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The injection of a self-avoiding flexible polymer into a spherical cavity under a driving force is studied by using
Langevin dynamics simulation. For given polymer length (N) and driving force ( f ), the polymer can be completely injected
into the cavity only when the radius of the cavity is larger than a transition radius (ReC). The dependence of ReC on N and
f can be described by a scaling relation ReC ∝ N1/3 f−δ . The value of δ changes from 4/15 in the small f region to
1/6 in the moderate f region due to the screening of the excluded-volume interaction between monomers. We find the
complete injection time (τ) decreases monotonously with increasing the cavity radius or decreasing the polymer length.
The simulation results are in good agreement with the theoretical predictions from the free energy analysis and a simple
kinetic model.
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1. Introduction
Polymers (such as DNA and RNA) can be driven to

translocate through nanopores from the cis space to the trans
space. It relates to many biological processes and technologi-
cal applications, such as ejection of DNA from a virus capsid
into host cells,[1] transportation of proteins, and RNA through
channels in biological membranes,[2–4] DNA packaging,[5–8]

genome mapping,[9–12] gene therapy,[13] new method for DNA
sequencing and separation,[14–23] etc. Accordingly, the dy-
namical properties of the translocation process have been stud-
ied extensively in the last two decades.

Since the size of the pore connecting the cis space and
the trans space is much smaller than that of the polymer in
the free space, it is very difficult for the polymer to translocate
through the pore spontaneously. Therefore, polymer translo-
cation is often driven by an external force, which can be pro-
vided by the electrical field,[20–23] the flow of fluid,[24,25] bind-
ing particles,[26–28] the attraction of the membrane on the trans
side,[29,30] or the spatial confinement,[31–37] etc. In the studies
of polymer translocation, the dependence of the translocation
time (τ) on related parameters have attracted lots of attention.

For the case that both the cis space and the trans space
are half-infinite, it was found that τ as a function of the poly-
mer length N and the driving force f can be expressed as τ ∝

Nα f−β . For driven translocation by a transmembrane force,
Kantor and Kardar predicted α = 1+ν , where ν is the Flory
exponent.[38] However, based on the idea of tensile force prop-
agation theory, the value of α was found to range between 2ν

and 1+ν , depending on the strength of the driving force.[39–41]

Recent simulation results showed that α changes from 1.37
for faster translocation to 1+ν for slower translocation.[42–44]

The value of α was also found to be dependent on the polymer-
pore interaction. Specifically, α = 1.35 for a noninteracting
pore, and α = 1.22 for strong attraction pores.[45] For the ex-
ponent β , it was predicted that β ∼ 1 for small driving forces
and β ∼ 0.8 for large driving forces.[46–48]

The translocation time is also influenced by the confine-
ment of the cis space and the trans space. For polymers in
a confined cis space, the confinement of the cis side is con-
ducive to the translocation process, and the polymer can es-
cape from the cis side spontaneously by the so-called entropic
force.[31] Park and Sung have first studied the escape of an
ideal polymer from a spherical cavity through a small hole
via the mean first passage time, and found that the confine-
ment gives rise to the asymmetries of the entropic free energy
landscape and then drives the polymer to the outside of the
sphere.[32] It was found that there is a simple scaling rela-
tion between the translocation time (τ) and the polymer length
(N), i.e., τ∼ N2, for small spheres.[32] However, when the ex-
cluded volume interaction between polymer segments is taken
into account, the confinement effect of the sphere on the poly-
mer is strengthened, and several different scaling relations be-
tween the translocation time, the polymer length, and the ini-
tial volume fraction were found.[49,50] Recently, Huang and
Hsiao performed an elaborate simulation study on the ejection
of polymer from a spherical cavity, and showed clearly that
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the ejection process comprises mainly three stages: the prior
stage, the confined stage, and the nonconfined stage.[37] In the
confined stage and the nonconfined stage, the ejection velocity
shows different scaling relations on the number of monomer in
the sphere, respectively.[37]

