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Many problems in science, engineering and real life are related to the combinatorial optimization. However, many
combinatorial optimization problems belong to a class of the NP-hard problems, and their globally optimal solutions are
usually difficult to solve. Therefore, great attention has been attracted to the algorithms of searching the globally optimal
solution or near-optimal solution for the combinatorial optimization problems. As a typical combinatorial optimization
problem, the traveling salesman problem (TSP) often serves as a touchstone for novel approaches. It has been found
that natural systems, particularly brain nervous systems, work at the critical region between order and disorder, namely,
on the edge of chaos. In this work, an algorithm for the combinatorial optimization problems is proposed based on the
neural networks on the edge of chaos (ECNN). The algorithm is then applied to TSPs of 10 cities, 21 cities, 48 cities and
70 cities. The results show that ECNN algorithm has strong ability to drive the networks away from local minimums.
Compared with the transiently chaotic neural network (TCNN), the stochastic chaotic neural network (SCNN) algorithms
and other optimization algorithms, much higher rates of globally optimal solutions and near-optimal solutions are obtained
with ECNN algorithm. To conclude, our algorithm provides an effective way for solving the combinatorial optimization
problems.

Keywords: edge of chaos, chaotic neural networks, combinatorial optimization, travelling salesman problem
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1. Introduction

Many problems in science, engineering and real life, such
as traveling salesman problem (TSP), design of large-scale in-
tegrated circuits,!!! prediction of protein structure, ?! structural
optimization of bimetallic nanoparticles,’?! and parameter es-
timation for chaotic systems!*! are related to the combinato-
rial optimization. Therefore, much attention has been attracted
to designing a fast and efficient algorithm to obtain the glob-
ally optimal or near-optimal solutions to the combinatorial op-
timization problems. A variety of methods were proposed,
such as cutting plane method, branch and bound method, and
dynamic programming based on the Bellman’s principle of
optimality. '] However, the combinatorial optimization prob-
lems are usually NP-hard problems with time complexity in
nondeterministic polynomial forms. With the increase of the
scale of problems, the exact algorithms become powerless.
Then, studies have been focused on the approximate algo-
rithms or heuristic algorithms to seek near-optimal solutions
of the problem with limited amount of computing time. Many
algorithms were therefore proposed, such as stochastic simu-

lated annealing (SSA) algorithm,[6‘8]

some algorithms based
on biological phenomena, 38131 and artificial neural network
algorithms,! 4241 which have brought about some achieve-
ment in different scale problems.

In 1982, Hopfield neural networks was put forward and

then was successfully applied to TSP.I'413] Hopfield neural
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networks can quickly converge to a stable state, but it usu-
ally is not the globally optimal solution. The solution ob-
tained is highly related to the initial value and the parame-
ters. It is found that, even in the problems of 10 cities, the
networks often converge to the local optimal solution, and the
networks become powerless for larger scale problems./1%13]
On the other hand, the chaotic neural networks based on bio-
logical electrophysiological experiments have been proved to
have ergodic property and can reach the globally optimal so-
lution during cruising, but their chaotic motions make the net-
works unstable in the globally optimal solution. The solution
therefore could not be obtained. Chen er al. proposed the
transient chaotic neural networks (TCNN) algorithm based on
chaotic neural networks (CNN) and simulated annealing al-
gorithm, and applied their algorithm to TSP.?°! By control-
ling the attenuation of the feedback term, the network transits
from chaotic state to stable state, thus reaches to the optimal
solution. Compared with SSA algorithm, TCNN algorithm
uses chaotic dynamics instead of Monte Carlo random to con-
duct annealing, which leads to less computing time and much
higher probability of global optimum in TCNN algorithm. The
globally optimal solution can be obtained in medium scale
TSP problems with TCNN. However, Chen ef al. found that
95% of the TSP solutions for 48 cities fell on the local optimal
solutions, and the algorithm lacked the ability to jump out of
those local optimal regions.
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In order to improve TCNN algorithm, Wang et al. added
noise into TCNN algorithm to enhance the randomness of
search (stochastic chaotic neural network, SCNN) and the
probabilities of the globally optimal solution for 10 cities and
21 cities were improved with the algorithm. ?!! For larger scale
problems (52 cities and 70 cities), the probabilities of valid
solutions with SCNN algorithm were greater than that with
TCNN algorithm. However, the probabilities of the globally
optimal solutions for the two TSPs were not given in their
work.[?!l Besides, several other improved algorithms were
proposed based on CNN, such as chaotic neural network with
Gauss wavelet self-feedback,??! frequency conversion sinu-
soidal chaotic neural network (FCSCNN),23! and FCSCNN
with hysteretic noise (HNFCSCNN).[>*l Those algorithms en-
hanced the globally optimal probability in the TSPs of no more
than 30 cities in certain degrees. However, no globally optimal
solutions of larger scale problems were reported. [>1-24]

