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TOPICAL REVIEW — Quantum computation and quantum simulation
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Vibrational degrees of freedom in trapped-ion systems have recently been gaining attention as a quantum resource,
beyond the role as a mediator for entangling quantum operations on internal degrees of freedom, because of the large
available Hilbert space. The vibrational modes can be represented as quantum harmonic oscillators and thus offer a Hilbert
space with infinite dimensions. Here we review recent theoretical and experimental progress in the coherent manipulation
of the vibrational modes, including bosonic encoding schemes in quantum information, reliable and efficient measurement
techniques, and quantum operations that allow various quantum simulations and quantum computation algorithms. We
describe experiments using the vibrational modes, including the preparation of non-classical states, molecular vibronic
sampling, and applications in quantum thermodynamics. We finally discuss the potential prospects and challenges of
trapped-ion vibrational-mode quantum information processing.
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1. Introduction
The trapped-ion system is a leading platform for the con-

struction of universal quantum computers, offering long coher-
ence time, high-fidelity quantum operations, and reliable state
preparation and measurement.[1–5] Recently, the coherence
time of a single ion-qubit has been enhanced from 600 s[6]

to 5400 s,[7] a universal set of high-fidelity gates reached
to 99.999% and 99.9% for single qubit and two-qubit gates,
respectively,[8–10] the number of entangled qubits also has
been increased to 24 qubits,[11,12] and the number of qubits in
quantum simulation has been reported to up to 53 qubits.[13,14]

While previous research focused mostly on internal state-
based quantum information processing, recent experimen-
tal advances in the precise control of the motional modes
of trapped ions has led to motion-based quantum computa-
tion and quantum simulation as well, exploiting an infinite-
dimensional Hilbert space and thus potentially yielding greater
computational power. Specifically, Fock states of the motional
modes with ∼ 10–100 excitations or more,[15,16] also called
phonons, have been prepared, manipulated, and measured with
high fidelity in ion-trap experiments. With 3 motional modes
and up to 10 phonons each, the dimension of available mo-
tional Hilbert space of a single trapped ion is on the order of
103, which is roughly equivalent to that of ten qubits. It is thus

natural to anticipate that one would require a smaller number
of ions for the motion-based trapped-ion quantum computer
to outperform classical computers in some specialized tasks,
compared to its internal state-based counterpart.[17,18]

The idea that the states of the harmonic oscillators can
be used for quantum simulation and quantum computations
was first proposed in optics.[19] The mode of the electro-
magnetic field can be described as a harmonic oscillator, and
it is possible to implement several forms of interaction be-
tween the modes with linear optic elements, such as beam-
splitters. It was recently suggested[20] that these systems
were able to carry out computations for various problems,
such as linear component analysis and solving linear equa-
tions, and even demonstrating quantum advantage using the
boson sampling approach.[21] However, the technical chal-
lenges faced in optical systems, such as photon losses, im-
perfect photon detectors, non-deterministic single photon gen-
eration, and weak nonlinear interaction between light modes
make it difficult to scale up photonic systems[22,23] to reveal
the quantum advantages.[24] Recently, instead of the standard
boson sampling with the input of photon-number states, a
Gaussian boson sampling with the input of squeezed vacuum
states over 50 modes into a 100-mode interferometer has been
demonstrated.[25] The Gaussian boson sampling might be less
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problematic for photon loss, but it has not yet been fully re-
solved.

In contrast, trapped ions systems are well developed
and widely adopted for the preparation and characterization
of non-classical states of harmonic oscillators.[1,26–30] More-
over, it is possible to introduce strong nonlinear interactions,
essential for universal quantum computation and quantum
simulation,[19,31–33] among vibrational modes of trapped ions
through the laser-induced internal state-motion coupling[1,34]

as well as via anharmonicity of the Coulomb interaction be-
tween trapped ions.[35–38] In conclusion, the above mentioned
features have made motional states of trapped ions a highly
attractive platform for the construction of a bosonic quantum
computer and quantum simulations.

In this article, we review some recent progress in quantum
computation and quantum simulation with vibrational modes
of trapped ions. In Section 2, we provide a general framework
for the motion-based trapped-ion quantum computer. In Sec-
tion 3, we introduce the trapped-ion system and the initializa-
tion and detection techniques for the motional states of trapped
ions. Then we elaborate on Gaussian and non-Gaussian op-
erations on the motional states in Sections 4 and 5, respec-
tively. In Section 6, we describe some applications of motion-
based trapped-ion quantum computation and quantum simu-
lation. Finally, we conclude the article with some discussion
and outlook.

2. Universal quantum computation and simula-
tion with phonons
Quantum computation and quantum simulation with

phonons can be regarded as a physical realization of continu-
ous variable (CV) quantum information processing, which has
been developed in various physical platforms such as optical
systems[39–41] or microwave modes of electromagnetic radia-
tion and spin ensembles.[42] Recently, there have been theoret-
ical developments[43] for quantum computation with continu-
ous variables that includes a proposal for universal computing
independent of encoding.[44]

Similar to the qubit-based circuit model, CV quantum in-
formation processing also consists of three essential steps in-
cluding initialization (or state preparation), unitary manipula-
tion (or operation) and detection (or measurement) of the fi-
nal quantum states.[19] It has been clearly shown that in the
CV model, it is necessary to include any form of nonlinear-
ity to perform universal quantum computation or non-trivial
quantum simulation, which cannot be simply computed by
classical computers.[31] The nonlinearity can arise from the
choice of initial states, number resolving measurements, or
non-Gaussian operations.

Nonlinear states refer to Fock states, or certain superposi-
tions thereof, that cannot be generated by Gaussian operations.

Gaussian operations, such as displacement and squeezing op-
erations, are unable to provide the necessary nonlinearity. Sin-
gle phonon detection and number resolving detection can also
introduce the necessary nonlinearity in the protocol. Addition-
ally, non-Gaussian operations can be achieved either by cou-
pling motional modes to the internal spin state of the ion, or by
implementing nonlinear interactions among motional modes.
We will discuss these requirements in details in the following
sections.

3. Encoding, initialization, and detection of
phonon number states

3.1. A trapped ion system

In a trapped ion system, a qubit can be realized by us-
ing two stable energy levels separated by an optical transi-
tion (quadrupole or octupole transition), a hyperfine transi-
tion, or a Zeeman transition in an atomic ion. In this review,
the atomic ion species 171Yb+ is used as a concrete exam-
ple, but all the discussion here can be directly applied to any
other ion-qubits. The two levels in the hyperfine structure of
2S1/2 manifold are usually used to realize a qubit, which are
denoted as |↓⟩ ≡ |F = 0,mF = 0⟩ and |↑⟩ ≡ |F = 1,mF = 0⟩
with a frequency difference of ωHF = (2π)12.6428 GHz. Typ-
ically, the ion is trapped by a radio-frequency Paul trap, which
provides a harmonic trapping potential with a trap frequency
ωm (= {ωX ,ωY ,ωZ}) in the MHz range. The state of the sys-
tem is represented in Fock state basis as |σ ,nm⟩, where σ is
the state of the qubit and nm is the phonon number in the vi-
brational mode. Two laser beams from a pico-second pulsed
laser detuned from the 2S1/2 →2 P1/2 transition are used to
generate a stimulated Raman process to drive the carrier and
motional sideband transitions of the ion[45] when the beatnote
frequency between the Raman laser beams is resonant with the
qubit and sideband frequencies, respectively. These transitions
are described by the time evolution of the following interacting
Hamiltonians Hc and Hm, respectively:[1]

Hc =
Ωc

2

(
σ+ e iϕc +σ− e−iϕc

)
, (1)

Hb(r),m =
iηmΩm

2
(
σ±a†

m −σ∓am
)
, (2)

where Ωc and ηmΩm are the Rabi frequencies of carrier and
blue (red) sideband transitions, σ+ = |↑⟩⟨↓| and σ− = |↓⟩⟨↑|
are the spin ladder operators, and a†

m (am) is the creation (anni-
hilation) operator of the motional mode m. By tuning the beat-
note frequencies to address the 2nd order sidebands, a two-
phonon creation (annihilation) operation with internal state ex-
change can be realized,

Hb2(r2),m =
iη2

mΩm

2
(
σ±a†2

m −σ∓a2
m
)
. (3)
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3.2. Ground-state cooling