On the contrary, when a polymer moves into a confined
trans space, it will lose lots of accessible configurations, lead-
ing to a large reduction of the conformation entropy. There-
fore, the confinement of the trans side will produce an effec-
tive resistive force on the polymer during the translocation pro-
cess, and the successful translocation can be achieved only un-
der large external driving forces.[5–8] By using the stochastic
rotation dynamics algorithm, Ali et al. have investigated the
packaging of flexible polymers into a capsid.[51] It was found
that there are several pauses during the packaging process due
to the motor losing grip of the monomers and the capsid’s re-
sistive force, and the packaging rate shows an approximately
linear decrease with the number of packed monomers, which
is in consistence with the experimental findings.[5] Moreover,
the force needed to pack the chain was found to increases
sharply near the full packaging.[51] Zhang and Luo have stud-
ied the driven translocation of a polymer into a circular con-
finement through a small pore, and found that the scaling ex-
ponent of the translocation time with the polymer length is
dependent on the driving force and the monomer density of
the whole polymer in the circular confinement.[52] Other stud-
ies indicated that the packaging of polymers into a cavity is a
complex dynamical process, which is affected by many other
factors, such as the attractive interaction between the poly-
mer and the inner wall of the cavity,[30] the geometry of the
cavity,[53–55] the flexibility of the polymer,[51,56] the tempera-
ture of the solvent,[57] the topology of the polymer,[58] etc.

Though the injection of polymer into a small spherical
cavity has been studied by several groups, most of the works
are based on an assumption that the polymer can be injected
into the confinement completely under the driving force. In
fact, under a constant driving force, whether the complete in-
jection occurs or not is dependent on the polymer length and
the radius of the cavity. In our recent work, we have studied
the spontaneous injection of a flexible polymer into a spheri-
cal cavity from a long channel.[59] It was found that there is
an obvious transition for polymer from the partial injection to
the complete injection with increasing the radius of the cavity.
However, the transition is not clear yet for forced cases.

In this work, the driven injection of a polymer into a
spherical cavity is studied by using Langevin dynamics simu-
lation. The transition radius of the cavity, at which the polymer
changes from a partial injection state to a complete injection
state, is defined based on the variation of the complete injec-
tion probability with the radius of the cavity. The dependence
of the transition radius as well as the complete injection time

on the polymer length and the driving force are mainly inves-
tigated. Several scaling relations are found and further con-
firmed by the free energy analysis and a simple kinetic model.

2. Simulation model and method
Simulations are carried out in three-dimensional (3D)

space. Figure 1 shows a sketch of the model system. A half
infinite space (the cis side) and a spherical cavity (the trans
side) with radius R are connected by a short cylindrical chan-
nel with radius Rp and length L. The boundary of the model
system (the wall, the channel and the cavity) is continuous.

spherical cavity

channel

wall

head
end

y

x

f
N↩m

cis

trans

m

R

Fig. 1. A sketch of the simulation model system. The cis side (a half infinite
space) and the trans side (a spherical cavity with radius R) are connected by
a short cylindrical channel with radius Rp and length L. Inside the channel,
each monomer of the polymer is driven by a constant force f in the direction
of the x axis.

In our simulations, the polymer is modelled by a coarse-
grained off-lattice bead spring model, in which the polymer
with length N is composed of N identical monomers connected
by bonds sequentially. The interaction between monomers is
described by the repulsive Weeks–Chandler–Andersen (WCA)
potential,

ULJ(r) =

 4ε0

[(
σ

r

)12
−
(

σ

r

)6
]
+ ε0, r ≤ rcutoff,

0, r > rcutoff,

(1)

where r is the distance between two monomers, ε0 is the inter-
action strength, σ is the diameter of monomers, and rcutoff =

21/6σ is the cut-off distance. Moreover, there are additional
interactions between bonded monomers, which are described
by the finitely extensible nonlinear elastic (FENE) potential

UFENE(r) =−
k
2

R2
0 ln

[
1−
(

r
R0

)2
]
, (2)

where k is the spring constant, r and R0 represent the bond
length and the maximum bond length, respectively.

