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We numerically study the interaction dynamics of two bright solitons with zero initial velocities in the one-dimensional
dipolar Bose–Einstein condensates. Under different dipolar strengths, the two bright solitons can merge into a breathing
wave, and then split or propagate constantly after several oscillating periods. We quantitatively study the breathing fre-
quency of wave after merging and the asymmetry property of solitons after splitting, and analyze their formation mecha-
nism by the system’s energy evolution. Also, the change of initial phase difference brings distinct effects on the soliton
interaction. Our results provide insight into the new dynamical phenomena in dipolar systems and enrich the understanding
for interaction between dipolar solitons.
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Matter-wave solitons have become the focus of much re-
cent research,[1–9] and their interactions manifest as abundant
dynamical results. Elastic interaction dominates under the ef-
fect of atoms’ contact interaction, including collision, interfer-
ence, and tunneling dynamics.[10–15] Recently, the creation of
dipolar Bose–Einstein condensates (BECs) brought new possi-
bilities for research on localized structures (including solitons)
and their interaction.[16–22] The dipolar effect has two main
characteristics, i.e., long-range and anisotropic features.[23–28]

The former admits the stabilization of multi-dimensional soli-
tons and new localized waves (like soliton molecules and
the dark solitons with ripples),[29–35] while the latter con-
tributes on the formation of anisotropic solitons.[36–40] Unlike
the contact interaction, the dipolar interaction between atoms
could induce the appearance of inelastic interactions between
solitons.[29,34,35,41,42] It was observed that two in-phase bright
solitons merged into a (stable or unstable) binding state or re-
pel each other,[41,42] while two out-of-phase solitons formed
a bound state with a stable oscillating frequency.[29,42] These
observed interaction phenomena indicate different processes
of energy transfer, prompting us to study their quantitative dy-
namical features and clarify their formation mechanism. In ad-
dition, it is also necessary to focus on how the dipolar strength
and initial phase difference influence the soliton interaction.

In this paper, interaction between two bright solitons with
zero initial velocities in one-dimensional dipolar BECs is stud-
ied. The two bright solitons can merge into a breathing wave,
and then split or propagate constantly after several oscillat-

ing periods, under different dipolar strengths. The splitting
is found to be asymmetric, and the influence of dipolar effect
on the asymmetry is discussed. For the breathing wave with-
out splitting, its oscillating period decreases with the dipolar
strength increasing and is independent of the initial separation
of solitons. In addition, the phase difference of initial solitons
admits more various interaction results.

Considering the short-range contact and long-range dipo-
lar interactions between atoms, the dynamics of condensates
can be described by the nonlocal nonlinear Schrödinger equa-
tion. In the one-dimensional cases, its dimensionless form is

iψt +
1
2

ψxx +gc|ψ|2ψ

+gdψ

∫ +∞

−∞

R(|x− x′|)|ψ(x′, t)|2 dx′−V (x)ψ = 0, (1)

where ψ is the macroscopic wavefunction of condensates, x
and t are the spatial and temporal coordinates, respectively.
V (x) denotes the external potential. The nonlocal response
function R(x) has the form

R(x) = (1+2x2)exp(x2)erfc(|x|)−2π
−1/2|x|.

Depending on the atomic s-wave scattering length as and
its background value as0, gc = as/|as0| is the coefficient of
short-range local interaction. The integral term including re-
sponse functions denotes the long-range dipole–dipole inter-
action term, where gd = ad/|as0| is its coefficient. The charac-
teristic dipole length ad = µ0d2m/12π h̄2, where m and d are
the mass and magnetic dipole moment of atoms oriented along
the x axis, respectively. Here, we consider the cases in which
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both the local and nonlocal interactions are attractive (gc = 1
and gd > 0).

By the split-step Fourier and the imaginary-time evolu-
tion methods,[43] we numerically obtain the profile of bright
solitons ψs(x) in the model (1). It provides the numerical solu-
tions of solitons ψ(x, t) = ψs(x)exp(−iµt) with the chemical
potential µ . The atom number of solitons can be calculated by
N =

∫ +∞

−∞
|ψ|2 dx. To study the interaction between solitons,

we set the initial condition as

ψ(x,0) = ψs

(
x− x0

2

)
+ψs

(
x+

x0

2

)
e iϕ , (2)

where x0 and ϕ are the separation distance and phase differ-
ence of the two solitons. Equation (2) describes the initial set
of two solitons with the zero initial velocity.
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Fig. 1. Density evolution plots of initial condition (2) when (a) gd = 0,
(b) gd = 0.5, and (c) gd = 1.2. They illustrate the motionless, splitting,
and merging dynamics of soliton interaction, respectively. (d) Initial
amplitude profiles in the above three cases, where the red dashed, black
solid, and blue dotted dashed curves correspond to gd = 0, 0.5, and 1.2.
Other parameters are gc = 1, x0 = 8, and ϕ = 0.

