at g/ω = γ/(4ω) and g/ω =

γ/(4
√

2ω) with γ = 0.01ω , see Fig. 1(c). The HEPs can
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also be signaled by the coalescence of the two associated right
eigenvectors. From Fig. 1(e), the fidelities exactly equal to 1
at both HEPs. These indexes i, j indicate two different right
eigenvectors (eigenmatrices) of NHH (ℒ) associated with the
EPs.

For the Liouvillian ℒ, the eigenspectrum can also be eval-
uated. Since the Hilbert space is bigger than that of NHH, it is
hard to analytically analyze. However, the results can be ob-
tained by diagonalizing the Liouvillian ℒ by numerical meth-
ods. For N = 2, the imaginary and real parts of the eigenval-
ues versus g/ω are shown in Figs. 1(b) and 1(d), respectively.
Here, the imaginary part of the NHH eigenvalue corresponds
to the real part of the Liouvillian eigenvalue owing to the addi-
tional i in the Liouvillian operator. Despite more eigenvalues
involve, similar to HEPs, there are two LEPs at g/ω = γ/(4ω)

and g/ω = γ/(4
√

2ω) with γ = 0.01ω . The eigenmatrices as-
sociated with the LEPs are totally overlap, which is similar
with the case of NHH, see Fig. 1(f). The trace of the different
density matrix product means the inner product of the den-

sity operator. Here, it should be mentioned that, we are not
able to show the trace for all the values of g/ω due to numeri-
cal problems in correctly sorting the eigenmatrices. However,
by directly compare the results of NHH and Liouvillian, the
HEPs and LEPs occur at the same places, which shows the
correspondence in the weak coupling regime.

The spectral properties of the NHH with larger excita-
tion number also show the similar behavior. For N = 5,
the number of EPs increases to 5. In Fig. 2, the spectral
properties in the weak coupling regime with excitation num-
ber N = 5 are shown. Three more HEPs occur at g/ω =

γ/(4
√

3ω),γ/(8ω),γ/(4
√

5ω) with γ = 0.01ω as Eq. (15) ex-
pected. By comparing the left and right columns, it is easy to
find that all the LEPs are consistent with the HEPs, with the
same number as well as the same positions. Our numerical
calculations show that the LEPs and HEPs of the dissipative
quantum Rabi model can be consistent in the weak coupling
regime.
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Fig. 2. Spectral properties of the dissipative quantum Rabi model in weak coupling regime with excitation number N = 5. The HEPs correspond
to the LEPs. (a) Real and (c) imaginary parts of the eigenvalues of NHH ℋ as a function of g/ω . (b) Imaginary and (d) real parts of the
eigenvalues of Liouvillian ℒ as a function of g/ω . (e) Fidelity between the eigenvectors of NHH ℋ associated with the EPs as a function of
g/ω . (f) The trace of the product between the eigenmatrices of Liouvillian ℒ associated with the EPs as a function of g/ω . Here, the parameters
are chosen as ω = 1, Ω = ω , and γ = 0.01ω .

g/ω g/ω

Im
(λ
)

R
e
(Λ
)

0.5 1.0 1.5

0.5 1.0 1.5
-10-4

-10-3

-10-2

4

2

0

R
e
(λ
)

5

0

-5

Im
(Λ
)

(b)

0

-0.01

-0.02

(a)

(c)
(d)

0.5 1.0 1.5

0.5 1.0 1.5

Fig. 3. Spectral properties in strong coupling regime under γ = 0.01ω showing that no EPs exist. (a) Real and (c) imaginary parts of the
eigenvalues of NHH ℋ as a function of g/ω . (b) Imaginary and (d) real parts of the eigenvalues of Liouvillian ℒ as a function of g/ω . Here,
the parameters are chosen as ω = 1, Ω = ω and excitation number N = 2.
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Next, we turn to the regime where g ≪ ω does not sat-
isfied. In this regime, even the eigenspectrum of NHH can-
not be analytically obtained and we find the EPs numerically.
Here, we consider the excitation number N = 2 for an example.
When γ is small, no EPs exhibit for both NHH and Liouvillian,
as shown in Fig. 3. When γ is large, the HEPs and the LEPs
occur at different places, which shows no correspondence. In