Studies show that the algorithms based on chaotic neu-
ral networks have higher searching efficiency than many other
algorithms.[29-241 At the initial stage of optimization, a chaotic
neural network is in chaotic states. As time evolves, the
chaotic neural network gradually degenerates into a stable
state, optimization then is achieved. However, a shortcoming
exists in the degradation of chaotic motion. At the moment
that the chaotic neural network degenerates into a stable state,
the system may be far away from the globally optimal solu-
tion, which leads to the degenerated neural network falling
into a local optimal state. The globally optimal or near-optimal
solutions thus cannot be obtained. In their work of control-
ling chaos in chaotic neural networks, He et al. found that the
controlled networks can converge on a stable mode related to
the initial mode when the networks operate at the critical re-
gion between chaos and non-chaos, and believed that the edge
of chaos (EC) plays a very important role in memory recall
process.[?! In fact, many natural systems operate in the criti-
cal states between order and disorder, such as gene expression,
morphogenesis, optimal cell growth, bacterial colonies and

26271 In particular, a large number of theoret-

bird colonies.!
ical models and experiments in neuroscience show that brain
runs in the critical states between order and disorder, that is, on

5.[28:291 Therefore, it has better abilities of in-

the edge of chao
formation transmission, information processing, information
storage and learning, and is relatively stable.?®?8! In addition,
studies have revealed that artificial neural networks show bet-
ter computing power when operating on the edge of chaos.3"!
Recently, the critical characteristics of deep learning neural
networks have attracted much attention. Computer scientists
have found that in order to achieve faster learning and training
and to reduce the loss of information in learning, machines
can only run on the edge of chaos.3!! The possible reason is

that the neural networks exhibit greater mutual information at

the critical region and contains more metastable states, and
the neurons show stronger correlation.3?! All the above stud-
ies illustrate that the neural networks have better ability on
operation and information processing on the edge of chaos.
Up to now, there is no report about the application of chaotic
neural networks on the edge of chaos in the field of combi-
natorial optimization. TSP is one of the typical combinatorial
optimization problems, and is often used as a touchstone of
new algorithms. In this work, an algorithm for the combinato-
rial optimization problems is proposed based on chaotic neural
networks on the edge of chaos, and the algorithm is applied to
TSPs from 10 cities to 70 cities.

2. Model

In order to improve previous algorithms based on chaotic
neural networks, we propose a method to solve TSP by using
neural networks on the edge of chaos (ECNN). In the optimal
process with the algorithm, firstly, the transient chaotic neural
network is used. When the chaotic neural network degener-
ates to the stable neural network, the parameters of the neu-
ral network are modulated to make the neural network fall in
a chaotic state close to the critical region between chaos and
non-chaos again and start a new round of degradation from
transient chaotic states to a stable state. Such switch ends after
several rounds of degradation process according to the prob-
lem to be solved. In this way, the network runs in the criti-
cal states between chaos and non-chaos, that is, on the edge
of chaos, where the network has the best searching ability.
Thus, the ability for the network to obtain globally optimal
or near-optimal solutions is enhanced. Aihaira chaotic neural
network is established based on biological electrophysiologi-
cal experiments. And its chaotic dynamics is similar to biolog-
ical systems.[*3] Therefore, Aihara chaotic neural network is
selected to solve the combinatorial optimization problems.?"]
The i-th neuron of chaotic neural network on the edge of chaos
can be described by the following equations:

1
xi(t) = T e/e (D
yi(t+1) = kyi(t)+06< i Wijxj(t)JrIi)
J=1j#i
—z(t) (xi (t) — lo), 2
a1, (0% (1) < 0.0001),

