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We investigate the existence and dynamical stability of multipole gap solitons in Bose–Einstein condensate loaded
in a deformed honeycomb optical lattice. Honeycomb lattices possess a unique band structure, the first and second bands
intersect at a set of so-called Dirac points. Deformation can result in the merging and disappearance of the Dirac points, and
support the gap solitons. We find that the two-dimensional honeycomb optical lattices admit multipole gap solitons. These
multipoles can have their bright solitary structures being in-phase or out-of-phase. We also investigate the linear stabilities
and nonlinear stabilities of these gap solitons. These results have applications of the localized structures in nonlinear optics,
and may helpful for exploiting topological properties of a deformed lattice.
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1. Introduction
Bose–Einstein condensate (BEC) in optical lattices has

generated considerable interesting research for studying many
quantum phenomena in periodic potentials.[1–4] It arises in
many applications ranging such as quantum simulators[5–7]

and quantum computation.[8] The cubic lattice is a simple rep-
resentative example of an optical lattice. Experiments with ul-
tracold atoms have utilized exotic lattices such as triangular,[9]

honeycomb,[10] and Kagome lattices.[11] The honeycomb op-
tical lattices can lead to significantly different results due to
the underlying symmetries. A special feature of a perfect hon-
eycomb lattice is the two-lowest-band-formed Dirac points.
These unique characteristics could provide new opportunities
to investigate many interesting physical phenomena in many
systems such as monolayer graphene,[12,13] electron gases in
semiconductors,[14] coupled photonic lattices,[15,16] and pho-
tonic waveguides.[17]

On the other hand, the interplay between lattice periodic-
ity and atomic interaction brings a large number of interesting
nonlinear effects.[18–20] In many cases, periodicity relates to
the band structure of the dispersion relation and Bloch waves.
Meanwhile, the nonlinearity can induce self-phase modulation
and can also couple waves between different modes or Bloch
bands. The existence of the nonlinearly localized structures
that reside in the linear energy gaps has attracted considerable
interest in recent years.[21–23] They are sometimes referred to

as gap solitons, which are often considered theoretically as bi-
furcations from the Bloch-band edges into the band gaps.[24,25]

The general properties of gap solitons have been intensively
studied in many different nonlinear periodic systems, exam-
ples include but are not limited to optical waveguide arrays
and photonic lattices,[26,27] semiconductor microcavities,[28]

and BEC in optical lattices.[1,23,29,30]

Gap solitons in honeycomb optical lattice have been stud-
ied both theoretically and experimentally.[17] The authors of
Ref. [31] demonstrated the gap solitons residing in the gap
between the second and the third bands in honeycomb pho-
tonic lattices. In Ref. [32], the authors showed solitons and
necklaces in the first band gap of a two-dimensional optically
induced honeycomb defocusing photonic lattice. In Ref. [33],
the authors studied gap solitons in honeycomb dynamical lat-
tices with the cubic nonlinearity. However, there is still great
significance to study gap solitons of BEC in honeycomb opti-
cal lattice, especially for the interplay between the honeycomb
optical lattice and the nonlinearity affects on the existence and
dynamical stability of multipole gap solitons.

Here, we investigate gap solitons of BEC in deformed
honeycomb optical lattices with atomic interaction and study
their nonlinear dynamical stability. Deformed honeycomb lat-
tices are promising platforms. With the deformation of the
honeycomb lattice, the symmetries can be broken, then a gap
opens between the first two bands, and the lattice can support
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a gap soliton.[34,35] The existence of the gap soliton provides
a way to detect the symmetry breaking. The deformed hon-
eycomb lattices have been studied extensively, such as nonlin-
ear wave packets,[36] Klein tunneling,[37] fractional topologi-
cal quantum states,[38] nondegenerate chiral phonons,[39] and
topological valley transport.[40]

In this paper, we show the linear band-gap structure of
the deformed honeycomb optical lattices and the existence of
the gap solitons. We find that the system admits dipole gap
solitons both in the first gap and in the semi-infinite gap, de-
pending on the repulsive or attractive properties of atomic in-
teractions. The dipole gap soliton can have their bright soli-
tary structures be in-phase or out-of-phase. Then, we analysis
the nonlinear dynamical stability of these dipole gap solitons
by using direct simulations of the Gross–Pitaevskii (GP) equa-
tion. Finally, we derive the envelope equations of Bloch waves
and analyze these gap solitons.

The paper is organized as follows: In Section 2, we intro-
duce the model of BEC in deformed honeycomb optical lat-
tices. In Section 3, we show the linear band-gap structure and
the existence of the gap solitons. Following this, the analysis
of nonlinear dynamical stability of the gap solitons is given in
Section 4. Finally, we give summary and conclusion in Section
5.