The interactions between monomers and the boundary of
the simulation system (the wall, the channel, and the cavity)
are also described by the WCA potential (Eq. (1)), where r rep-
resents the nearest distance between monomers and the bound-
ary of the system. Besides, any monomer inside the cylindrical
channel experiences a driving force 𝑓dr = f 𝑥̂. Here, f is the
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driving force strength, and 𝑥̂ is a unit vector in the direction of
the x axis. Therefore, the polymer is driven to inject into the
spherical cavity.

The motion of each monomer is described by the
Langevin equation

m
d𝑣
dt

=−∇(ULJ +UFENE)+𝑓dr−η𝑣+𝐹 T, (3)

where m is mass of the monomer, η is the friction coeffi-
cient, and 𝐹 T is the random force with

〈
𝐹 T(t)

〉
= 0 and〈

𝐹 T(t) ·𝐹 T(t ′)
〉
= 6ηkBT δ (t − t ′), where kB is the Boltz-

mann constant and T is the temperature. For the numerical
integration of Eq. (3), we use the velocity Verlet algorithm
with a time step ∆t = 0.005.

At the beginning of the simulation, the polymer is gener-
ated at the cis side with the head monomer in the middle of
the cylindrical channel. We at first set f = 0 and run a long
time (> 106) of Brownian motion to equilibrate the polymer
under the constraint that the head monomer is fixed. Once the
polymer is at the equilibrium state, we switch on the driving
force and release the head monomer, and let the polymer run
a long enough time (te > 107) to reach the final steady-state,
at which the number of packed monomers will no longer in-
crease. We then counter the number of monomers (min) in the
cavity. If min < N, it indicates that only part of polymer is
in the spherical cavity, i.e., the polymer is partially injected.
While if min = N, it means that the whole polymer is in the
spherical cavity, i.e., the polymer is completely injected. The
complete injected probability Pin is defined as nw/nsam, where
nsam represents the number of independent samples, and nw

is the number of samples satisfying min = N. For the com-
pletely injected case, we also calculate the injection time τ ,
which is defined as the time interval from min = 0 for the last
time to min = N for the first time. During the simulation, the
head monomer may go back to the cis side under the random
thermal fluctuation, i.e., the injection attempt is unsuccessful.
In that failed case, we stop the simulation and begin a new
simulation run. We would note that the failed samples are not
counted in nsam.

In this work, σ , m, and kBT are chosen as the units of
length, mass, and energy, respectively. So, the time scale
and the force scale are given by tLJ = (mσ2/kBT )1/2 and
f0 = kBT/σ , respectively. In the simulation, we fix ε0 = 1,
k = 15, R0 = 2, η = 1. Besides, to ensure the monomers of the
polymer move across the channel one by one, we adopt a nar-
row and short cylindrical channel with Rp = 1.5 and L = 2. In
our model, the short-range repulsive interaction between poly-
mer and the spherical cavity is WCA potential (Eq. (1)) with
rcutoff = 21/6σ , so the distribution of monomers in the cavity
with radius R is roughly confined in a spherical space with ra-
dius R− rcutoff/2 ≈ R− 0.56, i.e., the effective radius of the
spherical cavity is Re ≈ R− 0.56. This correction becomes

important for the calculation of the monomer density in the
cavity and the theoretical analysis in our work.

3. Results and discussion
3.1. Complete injection probability and transition radius

of the cavity

Though the polymer is driven by a driving force in our
work, it is not necessary that the polymer can be injected into
the cavity completely. For the given polymer length and driv-
ing force, whether the complete injection could occur or not is
dependent on the radius of the cavity R. Qualitatively, when
R is small, there is no enough space for the cavity to accom-
modate the whole polymer, so it is difficult for the polymer to
enter into the cavity completely. Only when R is large enough,
can the whole polymer be driven into the cavity.

Figure 2 shows the dependence of the complete injection
probability Pin on the radius of the sphere R for different poly-
mer lengths N at f = 0.5. We can see two polymer states: a
partial injection state with Pin roughly zero at small R and a
complete injection state with Pin roughly 1 at large R. There
is an obvious sharp transition from the partial injection state
to the complete injection state at a special R. To give ap-
proximately the radius of the spherical cavity where the tran-
sition occurs, we here define the transition radius RC at which
Pin = 0.5,[59] as shown in Fig. 2, and the corresponding effec-
tive transition radius is ReC = RC−0.56.