Z(t+1) = { 3)

z(t)(1=p), (ok (t) = 0.0001),
where x; is the output of the i-th neuron, y; is the internal state
of the i-th neuron, k is the damping factor of nerve membrane,
« is the positive scaling parameter for inputs, € is the steepness
parameter of the output function, /; is the input bias of the i-th
neuron, I is a positive constant, and z(¢) is the time-dependent
self-feedback connecting weight or refractory strength. z; is
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the initial value of the self-feedback coefficient when the net-
work becomes chaotic again. f is the damping factor of z,
which is chosen randomly for each annealing process to en-
hance the randomness of the network, that is, f = rand (B,
Bmax)- Bo is the damping factor of the first annealing process.
wi;j is the connection weight from the i-th neuron to the j-th
neuron, which satisfies

wij =wji, wii=0,

n
Y, wijxj+1;=0E/ox;, )
J=Lj#i

where E is the energy function of a problem and the energy
function of TSP will be defined in Eq. (7). of is the variance
of energy functions among the nearest 10 iterations. Large
variance represents that the neural network is in the chaotic
state, otherwise the network is in the stable state. of is de-

fined as follows:

i <éOE (t— T)>

R 5)
9 ~\2
(2<E<r—r>—E>)

Or (1) = ~=——5 , (©)

where E is the average energy function among the nearest 10
iterations.

Here, we use Eq. (3) to replace the feedback term
z(t+1) =z(¢) (1 — B) in TCNN algorithm. In this way, when
the network becomes stable, the sudden change of the feed-
back parameter z will make the system chaotic again, so that
the system has chance to escape from the local minimum re-
gion. The parameter z; is chosen close to the critical region

that the network runs between chaotic state and stable state,
namely on the edge of chaos, where the network has the best
searching ability.

TSP is a typical combinational optimization problem. It
seeks the shortest route for a traveling salesman to visit a cer-
tain number of cities and then to return to the starting point
with the constrains of visiting each city once. For TSP with n
cities, a network with n x n lattice structure is constituted. Its
neural output, x;;, represents to visit city i in visiting order j.
The minimized tour length of TSP satisfying all constrains can
be expressed by the energy function of the neural network as

n 2 n n 2
j=1 j=1 \i=l

(k1 +Xej1) Xijdik,

following: 201

(N

where xjo = Xin, Xin-1 = X;1, d;j represents the distance between
city i and city j, Wi and W, represent the coupling parame-
ters corresponding to the constraints and the cost function of
the tour length, respectively. The first two terms of the equa-
tion indicate the constraints (each city can be accessed once
only), and the last term represents the total length of the jour-
ney. When the energy function takes the minimum value, we
get the shortest valid route satisfying the constrains.

Combining Eqgs. (2), (4), and (7), one can find that based
on ECNN, the TSP dynamics of a certain number of cities can
be described by the following equation:

yij (t+1) = kyij(t) —z(t) (xij (t) —10)+O€{—W1 (ixil (f)+zn:xkj (f)) ) <Zn:dikxkj+1 (t)“"idikxkjfl (l)> +W1} -(8)

7

The initial y;; are randomly generated with values be-
tween —1.0 and 1.0. Once the initial values are given, an
optimal solution of the problem can be obtained through the
evolution of the neural network.

3. Application of ECNN in TSP

We perform the simulations on the computer with the fol-
lowing specs: Dell PowerEdge R730 Server. Its CPU is E5-
2650 V4@2.20 GHz and its memory size is 64G. The program
is written in C language in a single threaded manner, that is,
the output signals of the neurons are updated in turn in each
iteration.

Firstly, ECNN algorithm is applied to TSP with 10 cities.
The coordinate data of inter-city distance is from Ref. [15],

kEi

= ki

and the globally optimal solution of the problem is given in
Fig. 1. The parameters of the network are set as k = 0.9,
o = 0.015, z(0) = 0.10, z; = 0.035, Iy = 0.75, € = 1/250,
Wi =W, =1, Bp=0.5, and B = 0.003.

1.0

0.8
0.6

0.4

0.2F

2
P R
0 0.2

0

[ T
0.4 0.6 0.8 1.0

Fig. 1. The optimal tour of the 10-city TSP, each number in the tour
represents one city.
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Fig. 2. (a) The output distribution of one neuron (x1) in the chaotic neural network for 10-city TSP with the change of parameter z. (b) The largest
Lyapunov exponent. (c¢) Evolution of the parameter z. (d) The output Evolution of one neuron (x11). (¢) Evolution of the energy function E.

Table 1. Results with three algorithms for the 10-city TSP.