Figs. 4 and 5, we show the spectral properties of NHH and
Liouvillian in strong coupling regime under γ = 100ω . In the
region of g/ω ∈ [2,4], five LEPs appear while no HEPs exist,
see Fig. 4. On contrary, in the region of g/ω ∈ [15,25], there
are one HEP while no LEPs appear, see Fig. 5. Our numeri-
cal results show that, in the strong coupling regime, either the
number or the position of HEPs and LEPs are totally different.
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imaginary parts of the eigenvalues of NHH ℋ as a function of g/ω . (b) Imaginary and (d) real parts of the eigenvalues of Liouvillian ℒ as a function of g/ω .
(e) Fidelity between the eigenvectors of NHH ℋ associated with the EPs as a function of g/ω . (f) The trace of the product between the eigenmatrices of
Liouvillian ℒ associated with the EPs as a function of g/ω . Here, the parameters are chosen as ω = 1, Ω = ω and excitation number N = 2.
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and (c) imaginary parts of the eigenvalues of NHH ℋ as a function of g/ω . (b) Imaginary and (d) real parts of the eigenvalues of Liouvillian ℒ as a function
of g/ω . (e) Fidelity between the eigenvectors of NHH ℋ associated with the EPs as a function of g/ω . (f) The trace of the product between the eigenmatrices
of Liouvillian ℒ associated with the EPs as a function of g/ω . Here, the parameters are chosen as ω = 1, Ω = ω and excitation number N = 2.

4. Quantum fisher information as a signature for
the exceptional points

As above, we find that the HEPs can be consistent with
LEPs in the dissipative quantum Rabi model in the weak cou-
pling regime. In this section, we will show how to characterize
the HEPs and LEPs. We find that the QFI can be a signa-
ture for the appearance of EPs. The QFI in the vicinity of the
EPs blows up indicating the location of EPs, while the QFI

associated with the states of no EPs remains a small value un-
changed. Despite the definitions of the QFI with NHH and Li-
ouvillian are different, in the weak coupling regime, the QFI
of NHH and the Liouvillian are consistent.

Generally, the standard deviation of an estimate of the pa-
rameter θ of a single measurement is bounded by the inverse
of the QFI Fq(θ),[40] i.e.,

δθ ≥ 1√
Fq(θ)

. (16)
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The QFI Fq(θ) characterizes the limit of distinguishing the in-
finitesimally close quantum states ψθ (ρθ ) and ψθ+δθ (ρθ+δθ )
that differ only by a small variation of the parameter δθ . The
discrimination of two close quantum states parameterized by
θ and θ +δθ is equivalent to distinguishing the two close pa-
rameters θ and θ +δθ , thus the QFI also measures how well
the parameter θ can be estimated.

Similarly, one may use QFI to distinguish the states near
the EPs and determine the location according to the QFI.
When γ , ω and Ω are fixed, for NHH, the QFI Fq(g) can be
defined as[49]

Fq(g) = 4(⟨ψ(g)′|ψ(g)′⟩− |⟨ψ(g)′|ψ(g)⟩|2). (17)

Here, |ψ(g)⟩ is the eigenvector of NHH and |ψ(g)′⟩ is the
derivative with respect to parameter g. On the other hand, for
Liouvillian, the QFI can be defined via the density matrix,[50]

in the form of

Fq(g) = ∑
j,k

2|⟨φ j|∂gρ(g)|ψk⟩|
p j + pk

. (18)