2. Model of BEC in a honeycomb optical lattice
We consider that BEC is loaded in a honeycomb opti-

cal lattice. The honeycomb optical lattice can be experimen-
tally generated by superposing three coplanar traveling laser
beams.[41,42] The three coplanar traveling laser beams have the
same angular frequency ωL = ck0 with k0 being the wave vec-
tor of the radiation. Then, the lattice potential is denoted by
V (𝑟) with[35]

V (𝑟) =V0|e ik0𝑏1·𝑟 +η e ik0𝑏2·𝑟 +η e ik0𝑏3·𝑟|2,

where V0 > 0 is optical depth, 𝑏1 = (0,1), 𝑏2 = (−
√

3
2 ,− 1

2 ),

and 𝑏3 = (
√

3
2 ,− 1

2 ), η represents the relative intensities of the
plane wave and acts as the deformation of the lattice potential.
Following Ref. [35], we only consider the same intensity case
in which η > 0. In order to form a honeycomb lattice, the
condition η > 1

2 should be satisfied.
When the polarizations of all three waves are parallel, i.e.,

η = 1, the optical lattice has a perfect hexagonal structure sim-
ilar to graphene. In Fig. 1(a), we show a contour plot of the
potential energy V (x,y) for the case η = 1, and this is a stan-
dard (undeformed) honeycomb lattice. It is interesting to con-
sider what happens to the lattice when the laser polarizations
are not perfectly aligned, i.e., 1

2 < η ≤ 1. In Fig. 1(b), we
show a contour plot of the lattice potential energy for the case
η = 0.6, the optical lattice becomes a deformed honeycomb.

In the range 1
2 < η ≤ 1, the deformation of the honeycomb

lattice is increasing with the decreasing η .
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Fig. 1. Contour plot of the potential energy for (a) η = 1 (the opti-
cal lattice has a perfect standard graphene-like honeycomb), and for (b)
η = 0.6 (the optical lattice becomes a deformed honeycomb). The white
dotted line in the figure is a schematic diagram of the corresponding lat-
tice sites.

When the number of atoms is large, the BEC system is
very well described by the mean-field theory given by the cel-
ebrated Gross–Pitaevskii (GP) equation

ih̄
∂

∂ t
Ψ(𝑟, t) = − h̄2

2m
∇

2
Ψ(𝑟, t)+V (𝑟)Ψ(𝑟, t)

+g|Ψ(𝑟, t)|2Ψ(𝑟, t), (1)

where m is the atomic mass, g= 4π h̄2as
m is the mean-field onsite

interaction strength with as being the s-wave scattering length,
the s-wave scattering describing the interaction between atoms
can be modeled by the Feshbach technique,[43] with positive
(negative) values of as denoting repulsive (attractive) interac-
tion.

All the variables can be rescaled to be dimensionless by
the following system’s basic parameters, the energy scales is
in units of 4h̄2k2

0/m, the length scales is in units of 1/(2
√

2k0),
the time scales is in units of m/4h̄k2

0, and the wavefunction Ψ

is in units of
√

n0 with n0 being the averaged BEC density.
Then, we obtain the following dimensionless GP equation:

i
∂

∂ t
Ψ(𝑟, t) = −∇

2
Ψ(𝑟, t)+V (𝑟)Ψ(𝑟, t)

+g|Ψ(𝑟, t)|2Ψ(𝑟, t). (2)

Here, the onsite interaction strength g = πn0as/k2
0.

3. Gap solitons and theoretical analysis
3.1. Band-gap structure

In this subsection, we show the band-gap structure and
the existence of the gap solitons. We first investigate the lin-
ear band-gap structure of the deformed honeycomb optical lat-
tices. Let us consider quantum mechanical of BEC in such
periodic potentials. Gap solitons are stationary solutions to
Eq. (2), we can apply Bloch’s theorem, which suggests that
the Bloch waves are the nonlinear eigenstates of the following
form Ψ(𝑟, t) = φ𝑘(𝑟)exp(i(𝑘 · 𝑟− µt)).[44] Here µ is a real
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chemical potential, and φ𝑘 has the same period as the poten-
tial. Then we can obtain the following equation for each Bloch
wave state φ𝑘:

µ(𝑘)φ𝑘 =−(∇+ i𝑘)2
φ𝑘+V φ𝑘. (3)

The set of eigenvalues µ(𝑘) then forms Bloch bands.
Since gap solitons only exist in the linear energy gaps be-

tween the Bloch bands, it is important to first identify the po-
sitions of these gaps. To do this, we can neglect the nonlinear
terms, i.e., g = 0, and calculate the linear Bloch spectrum by
numerical diagonalization of Eq. (3). The band gap spectrum
generated by the solution of the linearized version of the equa-
tions is shown in Fig. 2. Due to the expected periodicity of
the solution to Eq. (3), there are several numerical methods
to find the Bloch wave φ𝑘.[45–47] We use Fourier collocation
method[48] for numerically computing these Bloch bands.