B 0.008 0.005 0.003 0.001

Rate of global minimum R (%) 94.12 98.68 100 100

ECNN Average iterations Al 268 351 498 1232
Average running time 7' (ms) 9.623 12.60 17.54 42.40

Rate of global minimum R (%) 84.96 94.70 99.76 100

TCNN Average iterations Al 239 363 572 1635
Average running time 7' (ms) 8.617 12.80 19.77 56.51

Rate of global minimum R (%) 84.86 98.12 99.76 100

SCNN Average iterations Al 246 366 586 1692
Average running time 7' (ms) 8.731 12.82 20.67 58.81

Since the behaviors of the neurons in the network are sim-
ilar, we analyze the behavior dynamics of one neuron (x11) in
the network as an example. Figure 2(a) shows output distribu-
tion of one neuron (x;;) in the chaotic neural network for the
10-city TSP at different self-feedback parameter z. Figure 2(b)
gives the largest Lyapunov exponent of the system calculated
as the definition of Ref. [34]. Figures 2(a) and 2(b) are sepa-
rated to two parts. In the right side with the self-feedback pa-
rameter less than 0.029, the largest Lyapunov exponent of the
system is negative and the output signals of the neuron have
certain discrete values, which means that the network is in a
stable state. In the left side with the self-feedback parameter
larger than 0.029, the largest Lyapunov exponent of the system
is positive and the output signals of the neuron are randomized
with the value range from O to 1 as seen in the dark region of
Fig. 2(a), which means that the network is in chaos. Based on
Figs. 2(a) and 2(b), one can choose parameter z to make the
system run on the edge of chaos. Figures 2(c)-2(e) show the
evolution of parameter z in ECNN algorithm, the correspond-
ing output evolution of one neuron (x1;) and the correspond-
ing evolution of the energy function E, respectively. With the
decrease of the feedback parameter z, the output of the neu-
ron gradually converges to a stable point, the energy of the
system gradually converges to a local minimum, and network
becomes stable at the end of the first annealing process. For
the TCNN algorithm and the SCNN algorithm, the simulation

ends right now and an optimal solution is obtained. However,
the system may be far away from the globally optimal solu-
tion and the degenerated neural network actually falls into a
local minimum. For the ECNN algorithm, the self-feedback
parameter is adjusted to be 0.035(z1), which is slightly larger
than its critical value of 0.029. As a result, the output signals
of the neuron and the energy of the system become random
again, which means the system enters chaotic states near the
critical region between chaos and non-chaos and a new round
of annealing process begins. The system thus successfully es-
capes from the previously local minimum state. Then the sys-
tem gradually converges to another stable state as the decrease
of z. Such switch ends after several rounds of degradation
process according to the given ending rules. In this way, the
network works in the critical region between chaos and non-
chaos, that is, the network is on the edge of chaos. From above
results, one can conclude that the chaotic neural network can
be controlled to operate on the edge of chaos by modulating
the self-feedback parameter z.

We simulate 5000 times for 10-city TSP with initial con-
ditions of y;; generated randomly in the region [—1.0, 1.0].
After three rounds of annealing process for each simulation,
It is found that the opti-
mization efficiency is related to the value of the damping pa-
rameter 3. When 8 < 0.003, the rate of the globally opti-
mal solution among all simulations can reach 100%. As a

the optimal solution is obtained.
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comparison, TCNN algorithm?°! and SCNN algorithm?!! are
used for 10-city TSP. In SCNN simulations, the noise ampli-
tude A[n(0)] = 0.002, and the damping factor of the noise is
B2 = 0.00005.12!T Other parameters are taken the same as those
in ECNN algorithm of 10-city TSP. 5000 simulations are made
in both TCNN and SCNN algorithms, and the results are given
in Table 1. It can be seen from Table 1 that compared with
the other algorithms, ECNN algorithm shows the advantage
in consuming time for optimization and the probability of the
globally optimal solution.

Then, we solve the 21-city TSP, and the coordinate data
of inter-city distance is obtained from Ref. [35]. The param-
eters are set as z; = 0.035, 1 = 0.5, W; = 1.0, W, = 1.0/980,
B =0.0001, B =rand (0.00001, 0.0003), and other parameters
are the same as those we use in the 10-city TSP. 12 rounds of
annealing process are taken before each simulation ends and
the globally optimal tour length we get is 2707. The globally
optimal route is plotted in Fig. 3.