    



.

.

.

.

1.0

RC

f/.

N/

N/

N/

N/

N/

P
in

R

Fig. 2. The dependence of the complete injection probability Pin on the ra-
dius of the sphere R for different polymer lengths N, where the driving force
f = 0.5. The radius where Pin = 0.5 is defined as the transition radius RC.

The effective transition radius of the cavity ReC increases
with N increasing, because long polymers need large cavities
to accommodate all the monomers. The monotonous increase
of ReC with N is presented in Fig. 3 for different f . We find
that ReC as a function of N can be specifically expressed by a
simple scaling relation ReC ∝ N0.34. This is different from the
well known relation between the average radius of gyration
(Rg) and the polymer length Rg ∼ Nν , with the Flory exponent
ν = 0.6 for self-avoiding polymer and 0.5 for ideal polymer.
The value of ν is related to the excluded-volume interactions
between different monomers and also the configurations of the
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polymer. In our study, when the whole polymer is injected into
the spherical cavity with radius Rec, the polymer is squeezed
and then the excluded-volume interaction between monomers
will be partially screened, meanwhile, the polymer configura-
tions with Rg larger than the radius of the sphere will be forbid-
den, which results that Rec is smaller than Rg and the scaling
exponent (0.34) for Rec with N is smaller than ν . Quantita-
tively, the scaling relation between Rec and N can be obtained
from the free energy landscape based on the blob theory which
will be shown below.

  













R
e
C

N

slope: 0.34

f/.

f/.

f/.

f/.

f/.

Fig. 3. The log–log plot of the effective transition radius ReC versus the poly-
mer length N for different driving forces f .

ReC is also dependent on the driving force f . Figure 4
shows the dependence of ReC on f for different N. With f in-
creasing, ReC decreases and saturates gradually at large f . In
our study, due to the confinement of the cavity, the number of
the configuration of polymer inside the cavity decreases, lead-
ing to an entropic force. The entropic force plays a role as a re-
sisted force for the injection process, so the external force must
be bigger than the entropic force to drive the whole polymer
into the spherical cavity. Qualitatively, the entropic force is
related to the radius of the spherical cavity. For large cavities,
the entropic force is small, and then a relatively small driving
force can driven the whole polymer into the cavity. While for
small cavities, the entropic force is big, and then a large driv-
ing force is needed to complete the injection. Therefore, we
find that the transition radius of the cavity decreases with the
driving force increasing, i.e., larger force leads to smaller tran-
sition radius for a given polymer. Specially, ReC as a function
of f can be expressed as ReC ∝ f−δ in both small and mod-
erate f regions. In the small f region ( f < 0.15), δ ∼ 0.27,
while in the moderate f region (0.15 < f < 1.5), δ ∼ 0.17, as
shown in Fig. 4.

For any given N and f , we have also calculated the
monomer density φC = Nσ3/8R3

eC when the whole polymer
is in the spherical cavity with the corresponding effective ra-
dius ReC. φC is nearly independent of N, but it increases with
f increasing and saturates gradually at large f , as shown in the
inset of Fig. 4. This indicates that the polymer in the cavity is
compressed gradually with f increasing. When f is large, φC

is big, and then the polymer can not be compressed further, re-
sulting that φC and ReC saturate gradually at large f , as shown
in Fig. 4. In small and moderate f regions, φC as a function of
f can also be expressed by a scaling relation φC ∝ f κ . Specif-
ically, κ ∼ 0.8 in the small f region ( f < 0.15) and κ ∼ 0.5 in
the moderate f region (0.15 < f < 1.5), as shown in the inset
of Fig. 4.

. .  











8

9
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12
13

. .  
.

0.1

↩.

-0.27

R
e
C

f

0.5

φ
C

f

.

N/80

N/100

N/120

N/
N/

N/80

N/100

N/120

N/

N/

Fig. 4. The log–log plot of the effective transition radius ReC versus the driv-
ing force f for different polymer lengths N. The inset shows the log–log plot
of the monomer density φC versus the driving force f for different polymer
lengths N.