Let us start with the cases of ϕ = 0, where the two soli-
tons are in-phase. We set the atom number as constant. By
the split-step Fourier method, the real-time evolutions of soli-
ton interaction are studied.[43] There are three different situa-
tions of soliton interactions. Firstly, when the dipole–dipole
interaction is absent (i.e., gd = 0), the density evolution plot
is shown in Fig. 1(a), where the two solitons keep motion-
less. Secondly, when the dipolar strength gd is increased into
0.5, the solitons attract each other and then separate with a
large velocity [see Fig. 1(b)]. Thirdly, we set gd as a more
large value 1.2. As depicted in Fig. 1(c), the solitons merge
into a breathing wave with a stable frequency. The above re-
sults illustrate three different interaction dynamics of solitons,
namely the parallel moving, splitting, and merging. They are
obviously influenced by the dipolar strength gd. Moreover, the
dipolar strength gd also impacts on the time when the solitons

encounter. From Figs. 1(a)–1(c), the two solitons collide ear-
lier and earlier with gd increasing. We also illustrate the three
kinds of initial amplitude profiles in Fig. 1(d) (as the solitons
on the left- and right-hand sides are symmetric about x = 0,
only the latter is depicted). There are slight differences be-
tween the shapes of three profiles. In a word, the interaction
between two stationary solitons is significantly different un-
der variational g, when the initial separation x0 between them
is fixed. To explore the transition process between the three
phenomena, we employ the initial condition (2) and enlarge
the strength of dipole–dipole interaction from 0. We find that
there is a critical gd value (∼ 0.75) between the splitting and
merging dynamics and the critical value will be different with
the atom number changing. Furthermore, when the local inter-
action are absent, we can also get the same results.

In order to study and describe the both two phenomena,
we consider the total energy of the system,

E = Ek +Eint +Edd, (3)

where Ek, Eint, and Edd are the kinetic, local interaction, and
nonlocal interaction energies, respectively. Their specific ex-
pressions are

Ek =
1
2

∫ +∞

−∞

|ψx|2 dx, Eint =−
gc

2

∫ +∞

−∞

|ψ|4 dx,

Edd =−
gd

2

∫ +∞

−∞

|ψ(x, t)|2
∫ +∞

−∞

R(|x− x′|)|ψ(x′, t)|2 dx′dx.

In our numerical simulations, we set the window width to be
X0, so the range of x is −X0/2 < x < X0/2. The integrals in
these energies need to have the upper limit X0/2 and the lower
one−X0/2 to replace +∞ and−∞. When gd = 0.5 and 1.2, the
energy evolution plots under the initial condition (2) are shown
in Figs. 2(a) and 2(b), respectively. They are corresponding to
the cases of Figs. 1(b) and 1(c). In Fig. 2(a), the splitting pro-
cess can be divided into three stages. When t < 420, the two
solitons get close to each other, and the three energies keep
constant. When 420 < t < 450, they start to interact with each
other and form a bound state. At the time points of soliton col-
liding, the two interaction energies convert into the kinetic en-
ergy. After several oscillating periods, when t > 450, the two
solitons separate with different velocities. The final solitons
have slight breathing behavior, which leads to the weak trans-
fer between the kinetic and interaction energies [see Fig. 2(b)].
Then, we focus on the merging dynamics, which includes two
stages, i.e., the getting-close and merging stages. In the for-
mer stage (t < 270), all the energies keep unchanged. When
t > 270, the solitons merge into a breathing wave, which pos-
sesses the drastic oscillation. In the energy plot (b), there is a
drastic transfer between the kinetic and interaction energies of
the breathing wave. This result is obviously different from the
splitting dynamics shown in Fig. 2(a). The drastic transfer of
energy is related to the low initial value of nonlocal interaction
energy.
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Fig. 2. Energy evolution plots when (a) gd = 0.5 and (b) gd = 1.2. They
correspond to Figs. 1(b) and 1(c), respectively. The red dashed line de-
notes the total energy, while the black, blue, and green curves denote
the kinetic, local, and nonlocal interaction energies.

From Fig. 1(b), one can see that the solitons after splitting
are asymmetric about x= 0, which indicates that they have dif-
ferent propagating velocities. This kind of symmetry breaking
also happens in the other cases of splitting dynamics. Thus,
we define the asymmetry degree as v1/v2, where v1 and v2 are
the velocities of final solitons on the left- and right-hand sides,
respectively. The values of v1 and v2 are measured numeri-
cally by the ratio of space difference to the time difference of
soliton center. When v1/v2 = 1, the two final solitons separate
symmetrically about x = 0. Conversely, v1/v2 6=1 means that
the two solitons have different velocities, always accompanied
by the unequal of atom number. The influence of initial sepa-
ration x0 on the asymmetry degree is shown in Fig. 3(a). The
asymmetry degree distributes away from 1, which expresses as
a gap around 1 in the plot. The similar result is also obtained
when gd changes, as shown in Fig. 3(b). There is no obvious
dependence between the asymmetry and the initial separation
of the two solitons, and which soliton has the greater velocity
seems to be random. We speculate that it is the accumulation
of asymmetry in the soliton propagation that leads to the final
splitting phenomenon.