Generally, manipulation of quantum states of motion be-
gins with preparing all the relevant modes in the ground state.
Initialization to the ground state is usually carried out with
a series of laser cooling techniques. These cooling meth-
ods provide a practical way of directly reducing entropy of
the trapped ion system, by transferring energy from the mo-
tion to the scattered photons. Laser cooling was first demon-
strated using a velocity-dependent radiative force,[46,47] called
Doppler cooling. The final temperature that can be achieved
with Doppler cooling is limited by the natural linewidth of the
transition involved. Typically, after Doppler cooling, the mean
phonon number reaches roughly a few tens in typical trap
frequencies of a few MHz. Sisyphus coolings[48,49] and EIT
coolings[50–57] can further lower the temperature, going below
the Doppler limit. For a single ion, mean phonon numbers be-
tween 1 and 0.1 have been reported after Sisyphus cooling and
EIT cooling, respectively. The final step to achieving ground
state is then realized by resolved-sideband cooling.[58,59]

Fig. 1. Raman scheme and level diagram of 171Yb+. (a) Raman transitions
are carried out via laser beams (blue arrows) directed to the ion (filled circle)
after passing through acousto-optical modulators (AOMs), which are respon-
sible for controlling the frequency difference between pairs of beams. The
magnetic field is directed along a pair of counter-propagating beams, and var-
ious combinations of polarization for each Raman beam are allowed in this
configuration. (b) In addition to an rf source driving two diagonally oppo-
site rods, dc voltages are also applied to three of the linear Paul rf trap rods.
This allows further control of the radial mode frequencies, ωX and ωY . LPF:
low-pass filter. (c) Raman transitions (blue dashed arrows) are carried out
between two levels in the 2S1/2 manifold of 171Yb+ with a frequency split-
ting of ωHF, denoted as |↓⟩ ≡ |F = 0,mF = 0⟩ and |↑⟩ ≡ |F = 1,mF = 0⟩.
The motional modes X , Y , and Z with corresponding mode frequencies ωX ,
ωY , and ωZ can also be involved in the Raman process by controlling the fre-
quency difference between the two Raman beams. In this manner, single and
two mode quantum operations can be implemented. Adapted from Ref. [36].

3.3. Encoding scheme of phonons and initialization

There are various initial phonon states depending on the
types of quantum simulation and quantum computation. For
boson sampling and Gaussian boson-sampling experiments,

the initial state can be a Fock state, a coherent state, a squeezed
vacuum state, a displaced squeezed state, or any combination
of them. For the machine learning algorithm, a classical vec-
tor αn of n complex numbers is mapped to the quantum state

∑n αn|n⟩, where |n⟩ denotes the Fock state. For quantum com-
putation with bosonic modes, a Schrödinger cat state,[60] a bi-
nomial state,[61] and Gottesman, Kitaev and Preskill (GKP)
states[62] have been used for logical qubits.

Most of these initial states can be implemented by apply-
ing either a coherent laser beam, or Raman laser beams on
the ions, which creates a Jaynes–Cummings type of coupling
Eq. (2) that implements displacement and squeezing opera-
tions. The details of these operations are elaborated in the next
section. An excited Fock state (n ̸= 0) and an arbitrary super-
position of Fock state with phonons can be efficiently gener-
ated by the scheme demonstrated in the Be+ ion system.[63]

With the assistance of the ion’s internal state, an arbitrary
quantum superposition of Fock states can thus be created using
interactions of the Jaynes–Cummings type. By applying the
displacement operation on the vacuum state, a coherent state
can be obtained.[64] The Schrödinger cat state can be generated
by an internal state dependant displacement operation,[60] typ-
ically known as the spin-dependant force.[34,65] Additionally,
the squeezing operation generates squeezed vacuum-state and
displaced-squeezed state if it is applied to a vacuum, or co-
herent state,[1,64,66] respectively. However, we note that these
initial states can also be generated by specially designed bath-
engineering.[67]

3.4. Detection of phonon states

In an optical system, photon detectors or photon coun-
ters are used to measure photon states. Based on the mea-
sured photon results, various tomographies of photon states
including Wigner function, Q-function, P-function, and Fock-
state tomography are performed. However, for phonons in
a trapped ion system, such phonon detectors or counters do
not exist. The phonon number states, and hence its popula-
tion distribution, are detected through their interaction with
the internal states of the ions. Then, similar to the optical
system, the measured phonon-number states can be used to
reconstruct the phonon density matrix, Wigner-functions, and
Q-functions. The detection methods of phonon numbers can
be categorized as follows:

Phonon state detection by interference The traditional
phonon state detection is performed by observing the phonon-
number dependent Rabi oscillations, typically by driving the
blue-sideband transition. More precisely, the probability of
occupying a phonon number state |n⟩, Pn, can be determined
from a Fourier transform of the time evolution of P↑(t), the
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probability of detecting the ion in the |↑⟩ state[64]

P↑ (t) =
1
2 ∑

n
Pn
[
1− e−γntAcos(2Ωn,n+1t)

]
. (4)

Here P↑(t) is experimentally measured with state dependent
fluorescence detection.[68,69] The decay rate γn factors in fluc-
tuations of the laser intensity, and as well heating of the
motional mode. The dependence on n can be empirically
determined.[64] The contrast A is required to take into ac-
count the imperfections of state preparation and detection.
In the Lamb–Dicke regime, ηmn2 ≪ 1,[1] the approxima-
tion of phonon-number dependent Rabi frequencies Ωn,n+1 ≈√

n+1ηmΩm can be made. We note that as this method is
not a projection measurement of the phonon state, it thus has
limited applicability for the correlation measurement of more
than a single mode.

Phonon number resolving detection by non-linearity
Projective measurements of the motional state of ions can be
realized through an effective cross-Kerr coupling to a second
motional mode. Direct single-shot measurements of phonon
number states and the parity of the harmonic oscillator (de-
fined as the difference between the even and odd phonon num-
ber state occupations) can be realized by utilizing the nonlin-
ear interaction among motional modes. This detection scheme
involving parity measurements has been used to reconstruct
the Wigner function of a motional state.[36] The ability to mea-
sure parity of the oscillator is discussed in more details in sec-
tion 4 and Ref. [38].

Fig. 2. (a) The phonon subtraction operation that changes phonon state
from |n⟩ to |n−1⟩ is composed of resonant π-pulses on the carrier transition
(black arrow) followed by an adiabatic drive on the blue-sideband (grey ar-
row). The subtraction |n⟩ → |n−1⟩ is performed for every Fock state apart
from |n = 0⟩, which is driven to the state |↑,n = 0⟩. (b) On application of
the detection laser (c), the fluorescence observed is attributed to the popula-
tion in the state |↓,n = 0⟩ prior to phonon subtraction. (d) No fluorescence
is detected from the other Fock states, which have had one quanta removed
after the operation, and are shelved to the |↓⟩ state. The initial state of |↓,n⟩
thus arrives at |↑,n = 0⟩ after (n+ 1) repetitions of (a) and (b) procedures,
and is detected via fluorescence. Adapted from Ref. [26].

Phonon number resolving detection by phonon sub-
traction operations By implementing a repeated sequence
of phonon subtraction and qubit state detection, the phonon
number state can be determined (and projected) by counting
the number of repetitions before fluorescence is first observed.
Upon detection of fluorescence in the (n+1)-th iteration, the
phonon number state will have been the Fock state |n⟩. The
phonon subtraction |n⟩ → |n−1⟩ is performed by the succes-
sive application of a carrier π-pulse driving |↓,n⟩ → |↑,n⟩,
and a uniform blue-sideband transition that drives |↑,n⟩ →
|↓,n−1⟩ as shown in Fig. 2. After a single instance of phonon
subtraction, only the state |↓,0⟩ is transferred to the bright
|↑,0⟩ state that scatters photons at the qubit-detection step.
This scheme has been extended to map phonon number states
to auxiliary internal states.[70] We note that if the sequence is
applied only once, the population of the ground-state |0⟩ is
measured, which allows reconstruction of the Q-function.[28]

The method of projective measurement can further be ex-
tended to enable correlation measurements of multiple modes.
For the N motional mode detection, the use of N qubits[26–28]

is required.

4. Gaussian operations
A Gaussian operation transforms Gaussian states into

Gaussian states. Typical examples of Gaussian operations
are displacement and squeezing operations. There exist many
schemes to realize these Gaussian operations for vibrational
modes of trapped ions.[1,60,64,71] For example, a displacement
operation can be implemented by applying an electric field for
a certain duration in a desired direction. A squeezing oper-
ation can be realized by modulating the trapping potential at
twice the trap frequency, also known as a parametric drive.
These Gaussian operations can also be realized by applying
two Raman laser beams with suitable polarization and fre-
quency difference between them. The implementation of dis-
placement or squeezing operations can be state-independent if
the frequency differences are ωm or 2ωm, similar to the electric
field displacement or parametric drive.[1,72] However, these
state-independent operations are challenging to incorporate
together with blue- or red-sideband transitions, when well-
defined phase relations between them are required. There-
fore, the state-dependant operations are more appropriate for
the general manipulation of phonons for quantum computation
and quantum simulations.