In Fig. 2, we only show the lowest five Bloch bands. One
can see that a band gap[49] is separated by the two Bloch bands.
The lowest gap below the lowest Bloch band is called the semi-
infinite gap and the higher gaps are called the first band gap,
the second band gap, and so on.
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Fig. 2. (a) The linear Bloch band gap structure of BEC in a deformed
honeycomb optical lattice as a function of 𝑘 (left). (b) Axial side view
of the linear Bloch band gap structure as a function of kx, shaded areas
correspond to the linear bands.

The band gap structure of BEC in honeycomb optical lat-
tices depends not only on the depth of the optical lattices but

also on the degree of deformed honeycomb. Figure 2 shows
how the band gap structure of BEC in honeycomb optical lat-
tices is affected by lattice depth V0 and deformation parameter
η .

Figure 3(a) shows the energies of different Bloch bands
overlaping for a sufficiently small lattice depth V0, in this case
no other band gap appears except the semi-infinite gap. With
increasing lattice depth V0, the window of band gap will be-
come more and more obvious. Figure 3(b) shows that the band
gap structure depends on the deformation of the honeycomb.
For η changing in the range 1

2 < η ≤ 1, the smaller the η , the
more deformed the honeycomb lattice. With increasing η , the
first gap becomes narrower and narrower and eventually dis-
appears. Figure 3(b) shows an interesting phenomenon, that
is, the more deformed the honeycomb lattice, the more promi-
nent the first gap. For a standard honeycomb lattice, the first
gap does not exist. Therefore, in order to obtain gap solitons in
the first gap, one must choose a deformed non-standard honey-
comb lattice. In this article, we choose a deformed honeycomb
lattice for η = 0.6 as an example.
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Fig. 3. The band gap structure of BEC in honeycomb optical lattices
with increasing lattice depth (a) and deformation parameter η (b).

3.2. The gap solitons

The interplay between spatial periodicity and nonlinear
dynamical evolution harbors a large number of interesting
physical many-body effects. Gap solitons is the existence of
unique soliton solutions that reside in the linear energy gaps
between the Bloch bands. Gap solitons spatially localized in
gap modes may appear as a result of the balance between the
dispersion and the nonlinearity. For BECs in an optical lattice,
the hoppings between different lattice sites play the role of dis-
persion, and the atom-atom interaction brings the nonlinearity.

In what follows, we consider the nonlinearity brought
from the atom-atom interaction and stationary solutions in the
linear Bloch bands gaps. We look for gap solitons by numer-
ical methods such as the Newton conjugate-gradient (NCG)
method,[50] which is based on iterating certain time evolution
equations associated with the linear stability eigenvalue prob-
lem and is one of the powerful numerical techniques to find
the solitary wave solutions of a nonlinear evolution equation.
The methods are applied to compute both the ground states
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and excited states in a large number of physical systems with
and without periodic potentials. We take the Gaussian profile
as the initial condition for iterating. One can adjust the ampli-
tude, width and center position of the initial Gaussian profiles
to get the wanted gap solitons. For example, in order to ob-
tain unipole gap solitons, the initial Gaussian wave packet is
mainly distributed in a certain potential well. In order to obtain
the dipole gap solitons, the initial two Gaussian wave packets
are mainly distributed in two adjacent potential wells.

After numerical techniques mentioned above, we find the
unipole gap solitons in the semi-infinite gap. Figure 4(a)
shows gap solitons in the semi-infinite gap with µ = 4.8 and
g = −1 as an example. Figure 4(b) shows gap solitons in the
semi-infinite gap with µ = 5.01 and g = −1 as an example.
The gap solitons in the first gap can be obtained with g > 0.
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0
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0.4(b) µ=5.01(a) µ=4.8

10
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−5

−10

y
u u

0

10

5

−5

−10

y

x x

Fig. 4. Gap solitons in the semi-infinite gap with attractive atomic inter-
action g=−1.0: (a) for µ = 4.8, (b) for µ = 5.01. The white dotted line
in the figure is a schematic diagram of the corresponding lattice sites.