120 295 355 140 105 170 190

(5) (9) (3) (2) (21)(15) (14) (13)
125

(16) 180
125

3629 110 6827 63 100 155 87 150 77

(6) (8)(7) (1) (12)(4) (11) (20) (19) (A7) (10) (18)
Fig. 3. The optimal tour of the 21-city TSP with tour length 2707. Each
number in brackets represents one city, whereas other numbers repre-
sent the distances between two cities.

For 48-city TSP, the data of inter-city distance is also de-
rived from Ref. [35]. In order to save computing time, we
modify the ECNN algorithm. The feedback term in Eq. (2)
is added only to the randomly chosen m x m (10 < m < 35)
neurons, that is, the dynamics of the chosen neurons is deter-
mined by Eq. (8), while the dynamics of others is described by
the Hopfield model, which can be described by the following
equation:

Yij (tJr 1)

— by )+ af < (L )+ Yoy 0)

I#] It

n n
-Ws (Zdikxkj+l )+ Y daxij1 (f)> +W } )
ki k#i

The parameters in the simulations of the 48-city TSP are
set as z; = rand (0.027, 0.028), I = 0.75, W; = 1.0, W, =
1.0/3160, B = 0.00005, and = rand (0.000005, 0.00005).
Other parameters are the same as those used in the 10-city TSP.
In simulations, parameter z; is randomized between 0.027 and
0.028 for each annealing process, which makes the random-
ness of the network increase. Simulations end if more than 30
annealing had been done and there is no improvement in the
nearest 20 consecutive annealing process. The globally opti-
mal solution of the problem is derived in our simulations. The

globally optimal tour length is 10628 and corresponding route
is plotted in Fig. 4.

5000
4000-
3000-
2000 [¢°

1000

0 1
0 2000

4000

6000 8000

Fig. 4. The optimal tour of the 48-city TSP, each number in the tour
represents one city.

TCNN algorithm and SCNN algorithm are employed to
21-city and 48-city TSPs too. The results with 100 simula-
tions for each case are summarized in Table 2. For SCNN
algorithm, the noise amplitude is set as A[n(0)] = 0.002 for
21-city TSP and A[n(0)] = 0.02 for 48-city TSP and the noise
damping factor is set as B, = 0.00005. The damping factors
of the two algorithms are set as § = 0.000005 for 21-city TSP,
and B = 0.00005 for 48-city TSP. Other parameters are taken
the same as those in ECNN algorithm of 21-city and 48-city
TSP. We find that smaller 8 could not improve the calculat-
ing results for 48-city TSP. The reason is that with TCNN and
SCNN algorithms, less iterations are taken for the 48-city TSP
than for the 21-city TSP as seen in Table 2.

Table 2. Results of three algorithms for the 21- and 48-city TSPs.

21-city 48-city
Rate of global minimum R (%) 100 88
ECNN Average iterations A/ 82076 215907
Average running time 7 (ms) 24.99 782.0
Rate of global minimum R (%) 97 7
TCNN Average iterations Al 379442 37943
Average running time 7' (ms) 93.57 94.21
Rate of global minimum R (%) 98 13
SCNN Average iterations Al 379446 40616
Average running time 7' (ms) 98.54 108.0

As seen from Table 2, the probabilities of the global op-
timal solutions for both 21-city TSP and 48-city TSP with
ECNN algorithm are higher than those with TCNN algorithm
or SCNN algorithm. For 21-city TSP, the rate of the globally
optimal solution with ECNN algorithm is only slightly higher
that with TCNN and SCNN algorithm. However, much less
computing time is demanded for ECNN algorithm to obtain
the globally optimal solution of the problem. In particular,
for 48-city TSP, the probability of the global optimal solutions
with ECNN algorithm can reach 88%, while the probability
with TCNN and SCNN algorithm is 7% and 13%, respec-
tively. However, because of repeated switch between chaotic

100505-5



Chin. Phys. B  Vol. 30, No. 10 (2021) 100505

and non-chaotic states, the computing time in ECNN algo-
rithm is the longest among the three algorithms. Consider-
ing the dominant superiority on the probability of the globally
optimal solution, we believe that ECNN algorithm has a great
improvement over TCNN and SCNN algorithms in solving 48-
city TSP.