The state-dependant Gaussian operations require one fre-
quency in a laser denoted Raman 1, ωR1, and two frequen-
cies and phases in the other laser denoted Raman 2, ωR2,1

and ωR2,2, where it is assumed that Raman 1 and Raman 2
are propagating towards the ion from two different directions
(Fig. 1(a)). The Hamiltonian of an ion in a harmonic oscil-
lator with the Raman laser beams can be expressed with the
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following equation:

H =
h̄ωHF

2
σz+h̄ωm

(
a†

mam+
1
2

)
+ ∑

j=1,2

h̄Ω

2
(σ++σ−)

(
e i(ωL, jt+φ j)+ e−i(ωL, jt+φ j)

)
, (5)

where σz is the Pauli matrix, Ω is the effective Rabi frequency,
ωL, j = ωR1 −ωR2, j are the effective laser frequencies, and φ j

are the phases.
The interaction Hamiltonian with respect to H0 =

h̄ωHF
2 σz+ h̄ωm(a†

mam+ 1
2 ) after applying the rotating wave and

Lamb–Dicke approximations can be written as

HI = ∑
j=1,2

h̄Ω

2
σ+

{
1+ iηm(am e−iωmt +a†

m e iωmt)

−η
2
m(am e−iωmt +a†

m e iωmt)2
}

e−iδ jt e iφ j +h.c., (6)

where δ j = ωL, j −ωHF.
When we consider the resonant terms, we have the

effective Hamiltonian of a displacement operation HD =

(1/2)h̄ηmΩ

(
a†

m e iφB +am e−iφB
)

σx by setting δ1 = ωm, δ2 =

−ωm, and φ1 = φ2 = π/2, as shown in Fig. 3(a). The corre-
sponding time evolution of the displacement operation D̂ of a

single mode can be realized as

D̂(αm) = exp
{
−iαm(a†

m e iφB +am e−iφB)σx

}
, (7)

where αm = t(1/2)h̄ηmΩ and φB = φ2 −φ1 = 0. This is also
known as the σx-dependent displacement operation.[34,65] The
σz-dependent displacement operation can also be realized with
additional π/2 carrier rotation pulses (along σy and σ−y axis)
before and after the σx-dependent displacement operation. By
preparing the qubit in an eigenstate (σx), the displacement op-
eration can be implemented.

Similarly, by setting δ1 = ωm − δS and δ2 = −ωm − δS,
as shown in Fig. 3(b), the squeezing operation Ŝ of a single
mode[30,64,66] can be realized as

Ŝ(ζm) = exp
{
−iζm

(
a†2

m e iφB +a2
m e−iφB

)
σz

}
, (8)

where

ζm = t
h̄η2

mΩ 2

8

(
1
δ1

− 2
δ1 −ωm

+
1

δ1 −2ωm

)
.

Typically δS is chosen to be a few times that of ηmΩ . Simi-
larly, the squeezing operation can be implemented by prepar-
ing the qubit in an eigenstate (σz).

Fig. 3. Trapped-ion implementation of the quantum optical operations. The Hilbert space is composed of two phonon-modes, 1 and 2, and the
internal electronic state, |↑⟩ and |↓⟩. The quantum operations are implemented via control of the frequencies ωR2,1, ωR2,2 and phases φ1, φ2.
(a) Coherent displacement operation D̂ and (b) squeezing operation Ŝ on the mode 1 as an example. (c) Rotation operation R̂ between mode 1 and
mode 2. Adapted from Ref. [30].

4.1. Rotations

4.1.1. Rotations of collective modes

The rotation of collective modes can be realized by simi-
lar Raman processes.[30] By setting δ1 = −ω1 − δR and δ2 =

−ω2 −δR as shown in Fig. 3(c), where the magnitude of δR is
on the order of a few times of η1,2Ω1,2, the rotation operation
can be written as

R̂(θ) = exp
{
−iθ(a†

1a2 e iφB +a1a†
2 e−iφB)σz

}
, (9)

where θ = tη1η2Ω1Ω2/∆BS. The terms ηi and Ωi denote the
Rabi frequency and Lamb–Dicke parameter of the i-th mode,
respectively, and 1

∆BS
= 1

−δ1
+ 1

−δ1+ω1−ω2
+ 1

δ1−ω1
+ 1

δ1+ω2
.

With the qubit prepared in the (σz) eigenstate, beam-splitting

or rotation operations can be implemented.

4.1.2. Rotations of local modes

In a Coulomb crystal made up of ions, each one of them

experiences a confining harmonic potential arising from the

electrodes, as well as a repulsive potential due to the other

ions. The motion of ions at each site can be treated separately

from the others, and these are known as local modes.[73,74] For

a linear ion chain, considering the motions in the transverse di-

rection, the Hamiltonian of such a system can be represented
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as

Hm = ∑
i
(ωm +νi)a

†
i ai +∑

i, j
κi ja

†
i a j, (10)

where ωm denotes the transverse trap frequency, νi is a
frequency shift determined by the position of the i-th ion,
and κi j = e2/(2Mωmd3

i j) describes the hopping rate of
phonons[75,76] between ions i and j with a separation distance
di j. e and M are the charge and mass of a single ion, re-
spectively. To study the interaction between the local modes,
the time taken for both manipulation and detection operations
should be much shorter than the time taken for propagation
of mechanical waves between ions. This implies that, when
compared to using collective motional modes, ions should be
separated by a larger distance, which typically results in a hop-
ping rate of kHz level.

The hopping of phonons from site to site can be viewed
as an energy exchange among local modes, and this effect in
turn finds applications in quantum simulation and quantum
information processes. It is also possible to generate entan-
gled states between ions in this manner. The first experimental
demonstration between local modes was carried out in a linear
trap, with two ions held in two separate potential wells.[73,74]

With precise control of electric potentials, the harmonic fre-
quency of two ions can be made equal, thus eliminating the
energy gap between them. The Hamiltonian describing the
dipole–dipole interaction between the two ions is

Udd =− q1q2

2πε0

∆z1∆z2

r3

=−h̄
Ωc

2

(
a1 +a†

1

)(
a2 +a†

2

)
≈−h̄

Ωc

2

(
a1a†

2 +a†
1a2

)
,

(11)

where Ωc = q1q2/(2πε0r3
√

M1M2ω ′
1ω ′

2) denotes the cou-
pling rate, qi and Mi are the charge and mass of the i-th ion,
and r is the distance between the two ions. The ai (a

†
i ) terms

correspond to the phonon annihilation (creation) operator act-
ing on the i-th site, which has an effective local frequency
ω ′

i = ωm +νi. Due to the nature of the interaction (Eq. (11)),
the evolution of the phonon dynamics always results in a state
that is constrained to a Hilbert space with a constant total
phonon number. Using radial modes, similar hopping phe-
nomenon has been observed for up to 4 ions in a single trap,
where a relatively weak confinement along axial direction was
adopted.[75–79]

By implementing phonon hopping between the local
modes of two ions, the Hong–Ou–Mandel effect for phonons
has been observed.[76] After cooling to the ground state, two
ions prepared in the state | ↓,1⟩1| ↓,1⟩2 lead to an almost
perfect disappearance of the phonon coincidence, proving
the indistinguishability of bosons in the trapped ion system.
This method provides a clear way to generate the entangled

state (|2⟩1 |0⟩2 + |0⟩1 |2⟩2)/
√

2, which was demonstrated in
Ref. [76] with a fidelity of 0.74±0.05 after correcting for ex-
perimental imperfections.

In general, it is challenging to control the operations on
local modes in a trapped-ion system. However, similar to a
photonic system, a blockade[77,79] can be realized by driving
a resonant sideband operation that effectively induces a fre-
quency shift to the motional mode. This induced shift in the
levels increases the energy cost of phonons occupying the site,
and hence decreases the rate of hopping. Phonon blockade can
be applied to assist in state preparation of a local mode, or to
artificially freeze hopping between specific neighbouring ions
in a controlled manner.

5. Non-Gaussian operations

To achieve universal quantum computation and simula-
tion, it is necessary to implement non-Gaussian operations.
Such operations typically arise from nonlinear interactions in
the system, either directly between motional modes, or by
coupling motion with the ions’ internal spin degree of free-
dom. With non-Gaussian operations, one would be able to
realize arbitrary Hamiltonian, and hence achieve universal
quantum computation and simulation. In the following sec-
tion, we review and discuss various experimental methods and
techniques for implementing non-Gaussian operations that are
available to the trapped ion system.

