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Enhancing stationary entanglement between two optomechanical
oscillators by Coulomb interaction with Kerr medium*

Tian-Le Yang(# K 5%), Chen-Long Zhu(k[% ), Sheng Liu(X|7), and Ye-Jun Xu(¥FkZE)"

International Research Center of Quantum Information and Photoelectric Information, School of Mechanical and Electronic Engineering,
Chizhou University, Chizhou 247000, China
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We theoretically study the stationary entanglement of two charged nanomechanical oscillators coupling via Coulomb
interaction in an optomechanical system with an additional Kerr medium. We show that the degree of entanglement be-
tween two nanomechanical oscillators is suppressed by Kerr interaction due to photon blockade and enhanced by Coulomb
coupling strength. We also show other parameters for adjusting and obtaining entanglement, such as the driving power
and the frequencies of the two oscillators, and the entanglement is robust against temperature. Our study proves a way for
adjusting stationary entanglement between two optomechanical oscillators by Coulomb interaction and Kerr medium.

Keywords: entanglement, Kerr interaction, Coulomb interaction, optomechanics

PACS: 42.50.Pq, 03.65.Ud, 42.50.Dv

1. Introduction

Quantum entanglement is one of inherently physical phe-
nomena that it is considered to be important resource not only
in quantum information processing,!!~®! e.g_, performing com-
munication and computation tasks with an efficiency which is
unachievable in classical world,!”-8] but also in setting the tran-

9-11 Ag a basic

sition between classical and quantum world.!
feature of quantum theory, quantum entanglement is a signifi-
cant resource of quantum network that allows the inseparable
quantum correlation to be shared between distant parties.!!>13!
The generation of quantum entanglement is a crucial task in
quantum information processing. Many methods for gen-
erating quantum entanglement have been proposed,!42!] in
which the principle of Schrodinger’s cat is often the basis
of experimental proposals to observe macrosopic quantum
entanglement.>? More recently entanglement has been ex-
perimentally achieved in microscopic objects such as photons,
phonons and atoms. [23-24]

A cavity optomechanical system is an ideal platform for
preparation of entangled states. Over the past few years, due
to its unique applications, the research on entangled states has
attracted considerable interest, such as the high-sensitivity de-
tection of small masses or forces with the precision of quantum
limits.[>>-3%1 A standard optomechanical system is composed
of a movable mirror coupling to a Fabry—Pérot cavity by the
radiation pressure force. The variant based on the standard op-
tomechanics is abundant, for example, nanoelectromechanical
systems formed by a microwave cavity capacitively coupling
to a nanoresonator,*!l cavity optomechanics with stoichio-
metric SiN films, 2! and a semitransparent membrane within

a standard Fabry—Pérot cavity.[*33*] More recently, many hy-

DOI: 10.1088/1674-1056/abff3e

brid optomechanical systems have emerged, including a hy-

brid cavity magnomechanical system,[? an atomic ensemble

35.36] 3 nonlinear

[33]

placed within an optical Fabry—Pérot cavity,!
Kerr medium inside an optomechanical cavity, and so on.
Especially, the effect of Kerr medium on the dynamics of
optomechanical systems was extensively investigated.3’0]
Generally, the entanglement in optomechanical systems is lim-
ited by photon blockade mechanism. [41=#4]

Here, we consider an optomechanical cavity coupling to
an external nanomechanical oscillator (NMO) and the cavity
is additionally filled with a Kerr medium.*#7 The range
of interaction distance is from nanometer to meter due to the
Coulomb coupling, #8491 and the strength can be adjusted by
the bias voltage.’*>!1 We primarily discuss the effect of Kerr
interaction and Coulomb coupling strength on the stationary
optomechanical entanglement. The entanglement is enhanced
with increasing the Coulomb coupling strength. In consider-
ation of Kerr interaction, this leads to the photon blockade,
which will lower the entanglement. Utilizing the adjustability
of Kerr interaction and Coulomb coupling strength, it is easy
to accomplish the transformation between different degrees of
entanglement. All entanglements are robust against environ-
mental temperature. We use the standard Langevin formalism
to model the system, solve the linearized dynamics and quan-
tify the entanglement in the stationary state. Compared with a
related research in Ref. [51], which models a hybrid optome-
chanical system with a Fabry—Pérot cavity coupling an exter-
nal NMO through Coulomb force for studying the entangle-
ments between two NMOs, here our work considers that the
cavity is additionally filled with a Kerr medium. We mainly
demonstrate the influences of Kerr interaction, Coulomb cou-
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pling strength and cavity decay rate, i.e., on the entanglement
between two NMOs. We also show the effects of Kerr interac-
tion and Coulomb coupling on the entanglement among cavity
and NMO;.
degree of entanglement can be detected among them.