In order to study the properties of gap solitons more
clearly, we pay attention to effect of nonlinear eigenenergy µ

on the amplitude of the gap solitons and the total power of gap
solitons. In order to see this, we define the amplitude A and
the total power P of the gap solitons given as follows:

A = max(|φ |), P =
∫

|φ |2dxdy. (4)

In Fig. 5, we show amplitude A and power P of the gap
solitons for nonlinear eigenenergy µ with respect to on-site
interaction g in the range of the band gap. Here, we modu-
late the nonlinear eigenenergy µ from semi-infinite band gap
to first band gap. Here, we take g =−1 and g = 1 as examples
for gap solitons in semi-infinite band gap and first band gap,
respectively. When the nonlinear eigenenergy µ moves to-
ward the band, numerical results indicate that the amplitude of
gap solitons both in semi-infinite gap and in first gap approach
to infinitesimal. However, when the nonlinear eigenenergy µ

moves toward the band, the power of gap solitons both in semi-
infinite gap and in first gap approach to infinity.

There is a very interesting phenomenon shown in Fig. 5
for the power P of the gap solitons versus eigenenergy µ in
the range of the band gap. When the nonlinear eigenenergy µ

moves toward the band, the power P of gap solitons both in
semi-infinite gap and in first gap decreases slowly first, then
increases gradually. This means that the relationship between
the amplitude A and power P of the gap solitons is inconsis-
tent with the eigenenergy µ , they move in step when µ farther
away from the band, and they move out of step when µ closer
to the band. Thus, they are bifurcated from the Bloch band
edges.
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Fig. 5. The amplitude A and power P of the gap solitons versus eigenen-
ergy µ in the range of the band gap. Shaded areas correspond to the
linear bands.

It is worth emphasizing that the appearance of gap soli-
tons both in the first gap and in the semi-infinite gap depends
on the repulsive or attractive properties of atomic interactions.
The first gap solitons appear only in repulsive atomic interac-
tions regime (g > 0). On the other hand, semi-infinite gap
solitons appear only in attractive atomic interaction regime
(g < 0). The gap solitons are intrinsically related to the ex-
tended Bloch waves,[51–54] which can be understood from this
perspective of the composition relation between Bloch waves
and gap solitons.[52,55] With this composition relation, many
conclusions can be drawn for gap solitons from Bloch waves
in nonlinear periodic systems. The reason why the appearance
of gap solitons in different gaps depends on the properties of
atomic interactions is that the atomic interactions of different
properties have different effects on the Bloch waves.[52,55]

Next, we show dipole gap solitons in the semi-infinite gap
with µ = 4.8 and g = −1 in Fig. 6 as an example, (a) for
the out-of-phase gap solitons, (b) for the in-phase gap soli-
tons. The dipole gap solitons in the first gap which are similar
to solitons of the semi-infinite gap can also be obtained with
g > 0. In order to study the properties of dipole gap solitons
more clearly, we pay attention to effect of nonlinear eigenen-
ergy µ on the total power of dipole gap solitons in Fig. 7. The
amplitudes of the dipole gap solitons in the first gap and in
the semi-infinite gap are similar to unipole gap solitons. In
Fig. 7(a), when the nonlinear eigenenergy µ moves toward the
band, the power P of gap solitons of in-phase in the semi-
infinite gap and out-of-phase in the first gap decreases slowly
first, then increases gradually. We call gap solitons such that
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they are bifurcated from the Bloch band edges. In Fig. 7(b),
when the nonlinear eigenenergy µ moves toward the band, the
power P of gap solitons of out-of-phase in the semi-infinite
gap and in-phase in the first gap decreases slowly. We call gap
solitons such that they are not bifurcated from the Bloch band
edges.
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Fig. 6. Dipole gap solitons in the semi-infinite gap with attractive
atomic interaction g = −1.0 and µ = 4.8 (a) for out-of-phase gap soli-
tons and (b) for in-phase gap solitons.
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the range of the band gap. Shaded areas correspond to the linear bands.

3.3. Theoretical analysis of gap solitons

In this subsection, we derive the envelope equations of
small-amplitude Bloch-wave packets from edges of Bloch
bands. Considering the stationary solutions ψ(𝑟) of Eq. (2)
with the form Ψ(𝑟, t) = ψ(𝑟)e−iµt . When the solution ψ(𝑟)

is infinitesimal, this solution is a linear superposition of these
two Bloch modes. When ψ(𝑟) is small but not infinitesimal,
this solution then becomes a combination of these two Bloch-
wave packets and can be expanded into a multiscale perturba-
tion series:

µ = µ0 + ε
2
µ1, (5)

ψ = εψ0 + ε
2
ψ1 + ε

3
ψ2, (6)

where ε ≪ 1 is the small amplitude of this solitary wave.
Substituting the above expansions into Eq. (2), at ε1, the

equation for ψ0 is

∂ 2ψ0

∂x2 +
∂ 2ψ0

∂y2 −V ψ0 +µ0ψ0 = 0. (7)

At ε2, the equation for ψ1 is

∂ 2ψ1

∂x2 +
∂ 2ψ1

∂y2 −V ψ1 +µ0ψ1 =−2
(

∂ 2ψ0

∂x∂X
+

∂ 2ψ0

∂y∂Y

)
. (8)