5.1. Nonlinear coupling between qubit and harmonic os-
cillators

5.1.1. Controlled and exponential SWAP operations

An experimental demonstration of a non-Gaussian oper-
ation resulting from nonlinear interactions between spin and
motion was realized recently,[80] where a controlled beam
splitter (CBS) gate was achieved. Depending on the inter-
nal spin state of the ion, the beam splitter operation acting on
two motional modes ai and a j is implemented according to the
Hamiltonian

HCBS = h̄ξ |e⟩⟨e|(a†
i a j eiυ +aia

†
j e−iυ), (12)

where the beam splitter operator a†
i a j + h.c. is applied with

a coupling strength ξ when the internal state is |e⟩ ≡
|F = 1,mF = 1⟩. The phase factor υ is set by system parame-
ters, and can be chosen such that υ = 0. This gives rise to the
unitary transformation U(t) = exp(−iξ t |e⟩⟨e|(a†

i a j + aia
†
j)).

The CBS gate is realized by applying the transformation for a
duration τ = π

2ξ
, i.e., U(τ) =UCBS, which transforms the Fock

states as

UCBS |↓,n,m⟩ = |↓,n,m⟩ ,

UCBS |e,n,m⟩ = (−i)n+m |e,m,n⟩ , (13)
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where |n⟩ and |m⟩ correspond to Fock states of modes ai and
a j, respectively. The CBS is similar to the well-studied con-
trolled swap gate (CSWAP), which is used in a number of
applications including purity measurement, overlap test,[81]

quantum fingerprinting,[82] and quantum machine learning.[20]

With an additional ancillary mode c prepared in the vacuum
state, and judicious choices of the phase υ , the CSWAP gate
can be obtained from a combination of the conditional beam
splitter operation[83]

UCSWAP =U
aia j , υ=π/2
CBS (Uaic υ=0

CBS )2, (14)

where the superscript denotes the modes coupled by the beam
splitter. The term (Uaic υ=0

CBS )2 that couples to the ancillary
mode c applies a parity operation, which is used to cancel out
the state-dependent phase factor resulting from the coupling
between the modes of interest.

The Hamiltonian (12) is implemented by means of a mod-
ulating state-dependent optical dipole force, where the modu-
lation frequency ωL exactly matches the frequency difference
between the modes ai and a j. Interfering a pair of laser beams
that have mutually orthogonal linear polarizations and a fre-
quency difference ωL at the position of the ion generates an
optical lattice with a resultant polarization that oscillates from
left to right-handed circular with a frequency ωL. The state
|e⟩ experiences a modulating ac Stark shift, which results in
an optical dipole force modulated with frequency ωL, while
the state |↓⟩ does not.[84] The choice ωL = |ωai −ωa j | realizes
Hamiltonian (12).

e e e e

e

e

e

e

Fig. 4. Truth table of Fredkin gate. By limiting two modes of the ion to a
single phonon each, the controlled beam splitter (CBS) is able to simulate a
quantum Fredkin gate. For each of the eight basis states prepared as input,
the probabilities of all outcomes after applying the CBS gate are measured
via a series of projective measurements. Each data square represents an av-
erage of 10000 experiments. Without correcting for state preparation and
measurement errors, an average gate success probability of 0.82± 0.01 is
obtained. Adapted from Ref. [80].

The Fredkin gate[85–90] is a universal 3-bit gate which
swaps the values of the last two bits depending on the first.

It can be implemented with a single application of the CBS
gate by constraining the accessible Fock states of both mo-
tional modes to either |0⟩ or |1⟩. Experimentally, the results
are shown in Fig. 4. To determine the output of the gate af-
ter applying it to an input state, projective measurements are
used to obtain the probability of each basis state. These mea-
surements are repeated for each basis state as an input. An
average of 10000 projective measurements are carried out for
each data square, and without correcting for state preparation
and measurement errors, an average gate success probability
of 0.82±0.01 is obtained.

In addition to the Fredkin gate, the CBS gate also
sees applications in other scenarios.[80] Single-shot parity
measurements,[36] and hence measurements of Wigner func-
tions, can be carried out by applying the parity operation in
Eq. (14). When coupled with qubit rotation gates, the CBS
gate enables SWAP test measurements which efficiently mea-
sure the overlap between two quantum states. Last but not
least, a combination of qubit rotation and CSWAP gates al-
lows one to implement the exponential SWAP gate to generate
arbitrary entanglement between two modes.

5.1.2. Phonon arithmetic

Another type of nonlinear operation can be realized by a
simple conventional arithmetic operation, which can be used
for phonon number resolving detection. The conventional ad-
dition and subtraction of a particle can be written as

Ŝ+ = ∑
n=0

|n+1⟩⟨n| , Ŝ− = ∑
n=1

|n−1⟩⟨n| , (15)

where |n⟩ stands for a Fock state of n bosons. Ŝ+ takes the
n-particle state to the (n + 1)-particle state representing an
addition, while for the subtraction operation, Ŝ− brings n to
the (n − 1)-state. These operations correspond to conven-
tional arithmetic which is commonly used in everyday life,
but they do not emerge naturally in quantum mechanics. In-
stead, in quantum-mechanics, creation â† and annihilation â
operators are introduced, and they bear the expressions â† =

∑n=0
√

n+1 |n+1⟩⟨n| and â = ∑n=0
√

n |n−1⟩⟨n|, where the
proportionality factors

√
n+1 and

√
n appear due to the sym-

metric indistinguishable nature of bosons.[91] The arithmetic
operations, addition and subtraction, in quantum domain thus
involve modification of the probability amplitude due to the
n-dependent factor.

The Ŝ+ and Ŝ− operations can be implemented using the
uniform blue-sideband transition. The typical blue sideband
transition in Eq. (2) drives the transition |↓,n⟩ ↔ |↑,n+1⟩
with an oscillation frequency of

√
n+1ηΩ , due to the n-

dependence of the â† and â operators. However, a scheme
involving an adiabatic passage with a counter-diabatic term,
while compensating for AC-stark shift and dynamical phase,
can efficiently implement a uniform blue-sideband transition
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that is independent of n. In the scheme, the amplitude and de-
tuning of driving the blue-sideband transition are modulated
as Ω(t) = Ω0 [sin(πt/T )+ iβ ] and ∆(t) = ∆0 cos(πt/T ), re-
spectively, where iβ is an additional counter-diabatic term that
is necessary for keeping the state of the system in the instan-
taneous ground state during the fast driving.[92–95] On top of
these controls, the sign of Ω(t) and the control of ∆(t) are in-
verted and reversed in the middle of the sequence as shown in
Fig. 5(a) in order to offset the effects of the AC-stark shift and
dynamical phase.

Fig. 5. (a) For the uniform blue-sideband transition whose frequency is in-
dependent of motional quantum number n, Ω(t) (Rabi frequency of blue-
sideband transition) and ∆(t) (laser detuning from a motional sideband)
are controlled as the red and blue curves. The phase iβ in Ω(t) is the
counter-diabatic term to suppress the transition during the evolution. Here
Ω0 = (2π)38.5 kHz, β = 0.075, and ∆0 = 1.6Ω0. (b) Experimental demon-
stration of the uniform blue-sideband transitions. The total time to drive the
transition is 91 µs for any |n⟩ up to n = 5, which is about 7 times the π-pulse
for an n = 0 blue-sideband transition. Adapted from Ref. [27].

The total duration of a uniform blue-sideband transition
for a complete population-transfer is about 7 times longer than
the π-pulse of the blue-sideband transition on |n = 0⟩, which is
comparatively faster and more efficient than the standard adia-
batic scheme[94] and rapid adiabatic passages.[96] Figure 5(b)
shows the experimental performance of the uniform transfer
of population from |↓,n⟩ to |↑,n+1⟩ in the range from n = 0
to 5.

The addition operation Ŝ+ is realized by the sequence
shown in Fig. 6(a). The subtraction operation Ŝ− is realized by
reversing the sequence of the addition operation, followed by
fluorescent detection as shown in Fig. 6(c). The zero phonon
state |n = 0⟩ is eliminated after the subtraction, which is im-
plemented by the conditional measurement in the experimen-
tal scheme. After the detection sequence, only data with no
fluorescence observed are collected. The success rate is given
by the probability of the non-zero phonon states.

The addition (subtraction) scheme deterministically adds
(removes) one quanta independent of the initial phonon num-
ber state while maintaining quantum coherence. Various ini-
tial states including a superposition of two Fock states and co-
herent states have been used to test the performance of the
addition and the subtraction operations.[27] For the example
of Fock-state superposition shown in Figs. 6(b)–6(d), coher-
ences represented by the off-diagonal terms of the density ma-
trix clearly remain after the addition and subtraction opera-
tions. The density matrix is constructed by using the iterative

maximum-likelihood algorithm[97] after displacing the state
by 8 different angles with an amplitude of α ∼ 0.8, followed
by determining the phonon number distributions (Eq. (4)).[71]

We note that the arithmetic operations discussed are non-
Gaussian operations. However, it is not clear whether the
nonlinearity introduced by them is strong enough to imple-
ment universal quantum computation and quantum simulation
with phonons. These operations can make up a part of the
phonon number resolving detection as discussed in Section 3,
which enables phononic systems to perform algorithms of the
boson-sampling type, without facing limitations of detection
efficiency.