Even in the absence of Kerr interaction, weak

2. Model and steady state solutions

We consider an optomechanical cavity filling with the
Kerr medium coupling to an external nanomechanical oscil-
lator via Coulomb interaction, as shown in Fig. 1. One strong
pump field with frequency @, is injected into a high quality
Fabry—Pérot cavity with frequency @.. The cavity is com-
posed of a fixed mirror and a movable mirror NMO;, which is
charged by the bias gate voltage V; and subject to the Coulomb
force due to another charged NMO, with the bias gate volt-
age —V,. Here ry is the equilibrium distance between the two
NMOs.

The Hamiltonian of the system reads

(&)

H/h = A’ cr 2 7(

> Lpi+a) + = (B +B)

—gcleqi +Aqiqr +igy(ch —c) + ){cTzc2 (1)

where Ac = @. — @, respresents the detuning of pump field
from the bare cavity, ¢ and ¢’ are the annihilation and creation
operators of the cavity mode with the commutation relation
[c,cw =1, q1(q2) and p;i(py) are the dimensionless position
and momentum quadratures of the charged NMO; (NMO,)
i); o
() and m; (my) are the resonance frequency and effective

with the commutation relation [g1,p1] =1 ([g2,p2] =

mass of the charged NMO; (NMO»). The coupling parameter
between NMO) and the cavity field is g = @,/ L\/m with
L being the cavity length and m the mechanical mass. Here,
A = CiViCV,/ (2mhigyry) is the Coulomb coupling strength
between the charged NMO; and NMO,;, where the NMO; and
NMO, take the charges Q; = C1V| and Q, = —C,V;, with
C1(C) and V| (—V2) being the capacitance and the voltage of
the bias gate, respectively. The strong pump field possesses
the frequency @, and the amplitude g, = \/W, with
P being the power of the pump field and x the cavity decay
rate. Giant optical Kerr nonlinearities are obtained by plac-
ing a £) medium inside a cavity,? with the Kerr parameter
% =302Re[E0)
medium, V. the volume of the cavity, and 5(3

1/2&0 Ve, € being the dielectric constant of the
) the third-order
nonlinear susceptibility.

The quantum Langevin equations (QLEs) describing the
system are given by

g1 = wpy, )
p1 = —wiq1—npi+ectc—Ag+&, 3
G2 = mpo, 4

P2 = —q—pp2—Aq +&, ®)]
¢ = —(k+id)c+iggic—ixc'e® + e+ V2kem, (6)

where ¥ (72) is the decay rate for NMO; (NMO;). The
quantum Brownian noise &; (&) comes from the coupling be-
tween NMO; (NMO») and its own environment, whose corre-
lation function can be approximately written as (€ () £ (¢')) ~
Ym (24 1) (¢ —t'), where a non-Markovian Brownian force
approximation has been made when the experimentally real-
izable quality factor Qp, = @ /%m is very high, up to 100,53
Here ii = [exp (ho /ksT) — 1]
mal excitation, with kz the Boltzmann constant and 7 the en-

is the mean number of ther-

vironmental temperature, and cj, is the input vacuum noise
operator with nonzero correlation function (cy, ()¢ (t')) =

S(t—1).

512

/////
Vol

Kerr
medium

€ out

fixed mirror

NRi(Q1) NR:(Q2)

Fig. 1. The sketch of the optomechanical system. The cavity contains
the Kerr medium.