At ε3, the equation for ψ2 is

∂ 2ψ2

∂x2 +
∂ 2ψ2

∂y2 −V ψ2 +µ0ψ2

= −
(

2
∂ 2ψ1

∂x∂X
+2

∂ 2ψ1

∂y∂Y
+

∂ 2ψ0

∂X2

+
∂ 2ψ0

∂Y 2 +µ1ψ0 −g|ψ0|2ψ0

)
. (9)

The solution to Eq. (7) has the following form:

ψ0 = A1(X ,Y )p1(x)p2(y)+A2(X ,Y )p2(x)p1(y), (10)

Equation (10) is the leading-order two-Bloch-wave packets,
where X = εx and Y = εy are slow spatial variables of enve-
lope functions A1 and A2.

The solution to Eq. (8) is

ψ1 =
∂A1

∂X
v1(x)p2(y)+

∂A1

∂Y
v2(y)p1(x)

+
∂A2

∂X
v2(x)p1(y)+

∂A2

∂Y
v1(y)p2(x). (11)

Substituting the ψ0,ψ1 into Eq. (9) and using the Fredholm
condition (which requires being orthogonal to the homoge-
neous solutions p1(x)p2(y) and p1(y)p2(x)), we can obtain

D1
∂ 2A1

∂X2 +D2
∂ 2A1

∂Y 2 +µ1A1

−g[α|A1|2A1 +β (A2
2A*

1 +2|A2|2A1)

+γ(|A2|2A2 +A2
1A*

2 +2|A1|2A2)] = 0, (12)

D2
∂ 2A2

∂X2 +D1
∂ 2A2

∂Y 2 +µ1A2

−g[α|A2|2A2 +β (A2
1A*

2 +2|A1|2A2)

+γ(|A1|2A1 +A2
2A*

1 +2|A2|2A1)] = 0. (13)

Here, the superscript * represents complex conjugation,

Dn =
1
2

µ
′′(k)|µ=µ0,n , α =

∫ ∫
p4

1(x)p4
2(y)dxdy∫ ∫

p2
1(x)p2

2(y)dxdy
,

β =

∫ ∫
p2

1(x)p2
2(y)p2

2(x)p2
1(y)dxdy∫

p2
1(x)p2

2(y)dxdy
,

γ =

∫ ∫
p3

1(x)p3
2(y)p2(x)p1(y)dxdy∫ ∫

p2
1(x)p2

2(y)dxdy
,

α and β are positive, γ may be positive, negative or zero.
At special 2D band edges where only a single Bloch mode

exists,[48] the leading-order solution will become

ψ0 = A1(X ,Y )p1(x)p2(y), (14)

the envelope equation for A1(X ,Y ) is readily found to be

D1

(
∂ 2A1

∂X2 +
∂ 2A1

∂Y 2

)
+µ1A1 −gα|A1|2A1 = 0. (15)
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Assume that the modulation wave is a Gaussian profile one,
then it can be expressed as

A1 =𝒜exp
[
−X2 +Y 2

W 2

]
, (16)

where 𝒜 and W (W > 0) are the amplitude and width of the
solitons, respectively. Note that Eq. (16) is not an exact so-
lution to Eq. (15). Substituting Eq. (16) into Eq. (15) yields
the residual error. We minimize the magnitude of the resid-
ual error and then have the equation. We solve the equation
in a semi-numerical manner, which can be performed easily in
Mathematica software by the NSolve command. The results
read

𝒜= 0.97397
√

µ1

gα
, W =−4.77091

D1

µ1
. (17)

It can be seen from Eq. (17) that the amplitude 𝒜 of the soliton
depends on the parameters µ1, g, and α , whereas the width W
of the soliton depends on the parameters D1 and µ1. Equa-
tion (17) also gives the condition for the existence of gap soli-
tons, that is, µ1 and g must have the same sign, but µ1 and D1

have the opposite signs. In the semi-infinite gap, if D1 > 0, one
will have µ1 < 0 and g < 0, with the increase of |µ1|, the value
of µ decreases, and the value of µ is farther away from the
band. The amplitude of the soliton increases, which is consis-
tent with the previous numerical results shown in Fig. 5. For
the first gap, if D1 < 0, one will have µ1 > 0 and g > 0. With
the increase of |µ1|, the value of µ increases, and the value of
µ is also farther away from the first band. The amplitude of
the soliton increases, which is also consistent with the previ-
ous numerical results shown in Fig. 5.

