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Detection of spin current through a quantum dot with
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The spin transport properties are theoretically investigated when a quantum dot (QD) is side-coupled to Majorana
bound states (MBSs) driven by a symmetric dipolar spin battery. It is found that MBSs have a great effect on spin transport
properties. The peak-to-valley ratio of the spin current decreases as the coupling strength between the MBS and the QD
increases. Moreover, a non-zero charge current with two resonance peaks appears in the system. In the extreme case
where the dot–MBS coupling strength is strong enough, the spin current and the charge current are both constants in the
non-resonance peak range. When considering the effect of the Zeeman energy, it is interesting that the resonance peak at
the higher energy appears one shoulder. And the shoulder turns into a peak when the Zeeman energy is big enough. In
addition, the coupling strength between the two MBSs weakens their effects on the currents of the system. These results
are helpful for understanding the MBSs signature in the transport spectra.

Keywords: Majorana bound states, quantum dot, spin current, Green’s function
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1. Introduction
Majorana fermions (MFs) are a special type of parti-

cles which are their own antiparticles and obey non-Abelian
statistics.[1] They have attracted a great deal of attention due
to their fundamental importance and potential applications in
the quantum computation.[2,3] In contrast to ordinary quantum
computations, quantum computations using MFs do not re-
quire quantum error correction since a widely separated pair
of MF bound states are immune to local sources of decoher-
ence due to their nonlocal topological nature.[4]

Initially, Majorana bound states (MBSs) can be realized
at the ends of one-dimensional quantum wire by inducing
superconductivity on semiconductor wire with strong spin–
orbit coupling and subject to an external magnetic field.[5–7]

So far, many different schemes to create MBSs have been
proposed and implemented, such as magnetic atoms on the
surface of superconductors[8,9] and topological Josephson
junctions.[10–12] But most experimental reports about the ex-
istence of MBSs focus on the nanowire setup.[13–16] Several
suggestions have been made to detect and verify the existence
of MBSs by different transport signatures. The differential
conductance at zero bias voltage is e2/h when tunneling into a
quantum dot (QD) side-coupled to MBSs.[17,18] Other sugges-
tions include 4π periodic Majorana–Josephson currents[19,20]

and Majorana–Josephson interferometer.[21] Recently, some
works mainly focus on the signatures associated with spin in
electrical transport through a Majorana nanowire.[22,23]

In this paper, we investigate the spin and the charge cur-

rents of the system when the QD is side-coupled to MBSs
driven by a symmetric dipolar spin battery. We find that MBSs
have a great effect on spin transport properties. With the in-
crease of the coupling strength between the MBS and the QD,
the peak-to-valley ratio of the spin current decreases. And a
non-zero charge current with two resonance peaks appears in
the system. Furthermore, the coupling strength between the
two MBSs weakens their effects on the currents of the system.

This paper is organized as follows. In Section 2, we
present the Hamiltonian of our system and detail the alge-
braic expressions of the current obtained by the nonequilib-
rium Green’s function. The numerical results and analysis are
given in Section 3. Finally, conclusions are drawn in Section 4.

2. Model and formula

In this section, we first present the setup of our system,
as shown in Fig. 1. In Fig. 1(a), a QD is side-coupled to
a topological wire hosing two MBSs driven by a symmetric
dipolar spin battery. The MBSs emerge at two ends of the
nanowire which is engineered by applying a strong magnetic
field along its axis in proximity to an s-wave superconduc-
tor. Due to the proximity effect of the s-wave superconductor,
the nontrivial superconductor phase resembles the p+ ip su-
perconductor phase that has two separated MBSs at two ends
of the nanowire. In Fig. 1(b), a QD is side-coupled to normal
spin-polarized fermions.
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Fig. 1. Illustration of the proposed structure. (a) A QD coupled to a
symmetric dipolar spin battery and side-coupled to a topological su-
perconductor wire hosing two MBSs, η1 and η2. (b) A QD coupled
to a symmetric dipolar spin battery and side-coupled to normal spin-
polarized fermions.

In our considered system, the electron motion can be well
described by[24,25]

H = Hleads +Hdot +Hd−α + iεMη1η2 +λ (d↓−d†
↓)η1, (1)

where Hleads = ∑kσ ∑α=L,R εkσ c†
kσα

ckσα describes the con-
duction electrons in the left (L) and right (R) leads and
c†

kσα
(ckσα) denotes the creation (annihilation) operator for

electrons with momentum k and spin σ ∈ (↑↓) in the lead α .
Hdot = ∑σ εσ d†

σ dσ +Ud†
↑d↑d

†
↓d↓ is the Hamiltonian for the in-

teracting single-level QD, where εσ = εd+σVZ/2 is the single
energy level of the QD and U is the intradot Coulomb inter-
action energy, VZ is the Zeeman energy, and d†

σ (dσ ) denotes
the creation (annihilation) operator for electrons with spin-σ
in QD. Hd−α = ∑kσ ∑α=L,R Vkα(c

†
kασ

dσ +H.c.) describes the
coupling between the QD and the leads.