Using a standard method in quantum optics, we take
the expectation with respect to the steady state of Egs. (2)—
(6).15%57] Neglecting all the fluctuations, we set

d(p1); d{q1); d(p2); d{q2),

dt ~  dt dr dt  dr

where the subscript s denotes the steady-state value ({(p1), =
Piss (q1)s = q1s, (P2)s = P2s: (@2)s = q2s and (c); = ¢5).
The steady state solutions are given by pis = pas =0, g15 =
glesl? /(01 +A%/an), qos = —Aqis/@2, s = &/ (K +iA),
where A = A. — gq1s+ X \cs|2. Since the pump field is strong,
the cavity field has a large amplitude |cg| > 1, which allows us
to linearize the dynamics of the system around the steady-state
values by writing any operators as ¢ = ¢ + 0c, q; = gis + 0¢;
and p; = pis+ 0 p; (i = 1,2) and neglecting second order fluc-
tuation terms, such as 8c'8c. The QLEs of the fluctuational
operators read

041 = W0py, @)
8p1 = —@18q1 — 118p1 +V2gcs6X —Adqr+ &1, (8)
0G2 = MO, ©
0pr = —dqy —10p2 —Adq1 + &, (10)
0¢ = —(K+1Ac)8c+1ig(csbq1 +qi1s6¢)

—ix(c28c + e 8¢) + V2Ke. (11)
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3. Entanglement

In the following, we aim at investigating the NMO-NMO
entanglement of the system containing the Kerr medium.
The linearized QLEs describing the quadrature fluctuations
(841,6p1,8¢2,8p2,6X,8Y), with 6X = (8c+8c') /V2,
8Y =i (8c" —8¢) /v/2, can be written as it () = Au (t) +n(t),
where

u(t) =841 (), 8p1 (1), 842 (1) 8pa (1), 6X (1), 8Y (1)),
n(t) =[0,&(r),0,& (1), V2KX™ (1), V2KY™ (1) ]

represent the vector of input noises, with Hermitian input noise
operators X = (ciy +¢ )/vV2 and Y™ = i(c] —cin)/v/2. The
drift matrix A is given by

0 @ 0 0 0
—o -% -A 0 Gn
0 0 0O wm O

[l el Ne)

A= ; 12)

A 0 —mm —p O
0 0 0 0 —-x A
Gn 0 0 0 —-A —x
where
Ay =A+2y e’

Gm = V28¢5 = 20 /L\/KP/(mw; a3 (K + A2)).158]

Owing to the linearized dynamics and the Gaussian na-
ture of the quantum noises 51(2) and cjp, the steady state of
the quantum fluctuations of the system is a zero-mean bipar-
tite Gaussian state. As a consequence, it is fully characterized
by the 6 x 6 covariance matrix (CM) V with matrix elements,

Vij = (i (6 () +u (i (1)) /2 (i) =1,2,...,6). (13)
When the system is in the stable limit (1 — o), we can obtain
V=X [t [ almoMu@oute—1),  (14)
kil -
where

O (t—1") = ((ne(O)n (¢ +my (i (1)) /2

is the steady-state noise CM, and M = exp (Az7).

achieve the steady-state CM V by solving the Lyapunov
58]

We can

equation!

AV +VAT = —D, (15)

where D = diag[0,7 (271 +1),0,7 (22 + 1), k, k] is the di-
agonal matrix, which is defined via

<i’l,’(l)}’lj(l/) +nj(t')n,- (t)> /2 = Dijé(l — [/). (16)

Equation (15) is a liner equation for V and can be straightfor-
wardly solved, whereas the explicit expression is too cumber-
some and will not be reported here.

To investigate bipartite entanglement of the system, we
can trace over the remaining degrees of freedom. Here we

adopt the logarithmic negativity Ex as a convenient measure
of entanglement, 3% which is defined as

Ex =max[0,—In2v_], a7
where 7_ = min eig| i.QzV4’ is the minimum symplectic eigen-
value of the CM V; = PypVaPrp, £0 = @§:1
plectic matrix, oy is the y-Pauli matrix, and V4 is the 4 x 4 CM

ioy is the sym-

of two subsystems, which is obtained by disregarding the last
two rows and columns in V, and Py, = diag (1,—1,1,1) is the
matrix that performs partial transposition on CMs. (0]

The stationary entanglement of the system in the steady
state is guaranteed when all eigenvalues of the drift matrix A
possess negative real parts, which can be derived using Routh—
Hurwitz criteria.[®?) For numerically illustrating the effect of
Kerr medium in a hybrid cavity optomechanical system, a set
of experimentally accessible parameters have been taken into
account here: m =5 ng, L = 1 mm, and x = 88.1 MHz.[63-64]
For simplicity, we have taken equal parameters of the two
NMOs, ie., 0 =) = @Bn =27 x 100 MHz, y1 = = Ym =
27 x 100 Hz, and the cavity-field wavelength A is 810 nm.