At last, we apply our algorithm to the 70-city TSP, and
the coordinate data of inter-city distances are from Ref. [35]
too. The parameters of the algorithm are set as z; = 0.028,
Iy =0.75, W; = 1.0, W, = 1.0/100, = 0.00005, and § =
rand(0.000005, 0.00005). Other parameters are the same as
those used in the 10-city TSP. Simulations end based on the
same rule as the 48-city TSP. The smallest tour length of 70-
city TSP among 100 simulations is 679. However, the globally

optimal tour length of the problem is 675.13%1 There is a gap of
0.59% between our best solution and the globally optimal one.
As a comparison, TCNN algorithm and SCNN algorithm are
used for the 70-city TSP. In simulations, the damping factors
of these algorithms are set as 0.000003, the noise amplitude of
the SCNN algorithm is set as A[n(0)] = 0.020, and the corre-
sponding noise damping factor is set as 8, = 0.00005. Other
parameters are taken the same as those in ECNN algorithm
of 48-city TSP. For each algorithm, we do 100 simulations.
Both TCNN algorithm and SCNN algorithm fail in getting the
globally optimal solution and the gaps of their best tour length
from the globally optimal one are 0.59% and 1.03%, respec-
tively. The summarized results for the 70-city TSP with three
algorithms are listed in Table 3.

Table 3. Results of three algorithms for the 70-city TSP.

Rate of valid The best Gap from the Rate of the best Average Average
solutions solution globally optimal solution solution iterations running time (s)
ECNN 100% 679 0.59% 21% 489273 5227
TCNN 54% 679 0.59% 1% 632377 6343
SCNN 54% 682 1.03% 5% 632377 6423

One can see from Table 3 that ECNN algorithm takes
the least time to search the valid solutions among three algo-
rithms. The probability of valid solutions with ECNN algo-
rithm reaches 100%, while the probability with the other two
algorithms is only at 54%. Besides, ECNN algorithm shows
superiority in getting the best solution. The rate of the best
solution is 21% with ECNN algorithm, while the rate is 1%
and 5% with TCNN algorithm and SCNN algorithm, respec-
tively. Considering the computing time and accuracy, we be-
lieve that ECNN algorithm demonstrates great advantages in
solving TSP with a larger scale.

4. Discussion

For TSPs of 10 cities, 21 cities, 48 cities and 70 cities, our
results prove that ECNN algorithm is much better in terms of
optimization efficiency and accuracy than TCNN algorithm or
SCNN algorithm, and provides an improvement in the solution
of the combinatorial optimization problems.

In order to clarify the superiority of our algorithm fur-
ther, we firstly compare ECNN algorithm to several other
recent works on TSP with improved algorithms based on
CNN. The globally optimal probability for TSP of 30-city is
46% with the algorithm based on CNN with Gauss wavelet
self-feedback,??! 30.5% with the FCSCNN algorithm, >3! and
49% with the HFCSCNN algorithm.”*) ECNN algorithm can
drive the network away from local optimal states. Even in 48-
city TSP, the globally optimal solution can be obtained at a
probability of 88% with ECNN algorithm. This result is much
better than those obtained by other algorithms based on CNN.

Some algorithms based on biological phenomena were

also proposed to solve the combinatorial optimization
problems.B’S‘13J However, crossover, mutation and other ex-
tra operators for evolutionary are usually needed in these

(11.13.24] and the computing time thus are relatively

algorithms,
longer. The local optimal solutions could not be avoided as
well. In the work of Qiao ef al.,**! the results of HNFCSCNN
algorithm were compared with those of genetic algorithm
(GA)!"3] and particle swarm optimization (PSO) algorithm,[!?]
and it was found that the globally optimal solution for 30-city
TSP were obtained by GA and PSO algorithm at a probability
of 32.5% and 29% respectively. In the work of Deng et al.,!'!]
a hybrid genetic algorithm was proposed and the best solution
for 48-city TSP had a gap of 0.005% from the global optimal
solution. With ECNN algorithm, the global optimal solution
is obtained at a rate of 88% for 48-city TSP. Therefore, ECNN
algorithm show advantage in the probability of the globally
optimal solutions.