4. Linear stabilities and nonlinear dynamical
stabilities of gap solitons
Until now, we have shown the existence of unipole and

dipole gap solitons of BEC in a deformed honeycomb optical
lattice. One unique feature of BEC in optical lattices is the
occurrence of instability. To do this, one can analyze the non-
linear and the linear stability of these gap solitons using direct
simulations of the GP Eq. (2) and its linearized equation.

4.1. Linear stabilities of gap solitons

The linear stability (so-called Bogolyubov-de Gennes or
BdG) analysis is employed in order to consider the fate of
small amplitude perturbations and the potential robustness
of the solutions. The linear stability of these gap solitons
can be modified state and inserted into the time-dependent
GP equation. By keeping only the linear term in the per-
turbation, one can describe the time evolution of the small
perturbation,[46,56–58] which yields the linear eigenvalue prob-
lem. If the corresponding eigenvalues are real, the perturbation
will grow exponentially, which leads to dynamic instability.

Now we study the linear stability of these gap solitons by
numerical methods. We perturb these solitons as

Ψ(x,y, t) = {ψ(x,y)+ [v(x,y)+w(x,y)]eλ t

+[v*(x,y)−w*(x,y)]eλ *t}e−iµt , (18)

where v,w ≪ 1 are normal-mode perturbations, λ is the
mode’s eigenvalue, and the superscript * represents complex
conjugation. Substituting this perturbed solution into Eq. (2)
and linearizing, we find that these normal modes satisfy the
following linear eigenvalue problem:[

0 L0
L1 0

][
u
v

]
=−iλ

[
u
v

]
, (19)

where

L0 =

(
∂ 2

∂x2 +
∂ 2

∂y2

)
+µ −V (x,y)−gψ

2(x,y),

L1 =

(
∂ 2

∂x2 +
∂ 2

∂y2

)
+µ −V (x,y)−3gψ

2(x,y).

The above linear eigenvalue problem (19) can be solved
numerically by the finite difference method or the Fourier col-
location method.[48] To illustrate, we consider unipole solitons
in the semi-infinite gap and in the first gap, as shown in Fig. 8.
Also, we consider dipole gap solitons in the semi-infinite gap
as an example, as shown in Fig. 9. Stability spectra for unipole
solitons are shown in Fig. 8. It is seen that unipole gap soli-
tons far away from the band have stable eigenvalues and thus
are linearly stable in Figs. 8(a) and 8(d). However, unipole
gap solitons near the band have unstable eigenvalue and thus
are linearly unstable in Figs. 8(b) and 8(c). Figure 9 shows
dipole gap solitons of stability spectra in the semi-infinite gap.
It is seen that in-phase dipole gap solitons are all linearly un-
stable in Figs. 9(a) and 9(b). Figures 9(c) and 9(d) show that
out-of-phase dipole gap solitons far away from the band are
linearly stable, and near the band are linearly unstable.
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Fig. 8. The linear stability analysis of unipole solitons: (a) and (b) for
unipole solitons in the semi-infinite gap; (c) and (d) for unipole solitons
in the first gap.

126701-6



Chin. Phys. B Vol. 30, No. 12 (2021) 126701
Im

 λ
Im

 λ

Re λ Re λ

-0.30 -0.15 0 0.15 0.30

-80

-40

0

40

80

-0.10 -0.05 0 0.05 0.10

-80

-40

0

40

80

-80

-40

0

40

80

-80

-40

0

40

80

in phase in phase

out of phase out of phase

(a) µ=4.8 (b) µ=5.0

(c) µ=4.8 (d) µ=5.0

-0.30 -0.15 0 0.15 0.30 -0.10 -0.05 0 0.05 0.10

Fig. 9. The linear stability analysis of the dipole gap solitons in the
semi-infinite gap: (a) and (b) for in-phase solitons bifurcated from band
edges; (c) and (d) for out-of-phase solitons not bifurcated from band
edges.

4.2. Nonlinear dynamical stabilities of unipole gap solitons

In the above section, we have analyzed the linear stabil-
ity problem for unipole and dipole gap solitons. However, the
important issue is the nonlinear dynamical stability of these
unipole gap solitons and dipole gap solitons, which can be in-
duced by the presence of nonlinear interactions and periodic
potential. Dynamical instability implies that small deviations
from the stationary solution grow exponentially in time. In
order to examine the nonlinear dynamical stability of these
unipole gap solitons and dipole gap solitons found above, we
directly compute Eq. (2) over a long time. The initial condi-
tions are taken to be the gap soliton with 1% perturbation in the
amplitude and phase. We consider a stable gap soliton satisfy-
ing the two conditions as follows: it should preserve its peak
amplitude, and it should preserve its position on the lattices.
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Fig. 10. Nonlinear evolution of unipole gap solitons in the semi-infinite
gap with µ = 4.8 (corresponding to the point a in Fig. 5). The initial
conditions were taken with 1% perturbation in the amplitude and phase
to trigger potential instabilities: (a) t = 0, (b) t = 100.