The scaling relations of ReC and φC on N and f can be
understood from the free energy landscape. Assuming there
are m monomers in the cavity, the free energy relative to the
initial state of the injection can be expressed as[23,30]

F ∼C0m3ν/(3ν−1)R3/(1−3ν)
e −m f L, (4)

where C0 is a constant and ν is the Flory exponent (ν = 0.6
for self-avoiding polymer, and 0.5 for ideal polymer). In
Eq. (4), the first term represents the increase in free energy
due to the cost of confining m monomers in the spherical cav-
ity with effective radius Re,[60] and the second term is the de-
crease in free energy due to the work of the driving force. For
any given N, R, and f , the free energy F reaches its mini-
mum at the final steady-state, and the corresponding number
of monomers (min) in the spherical cavity is determined by
(∂F/∂m)m=min = 0, i.e.,

min =C1 f 3ν−1R3
e , (5)

where C1 =
(
(3ν−1)L

3νC0

)3ν−1
. From Eq. (5), we can define

the transition radius of the sphere (ReC), which satisfies N =

C1 f (3ν−1)R3
eC, i.e.,

ReC ∝ N1/3 f (1−3ν)/3. (6)

Obviously, the polymer can be completely injected only
when Re ≥ ReC.

For any given f , we can get from Eq. (6) that ReC ∝

N1/3 ∼ N0.33, which is in good agreement with our simula-
tion results, as shown in Fig. 3. For any given N, we can
also obtain from Eq. (6) that ReC ∝ f (1−3ν)/3 and the corre-
sponding monomer density of the whole polymer in spherical
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cavity with radius ReC, φC = (Nσ3/8R3
eC) ∝ f 3ν−1. For self-

avoiding polymers, the Flory exponent ν ∼ 0.6, so we have
ReC ∝ f−0.27 and φC ∝ f 0.8, which are in good agreement with
the simulation results in small f region ( f < 0.15), as shown in
Fig. 4. With f increasing, the monomer density φC increases,
and then the excluded-volume interaction between monomers
is screened gradually. When the monomer density is big, the
Flory exponent ν (∼ 0.6) should reduce to its Gaussian value
0.5.[34] Thus, we have ReC ∝ f−0.17 and φC ∝ f 0.5, which are
in consistence with the simulation results in moderate f re-
gion (0.15 < f < 1.5), as shown in Fig. 4. For moderate
f (0.15 < f < 1.5), the corresponding range of φC is about
0.1 < φC < 0.3, as shown in the inset of Fig. 4. In their work,
Cacciuto and Luijten have studied the free energy of a flexible
self-avoiding polymer confined in a spherical cavity, and ar-
gued that the excluded-volume interaction between monomers
is screened in moderate density region 0.2 < φ < 0.35,[34]

which is nearly the same as our result.

3.2. Complete injection time

Based on the results of RC in Subsection 3.1, we next
study the complete injection time τ for polymer injecting into
spherical cavity with radius R > RC. To check our simulation
results, we at first calculate the complete injection time (τ0)
for the extreme case R→ ∞, which corresponds to the driven
translocation of a polymer through a small pore connecting
two half-infinite spaces. As an example, figure 5 shows the
dependence of τ0 on the polymer length N for different driv-
ing forces f and a very large R = 10000. We can see that τ0

is dependent on N and f , and it as a function of N and f can
be specifically expressed as τ0 ∝ N1.36 f−1, which is in good
agreement with the simulation results of Luo et al.[44]

f
τ
0

100 200 300 400
102

103

104

N

slope:1.36

f=0.1

f=0.3

f=0.5

f=0.7

f=0.9

Fig. 5. The dependence of the product f τ0 on polymer length N for differ-
ent driving forces f , where τ0 represents the injection time for very large
R = 10000.

Figure 6 shows the dependence of the injection time τ on
the radius of the cavity R for different polymer lengths N. We
can see that τ decreases monotonously with increasing R, due
to the decrease of the confinement effect of the sphere on the
polymer with R increasing. For given f and R, τ increases

monotonously with increasing N, because long polymers have
more monomers to be injected into the cavity. In addition, τ

decreases with increasing f (results not shown), i.e., the poly-
mer moves faster and faster with the driving force increasing.