In recent years, deep learning algorithms have attracted
much attention and been introduced to the combinatorial op-

16-191 Globally optimal solutions can be

timization problems.|
reached in 20-city TSP!'?! with deep learning algorithms, but
for medium and large-scale TSP, it failed to obtain globally
For 50-city TSP and 100 city-TSP, the

gap between the global optimal solution and the best valid

optimal solutions.

solution obtained by deep learning algorithms is 0.12% and
0.87%, respectively.!'”) Meanwhile, a large number of sam-
ples are required in deep learning algorithms. For example,
in the work of Costa et al., about 10000 samples were used
for each problem.[!”) Samples are not easy to obtain as well,
and it would require a lot of time to train samples. But sam-
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ples are not required in the ECNN algorithm. Once the ini-
tial values are given, an optimal solution of the problem can
be reached through the evolution of the neural network. Fur-
thermore, a large probability of the globally optimal solutions
can be obtained with ECNN algorithm for small and medium-
sized problems. The algorithm based on the edge of chaos is
therefore a good way to solve the combinatorial optimization
problems.

The number of iterations and the computing time is de-
pendent on the scale of problems, the parameters of networks
and the ending rule of a simulation as well. In general, more
computing time is needed for larger scale problems. For TSP
of 48 cities, we concentrate on finding the global optimal solu-
tions of the problem at a high probability, and the parameters
and ending rule are set to raise the traversal time in the chaotic
region. The computing time with ECNN algorithm thus is
longer than with TCNN algorithm or SCNN algorithm. How-
ever, for TSP of 70 cities, the global optimal solution could
not be obtained with the ECNN algorithm since it is not easy
to set suitable parameters. We therefore focus on searching
for the best valid solutions of the problem. Traversal time in
the chaotic region is shorten under the chosen parameters and
ending rules. Thus, less computing time is needed with ECNN
algorithm compared to the other two algorithms.

It has been noticed that the parameters of networks are
important to obtain optimal solutions in ECNN algorithm as
in TCNN, 2! SCNN?!l and other algorithms based on chaotic
neural networks.??241 For ECNN algorithm, solutions are
sensitive to the initial value of the self-feedback coefficient
21, the damping factor 8 and the coupling parameters W, and
W,. Parameter z; is chosen by a rule that z; should be cho-
sen to make the network near but not too close to the critical
region, that is, on the edge of chaos. Larger values of z; will
cause the network to enter into the chaotic region deeper, thus
reduces the optimization efficiency as well as the calculation
accuracy. On the other hand, if z; makes networks very close
to the critical region between chaos and non-chaos, the traver-
sal time in the chaotic region is too short to escape from a lo-
cal minimum, thus reduces calculation accuracy. Studies have
revealed that artificial neural networks show strong comput-
ing power when operating on the edge of chaos.[*"! Thus by
modulating the self-feedback parameter z to make the neural
network operate on the edge of chaos, the optimization effi-
ciency is improved and the probability of the globally optimal
solution increase. The damping factor 8 and the coupling pa-
rameters W) and W, are selected according to the experience.
However, it is not easy to find a set of appropriate parame-
ters for TSPs with a large scale. The same problem exists in
TCNN, 21 SCNN2!l and other algorithms based on chaotic

[22-24

neural networks. 1 Efforts have been made to conduct pa-

rameter selection. For example, the algorithm hybridization

s.[TL121 1 the future,

has been tested in optimization problem
we will combine ECNN algorithm with other algorithms to
improve parameter selection. Meanwhile, modulating impor-
tant parameters by searching dynamics is another way we plan

to try.

5. Conclusion

In this work, an algorithm for the combinatorial optimiza-
tion problems is proposed based on neural networks on the
edge of chaos (ECNN), and is then applied to traveling sales-
man problems of 10 cities, 21 cities, 48 cities and 70 cities.
The results show that for small scale TSPs of 10 cities and
21 cities, ECNN algorithm has higher probability of the glob-
ally optimal solutions and less time consumption than TCNN
algorithm and SCNN algorithm. Since ECNN algorithm has
more power to drive the networks away from local minimum,
it shows stronger advantage in searching the globally opti-
mal solution or near-optimal solution for larger scale TSP than
TCNN algorithm and SCNN algorithm. In TSP with 48 cities,
the probability of the globally optimal solution from ECNN
algorithm can reach 88%, while the probabilities with TCNN
and SCNN algorithm are only 6% and 13%, respectively. In
70-city TSP, ECNN algorithm provides much higher the prob-
abilities of valid solutions and the best optimal solution, while
spends less computing time than TCNN and SCNN algorithm.
Moreover, ECNN algorithm is superior to other algorithms
based on CNN, some algorithms based on biological phenom-
ena and deep learning algorithms in searching for the optimal
solutions of TSPs. To conclude, ECNN algorithm provides an
effective way for solving the combinatorial optimization prob-
lems.
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