When the strength of dipole–dipole interaction is large,
the two solitons can form a breathing wave in Fig. 1(c), whose
period T is defined as the time interval between its two ad-
jacent peaks. The initial dipolar potential energy of solitons
is consistent with the variation of initial separation x0. When
the gd is fixed, the period T keeps constant approximately as
illustrated in Fig. 3(c). Thus, the initial separation and the

dipolar potential energy have no obvious effect on the period
of breathing wave after merging. Furthermore, the influence of
gd on T is shown in Fig. 3(d). The breathing period decreases
with the increasing gd, which illustrates an approximative in-
versely proportional dependence between them.
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Fig. 3. Influence of (a) x0 and (b) gd on the asymmetry degree v1/v2 in
the cases of soliton splitting. We set gd = 0.5 or x0 = 8 when the other
one is changing. Influence of (c) x0 and (d) gd on the breathing period
T in the cases of soliton merging. We set gd = 1.2 or x0 = 8 when the
other one is changing.

In the interaction process between solitons, the considera-
tion of their phase difference has brought many distinct effects.
This prompts us to pay attention to the interaction dynamics
between two dipolar solitons under different phase differences.
When the solitons are in-phase, we severally study the cases
where the splitting or merging dynamics is induced. In the for-
mer case (i.e., splitting), the splitting always occurs when we
change the phase difference ϕ . The two solitons express as a
bound state with stable oscillating period when ϕ reaches π .
In the latter case (i.e., merging), the phase difference displays
a more abundant influence. Figures 4(a)–4(d) show the density
evolutions under several different ϕ , and their corresponding
evolutions of kinetic energy are depicted in Fig. 4(e). We re-
call that, when ϕ = 0, the two solitons interact and merge, as
shown in Fig. 4(c). Its kinetic energy firstly increases, then
sharply falls and rebounds, when the solitons collide. Inter-
estingly, the merging dynamics disappears when ϕ is slightly
increased. We show the density evolution of two solitons with
ϕ = 0.01π in Fig. 4(a). They split asymmetrically after sev-
eral oscillating periods, which indicates that the small phase
difference brings instability to the original merging dynamics.
Compared with the case of ϕ = 0, its kinetic energy gradu-
ally becomes different after the collision. When ϕ is increased
into 0.5π , the evolution plot is shown in Fig. 4(b), where the
splitting happens. The evolution of kinetic energy becomes
smoother than the last two cases. When ϕ is close to but not
equal to π , although the splitting finally happens, there are
several rebounds before it. As an example, the evolution plot
is shown in Fig. 4(c) when ϕ = 0.9π . When ϕ = π , the two
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solitons form a stable bound state, as illustrated in Fig. 4(d).
The final two cases showcase smoothest evolution of kinetic
energy. In a word, when the phase difference changes, there
appear four kinds of interaction dynamics, including the merg-
ing, splitting, splitting after rebounds, and the bound state.
With the phase difference increasing, the interaction between
solitons illustrates more regular dynamics, and the transfer be-
tween its kinetic and interaction energies is flatter.
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Fig. 4. (a)–(d) Density evolution plots of initial condition (2) when (a)
ϕ = 0.01π , (b) ϕ = 0.5π , (c) ϕ = 0.9π , and (d) ϕ = π . (e) Kinetic en-
ergy evolution of above four cases. The green, red, black, blue, and purple
curves correspond respectively to the cases of ϕ = 0, 0.01π , 0.5π , 0.9π , and
π (the blue curve is covered by the purple one). Other parameters are gc = 1,
gd = 1.2, and x0 = 8.

In summary, we have illustrated the interaction results of
two bright solitons with zero initial velocities in the dipolar
BECs. Under the low strength of dipolar effect, the two soli-
tons are asymmetrically splitting after colliding and oscillating
for several periods. We characterize the splitting interaction
by the asymmetric degree of final solitons. Obeying the law
of momentum conservation, the splitting exhibits random and
highly asymmetric results. After the strength of dipolar effect
is increased, the two solitons may merge into a breathing wave
with a stable oscillating frequency. The period of bound state
declines with the increasing strength of dipole–dipole inter-
action and keeps invariable value under different initial sepa-
rations of solitons. Moreover, the initial phase difference of

solitons has an obvious effect on enriching the interaction dy-
namics. The bound state is formed when the solitons are out-
of-phase. There is a transition process between merging, split-
ting, and bound state when one changes the phase difference.
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