Fig. 6. (a) Sequence of an addition operation, composed of a uniform
blue-sideband transition followed by a π-pulse driving the carrier transition.
(b) Additions on a superposition state |ψi⟩= 1√

2
(|n = 0⟩+ |n = 1⟩). The re-

constructed density matrices indicate a fidelity of 0.99 (0.01) for the initially
prepared state, and a corresponding fidelity of 0.96(0.01) and 0.92(0.01) for
one and two additions, respectively. (c) Sequence of a subtraction opera-
tion, realized by the reverse of addition and fluorescence detection. (d) Sub-
traction on a superposition state |ψi⟩ = 1√

2
(|n = 2⟩+ |n = 3⟩). The recon-

structed density matrices indicate a fidelity of 0.96 (0.01) for the initially
prepared state, and a corresponding fidelity of 0.77(0.02) and 0.83(0.01) af-
ter one and two subtractions, respectively. Adapted from Ref. [27].

5.2. Nonlinear coupling between harmonic oscillators

So far in this review we have assumed that the modes of
motion in a system of trapped ions are described by a simple
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model of a quantum harmonic oscillator, and these modes do
not interact with each other in the absence of external forces.
This would indeed be the case if the interaction potential be-
tween the ions was harmonic, and the force acting on the ion
was proportional to the ion displacement from equilibrium.[98]

While these assumptions are true for the trapping potential in
a large ion trap where the potential changes smoothly on a
time scale comparable to the amplitude of the ion motion, the
Coulomb interaction between ions with inter-ion separation of
a few microns introduces noticeable anharmonicity, even when
the amplitude of the ion’s motion is comparable to the size of
the ion wave packet in the ground state of motion ∼

√
h̄/Mωm,

typically on the order of ∼ 10 nm. This leads to nonlinear cou-
pling between the normal modes for the oscillator energies on
the order of single quanta.

Anharmonicity gives rise to effects which are studied in
the field of nonlinear quantum optics, and are described by the
well known models of degenerate and non-degenerate para-
metric amplifiers, as well as the cross Kerr effect. However,
unlike the case in optical domain, this nonlinear coupling is
strong and deterministic, and manifests itself at the level of a
single quanta. In this section we show how all of these inter-
actions can be observed in the system of trapped ions.

5.2.1. Degenerate parametric interaction

To estimate the strength of the nonlinear coupling, con-
sider a simple case of two co-trapped ions having the same
mass M and charge e in a linear Paul trap, with single-ion sec-
ular frequencies ωX , ωY , ωZ . The potential energy of the sys-
tem is[99,100]

V =
1
2

Mω
2
X (X

2 + x2)+
1
2

Mω
2
Y (Y

2 + y2)+
1
2

Mω
2
Z(Z

2 + z2)

+
e2

4πε0

1√
x2 + y2 + z2

, (16)

where ε0 is the permittivity of free space, X ,Y,Z are the center-
of-mass coordinates, and x,y,z are half the separation between
the ions along the direction of the principle trap axes. When
ωZ < (ωX ,ωY ), the ions crystallize along the axial (z) direc-
tion at an equilibrium distance z0 from the trap center. Ac-
cording to Eq. (16), the motion of the center-of-mass modes
is harmonic, but the out-of-phase modes are coupled by the
Coulomb interaction. For small axial displacement u = z− z0

and keeping only terms up to the third order that contribute to
the coupling between the x and z modes, the potential energy
becomes[100]

V = Mω
2
a u2 +Mω

2
b x2 +

Mω2
a

z0
x2u+ · · · .

Here ωa =
√

3ωZ and ωb =
√

ω2
X −ω2

Z are the axial “stretch”
and radial “rocking” mode frequencies for the out-of-phase
motion. If the trap frequencies satisfy the condition δdegen =

ωa − 2ωb ≃ 0, we can apply the standard transformations

û = (h̄/4Mωa)
1/2(â+ â†), x̂ = (h̄/4Mωb)

1/2(b̂+ b̂†) and ex-
press the Hamiltonian in the rotating wave approximation as

Ĥ = h̄ωaâ†â+ h̄ωbb̂†b̂+ h̄ξd
(
âb̂†2 + â†b̂2) , (17)

where â†, â (b̂†, b̂) are the phonon creation and annihilation
operators in axial (radial) mode. The first two terms in Eq. (17)
describe harmonic motion in the axial (radial) mode with the
frequency ωa (ωb) and the third term couples these modes with
the coupling coefficient given by

ξd =
1

8z0

√
h̄ω3

a

Mω2
b
. (18)

The coupling is nonlinear: if the resonance condition δdegen =

0 is met, one axial phonon is converted into a pair of radial
phonons and vice versa. It is described by a Hamiltonian iden-
tical to the degenerate parametric down conversion Hamilto-
nian in quantum optics. Similar coupling also exist between
modes of motions of three trapped ions.

When ξd ̸= 0, the “bare” energy eigenstates of the axial
and radial modes are mixed such that eigenstates of Hamil-
tonian (17) have non-zero projections along both modes.
This coupling manifests itself in the form of an avoided
crossing[36,38] as δdegen → 0, shown in Fig. 7.

Fig. 7. Observation of avoided level crossing between various motional
eigenstates as a function of the degenerate parametric interaction detuning
from resonance δ . Shown are the probability to detect the ion in the |↑⟩
state as a function of detuning δdegen and Raman beams. Detunings of Ra-
man beams are scanned around the (a), (b) first order and (c), (d) second
order blue sideband transitions of the axial mode, for an initially prepared
(a) |1a,0b⟩, (b) |1a,1b⟩, (c) |2a,0b⟩, and (d) |2a,1b⟩ state. Figure adapted
from Ref. [38].

5.2.2. Cross Kerr effect

If the resonance conditions are not met and energy ex-
change between the modes is not possible, this coupling man-
ifests itself as a shift in the frequency of a motional mode,
which is proportional to the number of phonons in the other
motional mode and can be described by an effective cross-
Kerr interaction.[100] A small shift (about 20 Hz/phonon) of
this origin was first observed in Ref. [101] using a Ramsey
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type experiment. By tuning the mode frequencies close to the
parametric resonance, an order of magnitude increase in sensi-
tivity to phonon number (∼ 300 Hz/phonon) was observed in
Ref. [38].

When the axial and radial modes are far detuned from
each other, i.e., δdegen ≫ ξd, the coupling manifests it-
self as frequency shifts of the modes. In the lowest non-
vanishing order of perturbation theory, shift of the axial mode
δE = δEna+1,nb −δEna,nb = −2(2nb +1)ξ 2/δdegen is propor-
tional to the number of phonons nb in the radial mode.[100]

Here δEna,nb =∑ka,kb
|⟨na,nb|H|ka,kb⟩|2/(Ena,nb −Eka,kb), and

E ja, jb = jaωa+ jbωb. This shift deviates from a linear relation
due to finite value of δdegen. However, exact diagonalization
of Hamiltonian (17) confirms that the frequency shift is still a
monotonous function of the radial phonon number nb.[38]

Fig. 8. (a) Full frequency scan of the axial blue sideband when the sys-
tem is prepared in Fock states |0a,0b⟩ (blue) and |0a,10b⟩ (green). For the
state |0a,10b⟩, the reduced height of the main peak and residual popula-
tion detected in the states with nb < 10 are due to imperfections of the state
preparation that, according to the fit, populates the state |0a,10b⟩ with prob-
ability p10 = 0.80(2), and leaves significant populations p9 = 0.06(2), and
p8 = 0.06(2) in the states |0a,9b⟩ and |0a,8b⟩. Preparation of state |0a,0b⟩
populates other Fock states with the probability < 0.04. (b) Measured posi-
tion of the axial motional sideband for the Fock states |0b⟩ to |10b⟩ prepared
in the radial mode. The axial mode is initially prepared in the vacuum state
|0a⟩. Only part of the data around the largest peak is shown for each state.[38]

To observe this effect, three 171Yb+ ions are trapped in
a standard linear rf-Paul trap[35,36] with single ion secular fre-
quencies (ωX ,ωY ,ωZ)= 2π×(1042,979,587) kHz. The axial
trapping frequency ωZ is fixed and the radial trapping frequen-
cies ωX ,ωY are fine tuned by adjusting offset voltages applied
to the trap electrodes. For convenience, two of the ions are
optically pumped to a metastable long-lived 2F7/2 state and
remain dark throughout the experiment. Three Raman beams
in total are used to address all nine motional modes along all
three principal axes of the trap for sideband cooling, motional
state preparation, and detection. To ensure that all the mo-

tional modes can be addressed by the Raman lasers, the bright
ion is always positioned at the edge of the crystal.