We first consider the nonlinear dynamical stabilities of
the unipole gap solitons, and take µ = 4.8 in semi-finite gap
as an example (corresponding to the point a in Fig. 5). In
Fig. 10, we show time evolution of unipole gap solitons in the
semi-infinite gap for t = 0 and 100. It can be seen from this
figure that the amplitude and position on the lattices of the

unipole gap solitons are preserved. The gap soliton is nonlin-
ear dynamical stable. This is confirmed by the linear stability
analysis in Fig. 8(a).

Then, the nonlinear dynamical stability properties of the
unipole gap solitons with µ = 5.01 is examined, as shown in
Figs. 11(a) and 11(b) for t = 0 and 100, respectively. We cam
see the maximum amplitude and the location of the center of
mass versus the evolution time t. During the nonlinear dy-
namical evolution, the peak amplitude undergoes finite-time
collapse, its position on the lattice drift-unstable solitons is
typically characterized by “humps” that drift from lattice max-
ima toward nearby minima. Obviously, the unipole gap soli-
ton shows nonlinearly dynamical unstable, which is also con-
firmed by the linear stability analysis in Fig. 8(b).
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Fig. 11. Nonlinear evolution of unipole gap solitons in the semi-infinite
gap with µ = 5.01 (corresponding to the point b in Fig. 5). The initial
conditions are taken with 1% perturbation in the amplitude and phase
to trigger potential instabilities: (a) t = 0 and (b) t = 100.

In order to examine the nonlinear dynamical stability of
unipole gap solitons in the first gap, we also directly compute
Eq. (2) over a long time. The initial conditions were taken
to be a unipole gap soliton with 1% perturbation in amplitude
and phase in Fig. 12. It can be seen that the unipole gap soli-
ton shows nonlinearly dynamical unstable and (b) nonlinear
dynamical stable. These are also confirmed by the linear sta-
bility analysis in Figs. 8(c) and 8(d), respectively.
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Fig. 12. Nonlinear evolution of the unipole gap solitons in the first
gap with repulsive atomic interactions g = 1. The initial conditions are
taken with 1% perturbation in the amplitude and phase to trigger poten-
tial instabilities: (a) µ = 5.36 and (b) µ = 5.56. The unipole gap soliton
corresponds to the points c and d in Fig. 5, respectively.

It is well known that the power versus µ , i.e., dP/dµ ,
plays an important role in determining the stability proper-
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ties of the solitons. This connection between the slope of the
power curve and the linear stability is the so-called Vakhitov–
Kolokolov stability criterion.[59] This criterion states that with
the continuous change of µ , a pair of real eigenvalues move
towards the origin, collide there, and then bifurcate along the
imaginary axis. The power minimum point turns out to be
precisely the bifurcation point, which indeed suggests that lin-
ear stability of these solitary waves is intimately related to the
sign of the slope of the power curve.[48] In a large number
of simulations, we have ever plotted the total power versus µ

for unipole gap solitons corresponding to the semi-infinite gap
and the first gap, and have observed two recurring features:

(a) In the semi-infinite gap, the unipole gap soliton is non-
linear dynamical stable only if its power decreases with in-
creasing µ , i.e., dP/dµ < 0 (as the nonlinear dynamical evo-
lution of the point a in Fig. 5). On the contrary, the unipole gap
soliton will be nonlinear dynamical unstable only if its power
increases with increasing µ , i.e., dP/dµ > 0 (as the nonlinear
dynamical evolution of the point b in Fig. 5).

(b) In the first gap, the unipole gap soliton will be non-
linearly dynamically stable only if its power increases with in-
creasing µ , i.e., dP/dµ > 0 (as the nonlinear dynamical evolu-
tion of the point d in Fig. 5). Meanwhile, the unipole gap soli-
ton will be unstable only if its power decreases with increasing
µ , i.e., dP/dµ > 0 (as the nonlinear dynamical evolution of the
point c in Fig. 5).

The nonlinear dynamical stabilities of unipole gap soli-
tons depend on dP/dµ , which are opposite in semi-infinite gap
and first gap. The reason for this phenomenon is that there are
different requirements for the properties of atomic interaction
when solitons occur in two gaps.