0.10 ; \ ]
0.05 H ]
0 05 10 1.5 20 25 3.0

A / Wm

Fig. 2. Logarithmic negativity Ex with respect to the normalized de-
tuning A /oy, at temperature 7 = 4 mK and driving power P = 50 mW.
Here we use L = 0.9, in (a) and } = 3 Hz in (b). See text for details
of the other parameters.

Generally speaking, En is repressed by the large Kerr
parameter ). The results on the behavior of Ex with vary-
ing x are shown in Fig. 2(a), it clearly demonstrates that Ex
is repressed with increasing ). In the case of ¥ = 0, the
significant entanglement remains near A/®y, = 0.6 and for
x = 5 Hz it is shifted towards larger detuning value around
A/wn = 0.8. More close to the point, with increasing y, the
range of entanglement between two NMOs can be narrowed,

i.e., from A/wp € [0.2,1.6] (solid line) to A /@y, € [0.45,1.4]

124201-3



Chin. Phys. B Vol. 30, No. 12 (2021) 124201

(dot-dashed line). This phenomenon indicates that the pho-
ton blockade greatly lowers the number of the cavity photon,
which is induced by the Kerr interaction y, thus Enx can be
spoilt when the effective coupling between the two NMOs is
weakened, as is shown in Fig. 3, where N is the mean in-
tracavity photon number and is defined as N = |¢s|*.1% In
Fig. 3(a), we can see that negative values of cavity-pump de-
tuning are necessary to observe the optical bistable behavior
with the increasing ). Therefore, we choose A = —3wy, in
Fig. 3(b), and we can observe that N decreases with large x.
In contrast, Fig. 2(b) reflects that En is enhanced via increas-
ing the Coulomb coupling parameter A. The optimal entangle-
ment is shifted from A /@y, = 0.9 (solid line) to lower detun-
ing value around A /@y, = 0.7 (dot-dashed line). The effective
coupling between the two NMOs is enhanced with increasing
the Coulomb coupling strength A. Simultaneously, the exis-
tence region of Eyx between the two NMOs can be enlarged,
i.e., from A/@y, € [0.6,1.2] (solid line) to A/ @y, € [0.3,1.5]
(dot-dashed line). The wider the effective detuning range is,
the easier it is to achieve in experiments. These two figures
imply that Kerr interaction ) and Coulomb coupling strength
A are the two main factors affecting the entanglement between
the two NMOs. En will disappear with large Kerr interaction
x = 10 Hz or small Coulomb coupling strength A = 0 (not
shown here), respectively.

N (108)

N (109)

0 2 4 6 8 10
x (Hz)
Fig. 3. (a) Mean intracavity photon number as a function of A, with dif-
ferent . (b) Mean intracavity photon number as a function of )} with
A = —30n.
For further investigation about the effect of Kerr inter-
action ¥ and Coulomb coupling strength A on Ey, we plot
in Fig. 4(a) En versus A /oy, and in Fig. 4(b) En versus X

respectively. In Fig. 4(a), it clearly displays that the two

NMOs are unentangled below a critical Coulomb coupling
strength A. and Ex monotonically increases with A in the
range A € [A, @y). Critical values A¢.; = 0.05@,, for y =0
(solid line), A,; = 0.13@,, for ¥ = 3 Hz (dashed line), and
Az = 0.29@,, for ¥ = 5 Hz (dot-dashed line) are observed. It
is obvious from Fig. 4(b) that the two NMOs are disentangled
above a critical Kerr interaction y. and Eny monotonically de-
creases with y in the range ¥ € [0, x.]. We find critical Kerr in-
teractions .1 = 5 Hz for A = 0.3y, (solid line), y.» = 7.2 Hz
for A = 0.6y, (dashed line), and )3 =9 Hz for A = 0.9y,
(dot-dashed line). Ex decreases with increasing the Kerr inter-
action due to the photon blockade mechanism. It is worth men-
tioning that the critical value of Coulomb coupling strength A
increases with Kerr interaction ). Therefore, we infer that
when y increases, A, should also increase. Only in this limit
can the entanglement between the two NMOs be guaranteed.