As shown in Fig. 8, the observed frequency shifts are on
the order of 300 Hz/phonon and are in good agreement with
theoretical predictions calculated by diagonalization of Hamil-
tonian (17). The peaks are clearly separated from each other,
which makes it possible to efficiently detect the phonon num-
ber distribution for the radial mode.

5.2.3. Nondegenerate parametric interaction

Nonlinear coupling between the modes can also lead
to nondegenerate parametric interaction between mechanical
modes of motion in the system of trapped ions. Motion
of three ions in the approximately harmonic trap is decom-
posed into a set of decoupled normal modes: the motion
along each trap axis is described by the center-of-mass mode
with the eigenvector ecm = (1,1,1)/

√
3, the “tilt” mode et =

(−1,0,1)/
√

2, and the “zigzag” mode ezz = (−1,2,−1)/
√

6.
Symmetry and energy conservation restricts the set of

modes that are coupled. The center-of-mass modes cannot be
coupled to any other mode, since they are purely determined
by the trap potential and do not depend on the Coulomb inter-
action between the ions. The energy conservation condition is
fulfilled in particular by tuning the mode frequencies such that
they satisfy

ωa = ωb +ωc, (19)

where ωb ̸= ωc. When ωZ = 0.556ωX , this condition is sat-
isfied for the axial zigzag mode with the frequency ωa =√

29/5ωZ , and the tilt and zigzag modes along the x-

radial direction with the frequencies ωb =
√

ω2
X −ω2

Z and

ωc =
√

ω2
X −12ω2

Z/5, respectively. Detuning from resonance
Eq. (19) is defined as δnondegen = ωa −ωb −ωc.
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Fig. 9. Coherent energy exchange between three modes of motion coupled
by the non-degenerate parametric interaction. The purple, red, and blue dots
represent the probabilities to drive the corresponding red sideband transi-
tions of the axial zig-zag (ωa = 1414 kHz), the radial tilt (ωb = 878 kHz),
and the radial zig-zag (ωc = 536 kHz) modes, respectively, as functions of
three-mode interaction time τ . The purple, red, and blue lines are the cor-
responding fits. The oscillations decay with a time constant of 0.11(2) s,
which corresponds to more than 300 cycles of energy exchange.[102]

A signature of the cross-mode coupling is a coherent en-
ergy exchange between different modes under the resonance
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condition.[102] We start with one phonon in the axial mode and
zero phonon in both radial modes, and then adjust the detun-
ing δnondegen = 0 (resonance). After a wait duration τ , we tune
the detuning back to its initial value δnondegen =−2π ×44 kHz
and measure the phonon populations in all the three modes.
We observe a coherent energy exchange between the axial and
the two radial modes with a frequency 2.801(2) kHz (Fig. 9).
The amplitude of oscillations reduces to 1/e on a time scale of
0.11(2) s, which corresponds to about 330 oscillation cycles.

6. Examples of applications
6.1. Demonstration of the GKP code

Quantum error correction[103,104] is essential for the re-
alization of scalable universal quantum computation.[105] The
essence of various error-correction codes is to encode a logi-
cal qubit with a larger Hilbert space so as to protect quantum
information by redundancy. Instead of using multi-qubit sys-
tems, Gottesman, Kitaev, and Preskill (GKP)[62] proposed an
error-correction code that encodes a logical qubit in the Hilbert
space of a single harmonic oscillator. In this error-correction
code, the logical code words are coherent superpositions of an
infinite series of infinitely squeezed states, i.e., eigenstates of
the position or momentum operators, and their Wigner func-
tions form an infinite lattice in the phase-space of the oscilla-
tor.

Recently, the encoding, quantum control, and readout of
a GKP logical qubit have been demonstrated using a trapped
40Ca+ ion.[106] The logical qubit is encoded in a vibrational
mode that is manipulated by laser-induced coupling with the
internal states of the trapped ion. To ensure normalization and
minimal effects from motional dephasing, the logical com-
putational basis states are constructed from a finite series of
squeezed states. Specifically, the approximate state to the log-
ical GKP |0⟩L state is

|0⟩L =
K

∑
k=−K

ck𝒟̂ (kl) |r⟩ , (20)

where 𝒟̂ (·) and |r⟩ are the displacement operator and the
position-squeezed state, respectively. The exact logical GKP
state is recovered when r and K both go to infinity. The Pauli
operators X̂L, ŶL, and ẐL in the logical space are displace-
ment operators, i.e., X̂L = 𝒟̂

( l
2

)
, ŶL = 𝒟̂

(
− l

2 −
iπ
l

)
, and

ẐL = 𝒟̂
(

iπ
l

)
.

The preparation of |0⟩L starts with obtaining |r⟩ by reser-
voir engineering,[67] with r ≃ 0.9. The superposition of dis-
placement operation is then realized by modular variable mea-
surement (MVM).[107] Two essential ingredients of the MVM
sequence are the laser-induced state-dependent force, and flu-
orescence detection of the internal states. Repeating the MVM
sequence twice and conditioned on detecting no fluorenscence,

the authors prepared the three-component |0⟩L and the four-
component |1⟩L states and measured the marginal position and
momentum probability distributions. The average logical state
preparation and readout fidelity was reported to be 87.3%.

The authors also demonstrated the implementation of ar-
bitrary control and measurement of logical operators. First of
all, the displacement operators, i.e., the logical Pauli opera-
tors, are implemented by applying a resonant voltage signal to
one of the trapping electrodes.[71] Arbitrary control is realized
by the gate teleportation technique,[108] which is widely used
in error-correction codes. Here in the trapped-ion context, the
gate teleportation is implemented by performing a single-qubit
rotation on the internal states of the trapped ion before the
MVM sequence. The measurement of logical operators, in-
cluding Pauli operators and stabilizers, can be mapped to the
readout of the MVM sequence by performing appropriate log-
ical operations. The authors characterized the performance of
the logical operations by quantum process tomography. The
process fidelities for the logical Pauli operators are 97% and
those for the partial rotations are 90%.

6.2. NOON state

A maximally entangled state of bosonic particles can be
in a form of a NOON state. The NOON state of identical
bosons[109,110] provides the ultimate Heisenberg limit, which,
for N bosons, has the form[111]

|ψNOON⟩=
1√
2

(
|N,0⟩+ e iNϕS |0,N⟩

)
, (21)

where the relative phase ϕS between the two terms of the state
is linearly proportional to N in an interferometer, showing
the Heisenberg scaling for parameter estimation. For pho-
tonic systems, experiments have demonstrated NOON states
with particle numbers up to N = 5.[112–119] For distinguishable
particles, up to 10 photons and 14 ions have been prepared
in the closely-related GHZ states.[11,120] NOON states have
also been demonstrated in nuclear spins (NMR),[121] atomic
spin waves,[122] and microwave photons in superconducting
systems.[123]

A deterministic scheme to generate phononic NOON
states with arbitrary number of bosons N [29] has been de-
veloped based on blue-sideband transitions of Eq. (2), where
two radial modes of an 171Yb+ ion trapped in a 3D har-
monic oscillator have been used, but the generation scheme
can be similarly applied to different atomic ions with more
modes. In Fig. 10(a), the generation scheme is illustrated for
the case of N = 3 NOON state, |3,0⟩+ |0,3⟩, as an exam-
ple. With the pulse sequence, the NOON state up to N = 9
has been generated, which is mainly limited by experimental
imperfections.[29]

The sensitivity of the phase estimation with the NOON
states increases as the number of phonons N increases. The
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phase between X and Y modes can be measured by the inter-
ference through the beam splitting operation of Eq. (9). In the
experiment, the beam splitting operation is realized by linear
combinations of input modes.[29] In the experiment, the parity
of phonons in the output modes of the generated state is mea-
sured depending on the value of ϕ , which provides the phase
sensitivity proportional to N as

⟨Π(ϕ)⟩=CP cosNϕ. (22)

Figure 10(b) shows the experimental results of the parity oscil-
lations from N = 1 to N = 9 of the generated NOON states. As
shown in the fitting parameter k, the enhancement of the phase
sensitivity is in agreement with N within 2.6% deviation. As
N increases, the contrast CP decreases due to experimental im-
perfections. However, it is shown that even for N = 9, the
contrast is over 0.5, which indicates the existence of quantum
entanglement in the state.
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Fig. 10. (a) Generation sequence of the NOON state of N = 3. The blue
arrows indicate blue-sideband transitions, the red arrows indicate carrier
transitions, and the green arrows indicate composite-pulse operations. The
numbers on the arrows denote the sequence of the operations. (b) Par-
ity oscillations of the generated NOON states from N = 1 to N = 9. The
blue dots are experimental data, and the red lines are fitting curves with
⟨Π(ϕ)⟩= Acoskϕ +Bsinkϕ +C, and CP =

√
A2 +B2. (c) The experimen-

tal results of fidelity as well as CP and PN,0 +P0,N . The error bars of CP
are derived from fitting error and those of PN,0 +P0,N from shot-noise error.
(d) The quantum Fisher information of the generated states. Figure adapted
from Ref. [29].