4.3. Nonlinear dynamical stabilities of dipole gap solitons

In the semi-infinite gap, the out-of-phase and in-phase
dipole gap solitons exist (shown in Fig. 6) for the attractive
atomic interactions regime. Now, we investigate the nonlinear
stability properties of the lattice soliton. The in-phase dipole
gap soliton corresponds to Fig. 6(b). The dynamics of nonlin-
ear evolution of the in-phase dipole gap soliton with µ = 4.8
is shown in Fig. 13. Figures 13(a) and 13(b) depict the den-
sity profiles of the in-phase dipole gap soliton for t = 0 and
100, respectively. In fact, in the semi-infinite gap, for all in-
phase dipole gap solitons their nonlinear dynamic evolution
will show a similar phenomenon nonlinearly dynamical unsta-
ble, as seen in Fig. 7(a). In the first gap, the in-phase dipole gap
solitons satisfy the condition dP/dµ > 0. Solutions near the
band have unstable eigenvalues and thus are linearly unstable.
However, solitons far away from the band have no unstable
eigenvalues and thus are linearly stable.
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Fig. 13. Nonlinear evolution of the in-phase dipole gap soliton in the
semi-infinite gap with repulsive atomic interactions g = −1. The in-
phase dipole gap soliton corresponds to Fig. 6(b). The initial conditions
are taken with 1% perturbation in the amplitude and phase to trigger
potential instabilities.
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Fig. 14. Nonlinear evolution of the out-of-phase dipole gap soliton
in the semi-infinite gap with repulsive atomic interactions g = −1 and
µ = 4.8. The out-of-phase dipole gap soliton corresponds to Fig. 6(a).
The initial conditions are taken with 1% perturbation in the amplitude
and phase to trigger potential instabilities: (a) t = 0 and (b) t = 100.

Figure 14 shows nonlinear evolution of the out-of-phase
dipole gap soliton in the semi-infinite gap at µ = 4.8, corre-
sponds to the soliton in Fig. 6(a). Figures 14(a) and 14(b) for
t = 0 and 100 respectively. It can be seen from this figure that
the amplitude and position on the lattices of the out-of-phase
dipole gap solitons are preserved. The out-of-phase dipole gap
soliton is nonlinear dynamical stable. Figure 15 shows non-
linear evolution of the out-of-phase dipole gap soliton corre-
sponding to the semi-infinite gap at µ = 5.0.The dipole gap
soliton also corresponds to the Fig. 6(a). Figures 15(a) and
15(b) for t = 0, 100 respectively. It can be seen from this fig-
ure that the maximum amplitude and the location of the center
of mass versus the evolution time t. During the nonlinear dy-
namical evolution, the peak amplitude undergoing finite-time
collapse, its position on the lattice drift-unstable solitons are
typically characterized by “humps” that drift from lattice max-
ima toward nearby minima. Obviously the dipole gap soliton
shows nonlinearly dynamical unstable. That is, in the semi-
infinite gap, when solutions near the band have unstable eigen-
value and thus are linearly unstable. Solitons far away from the
band have no unstable eigenvalues and thus are linearly stable.
However, for all out-of-phase dipole gap solitons show nonlin-
early dynamical unstable in the first gap. It can be seen from
Fig. 7.
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Fig. 15. Time evolution of the out-of-phase dipole gap solitons in the
semi-infinite gap with µ = 5.0, g =−1. The initial conditions are taken
with 1% perturbation in the amplitude and phase to trigger potential
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5. Summary
We have investigated the existence and dynamical stabil-

ity of multipole gap solitons in BEC loaded in a deformed hon-
eycomb optical lattice. Honeycomb lattices possess a unique
band structure, the first and second bands intersect at a set of
so-called Dirac points. We find that, when the lattice is grad-
ually deformed, at some strong enough deformation, a gap
forms between the first and second bands. We show that the
gap in such a deformed lattice can form gap soliton. Both
the unipole gap soliton and dipole gap soliton are found. The
dipoles can have their bright solitary structures being in-phase
or out-of-phase. The linear stabilities and nonlinear stabilities
of these gap solitons are investigated.

The stabilities of unipole gap solitons depend on dP/dµ .
In the semi-infinite gap, the unipole gap soliton will be stable
if its power and eigenenergy satisfy dP/dµ < 0, whereas the
unipole gap soliton will be unstable if its power and eigenen-
ergy satisfy dP/dµ > 0. In the first gap, the unipole gap soliton
will be stable if its power and eigenenergy satisfy dP/dµ > 0,
whereas the unipole gap soliton will be unstable if its power
and eigenenergy satisfy dP/dµ > 0. The stabilities of dipole
gap solitons are independent of the dP/dµ . For the in-phase
dipole gap soliton in semi-infinite gap and the out-of-phase
dipole gap solitons in first gap, they are always unstable. For
the out-of-phase dipole gap soliton in semi-infinite gap and
the in-phase dipole gap solitons in first gap, they are stable far
away from the band, while unstable near the band.

Our work provides a qualitative and quantitative guideline
towards the more detailed understanding of the possible dy-
namical features and of the interactions between the coherent
structures of strongly correlated states of BEC in 2D optical
lattices.
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