0.35F
0.30f
0.25¢
0.20f
0.15f
0.10f
0.05f

IDN

0.35F
0.30F
0.25
0.20F
0.15F
0.10F
0.05F

EN

x (Hz)

Fig. 4. The logarithmic negativity versus (a) A /@, and (b) Kerr pa-
rameter ). The parameters are the same as in Fig. 2 but for A = 0.9wy,.

The dependence of Ex on driving power P, Kerr inter-
action ) and coupling strength A are presented in Figs. 5(a)
and 5(b), respectively. Apparently, Ex has two distinct be-
haviors with different driving powers P. In the range P €
[2 mW, 15 mW], Ey increases very quickly with respect to P.
If we continue to increase the driving power P, En will de-
crease gradually. In particular, in Fig. 5(a), Ex increases with
Kerr interaction being ¥ = 0. It is crucial to analyze the robust-
ness of EN as a function of the environmental temperature 7.
As shown in Figs. 6(a) and 6(b), we can see the expected decay
of Ey for increasing temperature 7. In Fig. 6(a), in the absence
of Kerr medium, Ey is very robust as a function of 7. With the
increase of ), the value and the critical value of temperature
T decrease (T is defined as T > T;, En = 0). This explains

124201-4
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that the robustness of Ey is inversely correlated with Kerr in-
teraction . We can likewise explain the phenomenon in terms
of photon blockade. In contrast, it is found from Fig. 6(b) that
the value and the critical value of temperature 7 increase with
increasing A. Therefore, the robustness of Ey is enlarged with
increasing A.

0.4F

0.3

0 20 40 60 80 100
P (mW)
Fig. 5. The logarithmic negativity En with respect to the driving power
P (mW) at temperature 7 =4 mK, and normalized detuning A = 0.9wy,.
Here we set A = 0.9@y, in (a) and y =3 Hz in (b).

(a) ]

0 0.01 0.02 0.03 0.04

T (K)
0.35F ' ' ' ]
kS — A =0.3wn, (b)
030 = -=- ) = 0.6wm
0.25 = % = A= 0.9wp
2 020F %
o5}
0.10F N\ %
0.05
ok 3,
0 0.01 0.02 0.03 0.04
T (K)

Fig. 6. Ex as a function of the environment temperature 7 (in units of
K). The parameters are the same as in Fig. 5 but for P = 50 mW.

In general, lower cavity decay rate k is needed in an op-
tomechanical system to improve the intracavity photon num-
ber. With large cavity decay k, En disappears completely,
which can be derived from the steady state solution c¢g =

&/(k+iA). The biggest entanglement is obtained near

K /oy = 0.2 in Fig. 7(a), and the cavity decay k corresponding
to maximal entanglement increases with A in Fig. 7(b). The
range of entanglement can be narrowed, i.e., from k/@n, €
[0.03, 0.9] (solid line) to /@, € [0.03, 0.8] (dot-dashed line)
with increasing ). In contrast, the range of entanglement can
be enlarged greatly with A.

04r

0.3

0.25

0.20

0.15
g

0.10

0.05

0 02 04 06 08 1.0
K:/wm

Fig. 7. Ex versus cavity decay rate k/®p. Other parameters are the
same as in Fig. 5 but for P = 50 mW.

0.35
0.30
0.25
0.20
0.15
0.10f E
0.05F ]

IDN

0.25F + 7T

0.20f Trmrmememimrmm s, -1

Ex
’
’

0.10F Te-

0.05 /\/

Fig. 8. En with respect to frequency ratio ¢ when the two charged
NMOs have different frequencies (@, = ¢ @, ). The rest of the parame-
ters are P =50 mW and 7 = 4 mK.