The fidelity F and the quantum Fisher information of
the generated NOON state are experimentally measured and
studied.[29] As shown in Fig. 10(c), the fidelities of the NOON
states up to N = 9 are larger than 0.5, which confirms genuine
multi-party entanglements of the prepared states. The Heisen-
berg scaling of the lower bound of the sensitivity in the phase
estimation is studied through the quantum Fisher information,
which provides the best possible precision on a parameter es-
timation given by 1/

√
FQ,[124,125] known as the Cramér–Rao

bound. For N particles without entanglement, the best possi-

ble measurement scales as 1/
√

N and for the NOON state, the
lower bound of the precision scales as 1/N, the Heisenberg
limit. As shown in Fig. 10(d), the lower bound of the phase
uncertainty, 1/

√
FQ, of the generated states from N = 2 to

N = 9 violates the classical bound and approaches the Heisen-
berg limit.

6.3. Quantum thermodynamics
6.3.1. Test of quantum Jarzynski equality

There is increasing interest in non-equilibrium dynamics
at the microscopic scale, spanning across various aspects of
quantum physics, thermodynamics, and information theory as
technologies of the experimental control at such scales have
rapidly been developing. Most principles in non-equilibrium
process are represented in the form of an inequality. In the
classical regime, a remarkable equality[126] that relates the
free-energy difference to the exponential average of the work
done on the system was found:〈

e−(W−∆F)/kBT
〉
= 1, (23)

where W is the work done on the system, ∆F is the free-energy
difference, T is the initial temperature of the system in thermal
equilibrium, and kB is the Boltzmann constant. Independent of
the protocols in which parameters of a system are varied, the
Jarzynski equality Eq. (23) always holds, even when the driv-
ing is arbitrarily far from equilibrium. This is related in part to
the Crooks fluctuation theorem.[127] Experimental tests of the
classical Jarzynski equality have been successfully performed
in various systems.[128–137] In the quantum regime, however,
it is difficult to determine the work done in the system due
to Heisenberg’s uncertainty principle. In an isolated quan-
tum system, the work can be measured by two-point projec-
tive measurement over the energy eigenstates,[138,139] and the
classical Jarzynski equality can be extended to the quantum
regime.[140–142] In an harmonic oscillator of a trapped ion sys-
tem, the projective measurements discussed in Section 3 have
been applied to experimentally test the Jarzynski equality in
quantum regime.

The work is performed on the system by shifting the cen-
ter of the potential by a certain distance in the X-direction,
which is described by the following time dependent Hamilto-
nian:

H (t) =
P̂2

2M
+

1
2

Mω
2
X X̂2 + f (t)X̂ , (24)

where M is the mass of the ion, and ωX is the trap fre-
quency along the X-axis. The external force f (t), which
can be applied by an electric field or by properly adjusted
laser beams, shifts the trap center by − f (t)/Mω2

X and re-
duces the minimum energy by f 2(t)/2Mω2

X . When the force
f (t) is applied adiabatically, the final state distribution is
conserved in the new basis and remains in thermal equilib-
rium. If the force is instantly applied to the same maximum
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value, the final states are highly excited, which reveals far-
from equilibrium dynamics. The Jarzynski equality in the
quantum regime can be verified when the average of the ex-
ponentiated work ⟨exp(−W/kBT )⟩, which is measured by
∑P(W )exp(−W/kBT ), is independent of any protocol of ap-
plying the work including both cases above.

The essential part of the experimental test in the quantum
regime is to perform a two-point projective measurement over
the energy eigenstates, which are Fock-states for the harmonic
oscillator. In detail, the experimental procedure is composed
of the following four stages: 1. preparation of thermal state;
2. projection to an energy eigenstate; 3. application of work
on the eigenstate; 4. measurement of the final phonon distri-
bution. The procedure is repeated to obtain statistically mean-
ingful results.

Table 1 summarizes the test results of the Jarzynski equal-
ity applied to the quantum regime and shows that the Jarzyn-
ski estimation gives good prediction of free energy within ex-
perimental uncertainties under three different protocols, from
three different initial temperatures. In the experiment, the
free energy differences ∆F are −2.63kBTeff (Teff = 316 nK),
−2.13kBTeff (Teff = 390 nK), and −1.73kBTeff (Teff = 480 nK)

depending on the initial temperatures. The experimental data
clearly demonstrates the validity of Jarzynski equality when
other estimations deviate from the ideal values in far-from
equilibrium regime.[126] It is noted that the quantum Jarzyn-
ski equality has also been tested in an open quantum system
under a decohering heat bath for a spin system of a trapped
ion.[143]

Table 1. Summary for the experimental test of the quantum Jarzynski
equality.

∆F/(kBTeff)
− ln

〈
e−Wdiss/kBTeff

〉
τ = 5 µs τ = 25 µs τ = 45

−2.63 (316 nK) −0.032(±37) 0.006(±34) 0.042(±52)
−2.13 (390 nK)u −0.033(±35) 0.005(±33) 0.037(±50)
−1.73 (480 nK) −0.034(±34) 0.003(±31) 0.031(±48)

6.3.2. Quantum absorption refrigerator

A quantum absorption refrigerator is the simplest exam-
ple of a quantum heat machine. It consists of 3 heat reservoirs:
the hot, cold, and work. They interact in such a way that the
heat flow from the work to the hot reservoir cools down the
cold counterpart. In the case of trapped ions, collective mo-
tional modes of the three-ion crystal serve as the heat reser-
voirs, and nonlinear coupling among the normal modes of mo-
tion is induced by the anharmonicity of Coulomb interactions
between the ions. The non-degenerate parametric coupling be-
tween the three modes of motion described earlier is sufficient
for an experimental realization of a quantum absorption refrig-
erator utilizing three modes of motion of trapped ytterbium
ions, one axial and two radials, as the heat bodies (Fig. 11).

The radial “zig-zag” (cold) mode represents the heat body that
is in contact with a cold environment to be refrigerated, while
the axial “zig-zag” (hot) mode of higher frequency represents
the heat body in contact with the ambient temperature. The
third radial ”rocking” (work) mode serves as the heat source
that drives the refrigeration of the cold mode, replacing the
work reservoir of a conventional refrigerator.

The interaction Hamiltonian in the system of three ions,
induced by anharmonicity of the Coulomb repulsion between
the ions, has the form[99,144]

Ĥ = h̄ξn(â
†
hâwâc + âhâ†

wâ†
c), (25)

where âi (â†
i ) are the annihilation (creation) operators for

the corresponding harmonic oscillators labeled by i = h,w,c,
and ξn = 9ω2

Z

√
h̄/Mωhωwωc/5z0 is the coupling rate. Here

z0 = (5e2/16πε0Mω2
Z)

1/3 is the equilibrium distance between
the ions, M is the ion mass, e is the ion charge, ε0 is the vac-
uum permittivity, and ωZ is the single ion axial trap frequency.
The Hamiltonian (25) is valid in the rotating wave approxi-
mation when the mode frequencies satisfy the resonance con-
dition ωh = ωw +ωc. Away from this resonance condition,
energy exchange between modes is suppressed.[38,101]

Fig. 11. Illustration of heat flow in an absorption refrigerator. Due to the
nature of the interaction among the three bodies (Eq. 25), when the work
body is at a higher temperature than the hot body, the resulting heat flow
causes heat from the cold body to flow to the hot body as well. Thus heating
the work body, and hence increasing its temperature, causes the cold body
to cool down.

The operation of the refrigerator consists of three major
steps. First, the Raman beams cool down all modes to the
ground state of the trap and starting from there selectively pre-
pare the desired states in the modes corresponding to refriger-
ator bodies. Then, with the lasers switched off, the resonant
trilinear interaction is switched on for some time by tuning the
mode frequencies to satisfy the resonance condition such that
energy exchange between the modes is allowed. Finally, the
mode frequencies are brought back to the initial values and
measurement of the resulting state in one of the modes is per-
formed with the help of the Raman beams.

The refrigeration itself occurs during the second step, and
to see how it works,[144] consider how the resonant interac-
tion Hamiltonian (25) redistributes energy between the modes.
The work mode (w) can only remove one of its excess thermal
phonons by creating a hot mode (h) phonon and simultane-
ously annihilating a phonon in the cold mode (c). Hence the
transfer of energy from (w) to (h) is always accompanied by
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energy transfer from (c) to (h). This can result in the cool-
ing of the cold mode when the temperature of the work mode
is higher than that of the hot mode, and energy tends to flow
from the former to the latter. This process is balanced by the
flow of the energy in opposite direction at some temperature,
leading to an equilibrium.