4 5 6 7 8 9 10 11 12 13
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φ

Fig. 6. The dependence of the injection time τ on the radius of the cavity R
for different polymer lengths N, where the driving force f = 0.5. The inset
shows the product (1− τ0/τ) f as a function of the monomer density in the
cavity φ .

The dependence of τ on R, N, and f can be roughly un-
derstood by the following kinetic model. From Eq. (4), the
increase of the free energy (∆F) when the whole polymer is
injected into the cavity can be expressed as

∆F ∼C0N3ν/(3ν−1)R3/(1−3ν)
e −N f L. (7)

We can then get the chemical potential gradient driving the
injection

∆µ =
−∆F

N
∼ f L−C0N1/(3ν−1)R3/(1−3ν)

e . (8)

According to Kantor and Kardar,[38] the translocation time (τ)
for a polymer moving across a small pore in an infinite mem-
brane can be calculated by

τ ∝
Rg

v
, (9)

where Rg ∝ Nν represents the radius of gyration of polymer
in free space, and v ∝ ∆µ ·N−γ is the average velocity of the
center of the mass of the polymer ( several groups have argued
that γ has different values, such as 1[35,38] and 0.8[36,44]).

Assuming Eq. (9) still holds in our system, the injection
time can be expressed as

τ ∝
Rg

v
∝

Nν+γ

∆µ
=

Nν+γ

f L(1−C0N1/(3ν−1)R3/(1−3ν)
e f−1)

. (10)

Obviously, the injection time τ decreases with increasing Re

(or R), which is in consistence with the simulation result as
shown in Fig. 5. When R→ ∞, we have R3/(1−3ν)

e → 0, and
then τ → τ0 ∝ Nν+γ f−1 = N1.4 f−1 (assuming γ = 0.8[36,44]),
which is in agreement with our simulation results as shown in
Fig. 6. When R is finite, we can obtain from Eq. (10) that

τ ∝
τ0

1−C0N1/(3ν−1)R3/(1−3ν)
e f−1

, (11)
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which can also be expressed as (1−τ0/τ) f ∝

N1/(3ν−1)R3/(1−3ν)
e or

(1−τ0/τ) f ∝ φ
1/(3ν−1), (12)

where φ = Nσ3/8R3
e represents the monomer density as the

whole polymer is confined in the cavity.
Substituting ν = 0.6 into Eq. (12), we have (1−τ0/τ) f ∝

φ 1.25, which is in good agreement with the simulation result
at small φ (< 0.1), as shown in the inset of Fig. 6. When
φ is big, the excluded-volume interaction between monomers
is screened, and the value of ν should be 0.5,[34] leading to
(1−τ0/τ) f ∝ φ 2, which is also in good agreement with the
simulation result at big φ (> 0.1), as shown in the inset of
Fig. 6.

4. Conclusion
Using Langevin dynamics simulation, we investigate the

injection of a self-avoiding polymer into a spherical cavity un-
der a driving force. With increasing the radius of the cavity, the
polymer undergoes a sharp transition from the partial injection
to the complete injection at the transition radius (ReC). The
dependence of ReC on the polymer length (N) and the driving
force ( f ) can be described by a scaling relation ReC ∝ N1/3 f−δ

with δ ∼ 4/15 for small f and δ ∼ 1/6 for moderate f . In
addition, the monomer density (φC) of the whole polymer in
the cavity with radius ReC is nearly independent of N, but in-
creases with increasing f , which can be specifically expressed
as φC ∝ f κ with κ ∼ 4/5 for small f and κ ∼ 1/2 for moderate
f . The scaling relations can be understood by using the free
energy landscape, and the changes of values of δ and κ with
f are found to be attributed to the screening of the excluded-
volume interaction between monomers. The complete injec-
tion time (τ) is also calculated and found to show monotonous
dependence on the polymer length, the driving force, and the
radius of the cavity, which can be interpreted by a simple ki-
netic model.
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