In fact, identical frequencies of two NMOs are hard to be
guaranteed. Therefore, one important task is to analyze Ey in
the general case of frequency ratio ¢ # 1. The maximal entan-
glement occurs only in the small range around ¢ = 1, as shown

124201-5
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in Figs. 8(a) and 8(b), which means that the difference in fre-
quency values between two NMOs should not be significant.
Figure 8(a) partly reflects that without the Kerr interaction %,
the maximal entanglement between the two charged NMOs is
obtained when ¢ = 1. With increasing ¥, the value of max-
imal entanglement decreases, and the maximal entanglement
only occurs for higher value of ¢ (@, > ®;). In Fig. 8(b),
the maximal entanglement is obtained when ¢ = 1.1, and the
entanglement increases with A. However, the optimal entan-
glement corresponds to the identical value of ¢ while varying
A. On the contrary, the Kerr interaction ) can change the value
of ¢ corresponding to optimal entanglement.

We plot Ey in Fig. 9 for the NMO-NMO entanglement in
the case of different decay rates of two NMOs. The entangle-
ment is anti-correlation with I, and therefore the decay rate
of NMO; should be larger than the decay rate of NMO; to
attain optimal entanglement. In this case, the maximal entan-
glement appears at I" = 0. The above discussion implies that
the NMO-NMO entanglement can be enhanced by the decay
rate of NMO; and Coulomb coupling strength A. The entan-
glement will decrease if the Kerr interaction ) increases in
terms of photon blockade mechanism.

. ~ ---x =3 Hz
z L . X
& 02 oo X=5Hz
0.1} e ]
ok L LIPS J
0 1 2 3 4 5
r
0.30F -, — X = 0.3w, (b)
~". —— A= 0.6wy,
0.25 3 A= 0l
0.20F "~ Sl
0.10} Tl
0.05f T T
Ok N
0 1 2 3 4 5
r

Fig. 9. Ex with respect to decay rate ratio I" when the two charged
NMOs have different decay rates (7> = I"y1). The rest of the parameters
are P=50mW, ¢ =1 and T =4 mK.

Lastly, we present the entanglement between cavity and
NMO;. Here V4 should be changed, which is obtained by
disregarding the third and fourth rows and columns in V. In
this three-mode hybrid system, the entanglement between two
NMOs is stronger than that between the cavity and NMO;. Si-
multaneously, the entanglement between the cavity and NMO,
is too weak (107 in order of magnitude) and will not be
demonstrated here. Figure 10 clearly displays that the degree

of entanglement between the cavity and NMO; is very small.
Here, the effects of y and A are similar to the cases in Fig. 2.
It is worth noting that g is the coupling parameter between
NMO; and the cavity field. Heightening the value of ¢, the
value of g will increase, and then the entanglement between
the cavity and NMO; will be enhanced.
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Fig. 10. Ey between the Fabry—Pérot cavity and NMO; with respect to
the normalized detuning A /®y. We adopt ¥ = 0 in (b). Other parame-
ters are consistent with those in Fig. 2.

4. Conclusion

In summary, we have presented the NMO-NMO entan-
glement in an optomechanical system with a Kerr medium
and two charged NMOs, where one oscillator is coupling to
another oscillator via Coulomb interaction. Using possible
strategies to measure the entanglement, we find that the gen-
erated entanglement can be controlled by adjusting the Kerr
interaction, Coulomb coupling strength and the frequency ra-
tio of two NMOs. The maximal entanglement can be obtained
when the decay rate of NMO; is larger than the decay rate of
NMO:; (%> < 7). The NMO-NMO entanglement is spoilt by
Kerr interaction due to the photon blockade mechanism. In
contrast to the case with Kerr interaction, the Coulomb cou-
pling strength can enhance the NMO-NMO entanglement due
to stronger effective coupling between two NMOs. Moreover,
Kerr interaction has an important influence on changing the
values of cavity decay rate and frequency ratio of two NMOs
corresponding to maximal entanglement. Our results indi-
cate that this hybrid optomechanical system could provide a
promising platform for research of macroscopic quantum phe-

nomena.
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