To experimentally demonstrate the equilibrium perfor-
mance of the refrigerator, all modes are prepared in various
thermal states. The system is then allowed to evolve for long
interaction time τ ≫ ξ−1

n , and the mean phonon number of
each mode is measured to get an estimate of the asymptotic
steady state energy.

This experiment also allows exploring quantum effects in
the operation of heat machines, by comparing the cooling per-
formance starting from a squeezed thermal state of the work
mode[145] to the case where the mode is prepared in a ther-
mal state with the same mean phonon number. The single shot
cooling[146,147] method, where the interaction is switched off
at the right moment such that the evolution halts at a transient
state with a lower mean phonon number n̄c than the long-time
average, was also demonstrated.

6.4. Vibronic sampling

Because of their complexity and the emergent role of
quantum nature, molecules are one of the most demanding
quantum systems for quantum computers to simulate. For
molecular vibronic spectroscopy, it carries the vibrational tran-
sitions between nuclear manifolds belonging to two electronic
states.[148,149] Upon an electronic transition, a molecule under-
goes structural deformation, vibrational frequency shifts, and
rotation of normal modes; within a harmonic approximation
to the electronic potential energy surfaces, these are equivalent
to the displacement (D̂), squeezing (Ŝ), and rotation (R̂) opera-
tions in quantum optics, respectively. These effects were sim-
plified as a Duschinsky linear relation.[150] Doktorov et al.[151]

decomposed the relation in terms of the following operators:

ÛDok = D̂N(𝛼)Ŝ†
N(𝜁

′)R̂N(𝜃)ŜN(𝜁), (26)

where D̂N , ŜN , and R̂N are the N-mode operators of displace-
ment, squeezing, and rotation,[152] 𝛼 is a (dimensionless)
molecular displacement vector, 𝜁 and 𝜁′ are diagonal matri-
ces of the squeezing parameters, and 𝜃 is a vector of rotation
angles.

The process of molecular vibronic spectroscopy can be
understood as a modified boson sampling with Gaussian input
states such as thermal and squeezed vacuum states. The Gaus-
sian boson sampling, which is classified as classically hard
problem in the computational complexity perspective,[153,154]

requires additional quantum optical operations on top of the
beam splitting and phase shifting operations for standard bo-
son sampling.

Using a trapped ion, the quantum simulation of molecu-
lar vibronic spectroscopy with a particular example of photo-
electron spectroscopy of sulfur dioxide (SO2)[155,156] is per-
formed. The two vibrational modes of the molecule are
mapped to the two radial phonon modes of an ion. Then,
the molecular spectroscopy is simulated through the following
procedure: (i) the ion is first initialized in the motional ground
state, (ii) the quantum optical operations of Doktorov[151] are
sequentially applied, and (iii) finally, the vibronic spectrum is
then constructed using the collective projection measurements
on the transformed state.

After preparing the motional ground-state by Doppler
cooling and resolved sideband cooling methods,[58,59] Dok-
torov operations are performed as the required displacement,
squeezing, and rotation operations with the conversion of
molecular parameters to the corresponding device parameters
as 𝛼,𝜁′,𝑈 , and 𝜁, respectively. The molecular parameters can
be obtained via conventional quantum chemical calculations
with available program packages (e.g., Ref. [157]).
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Fig. 12. The simulation result of photoelectron spectra of SO2 and SO−
2 .

The two vibrational frequencies of harmonic potential for SO+
2 , SO2, and

SO−
2 are (1112.7, 415.0), (1178.4, 518.9), and (989.5, 451.4) cm−1, respec-

tively. (a) The displacement vector 𝛼 is (−0.026, 1.716); rotation angle θ is
0.189. (b) The displacement vector 𝛼 is (1.360, −0.264); rotation angle θ is
0.065. The results of theoretical calculations are intentionally broadened by
convolution with a Gaussian function having a width of 50 cm−1 [156] for the
comparison. Here Ni

0 denotes the i-phonon excitation on N-th mode from
the vibrational ground state |0⟩, and accordingly, 00

0 locates at the off-set
energy ω0−0 = 0. Figure adapted from Ref. [30].

As discussed in the previous sections, the quantum opti-
cal operations (displacement D̂, squeezing Ŝ, and rotation R̂)
are implemented by Raman laser beams. The spectrum at zero
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Kelvin from the output measurements of the trapped-ion simu-
lator, reconstructed from the ground to excited states transition
intensities, are aligned according to the transition frequencies.
Finally, the collective quantum-projection measurement of the
final state |nX ,nY ⟩ is performed.[27,29]

The photoelectron spectra obtained for SO2 → SO+
2

and SO−
2 → SO2 are shown in Fig. 12, which show good

agreement with classical calculations. In Fig. 12(a), the pho-
toelectron spectrum of SO2 is dominated by the transitions
originated from the displacement of the second mode, due
to the significantly large displacement of the second mode,
𝛼 = (−0.026,1.716). The photoelectron spectrum of SO−

2 in
Fig. 12(b) shows tiny but evident effects of the combination of
the two modes regardless of the dominant contribution of the
first mode (𝛼=(1.360,−0.264)). The observation of the band
combination indicates reliable performance of the trapped-ion
simulation.

7. Conclusion and outlook
In conclusion, motional degrees of freedom of trapped

ions are valuable resources that give access to the large Hilbert
space encoded in bosonic modes. Ultimately, we do not expect
any fundamental problems of increasing the number of vibra-
tional modes, which can be manipulated in quantum regime,
to the order of hundreds with a few phonons per mode in
the transverse direction. In a few examples discussed above,
this already leads to various applications in quantum simu-
lations, quantum thermodynamics, and even quantum com-
putations. In addition, the quantum simulation that involves
phonon states, or combination of the phonon and internal
states of the ions[158–162] has addressed various physics prob-
lems, including even the problems of relativistic quantum
mechanics,[163,164] quantum field theory,[165,166] and others.

However, several challenges in control of the motional
states, both technical and conceptual, currently hinder ex-
perimental progress in this area. First limitation in the ion
trap experiments comes from detection of motional states, es-
pecially when measurement and feedback protocols are em-
ployed. Typically, the state of motion in trapped ion experi-
ment is detected by coupling the motional and internal states
of the ion, and subsequent fluorescent detection of the ion in-
ternal state. Unfortunately during the latter procedure, scat-
tering of thousands or even millions of photons occurs when
the internal state is a “bright state”. Most of the time recoil
destroys the motional state of all the modes and the experi-
ment has to be restarted. However, it is sometimes possible
to harness the recoil provided by the scattered photons to im-
plement feedback protocols.[167] In addition, even though the
motional state is characterised by continuous variables that de-
scribe the position and momentum of the ions, the information
extracted though the measurement is mapped to internal states

of the ions and corresponds to discrete variables.[70] Large and
efficient collections of scattered photons can also enable us to
perform the repetitive detection of phonon number states be-
fore the number states are perturbed.[26,27]

Anomalous heating and dephasing of the modes typically
limit coherence time of harmonic oscillator for the |0⟩+ |1⟩ su-
perpositions to around 10 ms, with dephasing being the dom-
inant decoherence mechanism in most of the experiments. As
the impact of both mechanisms increases with the phonon
number, this limits the Hilbert space dimension that one can
experimentally control, and the number of useful quantum op-
erations that can be performed. Using rf source with stable
amplitude for driving the trap electrodes can help to mitigate
dephasing.[168] Cleaning of the trap before assembly[169] and
placing the trap into a cryogenic environment[170] were shown
to reduce heating of the modes. In addition, the effects of heat-
ing are typically significantly lower for non-center-of-mass
modes. Furthermore, the fact that fluctuation of the radial trap-
ping potential affects some modes in a similar manner, with
induced errors cancel each other when these modes are ma-
nipulated together, gives rise to an extended coherence time
compared to that of the individual modes.[78,102]

In the future, as the number of simultaneously control-
lable modes increases, more advanced applications will be
possible. These include universal quantum computation with
continuous variables, various machine learning algorithms,[20]

such as matrix inversion, principal component analysis, and
implementations of support vector machines.[171] By exploit-
ing a greater number of modes, quantum simulations stand
to benefit as well, which includes, for instance, simulations
of molecular vibronic spectra and quantum simulation of po-
laron together with internal states. Ultimately, increase in the
number of modes that can be controlled simultaneously may
eventually lead to Hilbert spaces whose dimensions exceed the
simulation ability of classical computers.
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R 2008 Phys. Rev. A 77 040302
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