Here, ρ is the eigenmatrix of Liouvillian ℒ, φl is the l-th eigen-
state of the density matrix, and pl is the corresponding eigen-
value. Hereafter, we will calculate via Eq. (17) for the NHH
ℋ and Eq. (18) for the Liouvillian ℒ.
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Fig. 6. The QFI of different eigenvectors as a function of g/ω with excitation number N = 2. The other parameters are chosen as ω = 1,
Ω = ω , γ = 0.01ω . (a) The QFI of the eigenvectors of NHH ℋ without HEPs. (b) The QFI of the eigenvectors of NHH ℋ associated with
HEPs. Blue and red lines indicate the two different eigenvectors of NHH. (c) The QFI of the eigenmatrices of Liouvillian ℒ without LEPs. (d)
The QFI of the eigenmatrices of Liouvillian ℒ associated with LEPs. Blue and red lines indicate the two different eigenvectors of Liouvillian.
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Fig. 7. The QFI of different eigenvectors as a function of g/ω with excitation number N = 5. The other parameters are chosen as ω = 1,
Ω = ω , γ = 0.01ω . (a) The QFI of the eigenvectors of NHH ℋ without HEPs. (b) The QFI of the eigenvectors of NHH ℋ associated with
HEPs. Five colored lines indicate five different eigenvectors of NHH. (c) The QFI of the eigenmatrices of Liouvillian ℒ without LEPs. (d) The
QFI of the eigenmatrices of Liouvillian ℒ associated with LEPs. Five colored lines indicate five different eigenvectors of Liouvillian.

With excitation number N = 2, we show the QFI versus
g/ω in Fig. 6. For the eigenvector that does not exhibit EPs,
the QFI of the NHH as well as the Liouvillian is a smooth
function versus g/ω , see Figs. 6(a) and 6(c). While for the
eigenvector that possesses EPs, the QFI of the NHH as well as

the Liouvillian appears sharp peaks at the EPs, see Figs. 6(b)
and 6(d). Since there will appear the numerical problems in
correctly sorting the eigenvectors, we only show the results
near the EPs. Because the excitation number N = 2, there
are only two EPs. Here, the different colored lines represent
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different eigenvectors that have EPs appearing at different lo-
cation. Similarly, the results of QFI with excitation number
N = 5 are shown in Fig. 7. For the eigenvector that does not
exhibit EPs, the QFI of the NHH as well as the Liouvillian is
a smooth function versus g/ω , see Figs. 7(a) and 7(c). While
for the eigenvector that possesses EPs, the QFI of the NHH
as well as the Liouvillian appears sharp peaks at the EPs, see
Figs. 7(b) and 7(d). It is obvious that the QFI can be a signa-
ture for EPs. For eigenvectors without EPs, the QFI provides
no information. However, for eigenvectors at the EPs (15),
the corresponding QFI of the NHH ℋ and the Liouvillian ℒ
dramatically reaches a maximum. Although the definitions of
QFI for NHH and Liouvillian are different which makes their
values different, the locations of the peaks at EPs are the same.
Thus, one can use QFI for characterizing the EPs.

5. Conclusions
In summary, we have studied the properties of HEP and

LEP in a dissipative quantum Rabi model. Firstly, we con-
sider the quantum Rabi model in the weak coupling region
where the model can be approximated as a JC model under
RWA. We obtain the analytical conditions for the EPs in the
NHH description and show its corresponding spectral proper-
ties. Then, for another description based upon a Liouvillian
superoperator ℒ, we show its corresponding spectral proper-
ties via numerical calculations. We find that the EPs of NHH
(HEPs) and the ones of Liouvillian (LEPs) are consistent in
this weak coupling regime. While for the regime out of weak
coupling, we numerically find that HEPs and LEPs are no
longer correspondent.

Further, we show how to characterize the EPs via QFI.
For the states without EPs, the QFI provides no information.
While for the states associated with EPs, the QFI appears sharp
peaks at the EPs indicating that QFI can be used as a signature
for EPs. Our study may provide a guidance for investigating
the properties of EPs in state-of-the-art experiments.
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