The fourth term of H characterizes the coupling between
the MFs η1 (=η

†
1 ) and η2 (=η

†
2 ) in the MBSs where the over-

lap amplitude εM depends on the wire parameters, εM∼ e−l/ξ .
l is the length of the wire and ξ is the superconducting coher-
ence length. The last term of H describes the coupling be-
tween the QD and MBS, and λ is the coupling strength.

It is useful to change the Majorana fermion representa-
tion to an ordinary fermion representation by defining η1 =

1√
2
( f † + f ) and η2 =

i√
2
( f †− f ), where f † ( f ) creates (anni-

hilates) a fermion and f † f = {0,1} counts the occupation of
the corresponding states. The last two terms in H become

HMBS = εM( f † f −1/2)+
1√
2

λ (d↓−d†
↓)( f + f †). (2)

In this paper, considering separately the chemical poten-
tials of the leads to be µLσ = σ

Vs
2 and µRσ = σ

Vs
2 , we pay

attention to the electron properties of the system driven by the
symmetric dipolar spin battery. Here, Vs is the magnitude of
spin bias. By means of the Keldysh nonequilibrium Green’s

functions formalism, the electron current Jσ for spin compo-
nent σ can be calculated by the following standard formula:

Jσ =
ie
h

∫ dε

2π
[ fLσ (ε)− fRσ (ε)]Tσ (ε), (3)

where fασ = 1/{exp[(ε − µασ )/kBT ] + 1} is the Fermi dis-
tribution function of spin-σ electron in lead-α and µασ is the
chemical potential. The spin and charge currents are defined
as Js = h(J↑−J↓)/2 and Je = e(J↑+J↓)/2, respectively. Tσ (ε)

is the transmission coefficient for spin σ electrons, and can be
written as

Tσ (ε) = Tr
Γ LΓ R

Γ L +Γ R [G
r(ε)−Ga(ε)], (4)

where Γ α = 2π ∑k V ∗
αkVαkδ (ε − εαkσ ) is the line-width func-

tion or coupling strength between the QD and the leads.
Gr(ε) (Ga(ε)) is the standard retarded (advanced) Green’s
function of the QD and MBS in the presence of the coupling
to the leads. The standard equation of motion method yields
an exact expression for the Green’s function[17,26]

Gr
σ (ε)

=
1+UK̃(1−λ 4k1k2)

[ε− εσ −λ 2k(1+λ 2k2)]−Σ r
σ [1+UK̃(1−λ 4k1k2)]

, (5)

where k = ε/(ε2 − ε2
M), k1 = k/(ε + εσ +U − λ 2k2), k2 =

k/(ε + εσ −λ 2k) and K̃ = nσ/(ε− εσ −U−λ 2k(1+λ 2k1)).
Σ r

σ = −i/2(Γ L +Γ R) is the retarded self-energy, and nσ is
the intradot electron occupation number at the spin state σ .
In the corresponding calculations, σ stands for ‘–’ while σ

stands for ‘+’. nσ needs to be calculated self consistently and
its self-consistent equation is

nσ =
∫ +∞

−∞

dε

2π
ImG<

σ (ε). (6)

The correlation Green’s function G<(ε) can be calcu-
lated from the Keldysh equation, G<(ε) = Gr(ε)Σ<(ε)Ga(ε),
where the lesser self-energy Σ<(ε) is related to the re-
tarded and the advanced self-energies through Σ<(ε) =

−Σα [Σ
r
α(ε)−Σ a

α(ε)] fασ (ε).

3. Numerical results and discussion
In the numerical investigation, we consider the case of

symmetric barriers with Γ L = Γ R = Γ /2, Vs = 0.5, U = 12,
and choose the line-width function Γ as the energy unit. Fig-
ure 2 shows the spin current Js, the charge current Je and the
spin-polarized current Jσ as a function of the dot level εd with
various dot–MBS coupling λ for εM = 0 and VZ = 0.

As we know, in the absence of the topological supercon-
ductor wire and MBSs (i.e., λ = 0), the spin current has two
sharp resonance peaks at εd = 0 and εd = −U , which are two
possible conducting channels for tunneling through the QD, as

100302-2
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shown by the black solid line in Fig. 2(a). The energy separa-
tion between the two peaks is just the Coulomb interaction en-
ergy of the QD. The spin polarization current is with the oppo-
site direction and the same amplitude, resulting in zero charge
current, as shown by the black solid line in Fig. 2(b). When the
QD is side-coupled to the MBS (i.e., λ 6= 0), the spin current
in the non-resonance peak range increases as λ increases. Al-
though the magnitudes of the spin current at resonance peaks
are suppressed, they remain constant with λ increasing, as
shown in Fig. 2(a). The reason is that only the spin-down elec-
trons are coupled to the MBS. The peak-to-valley ratio of the
spin-down current J↓ decreases as λ increases, but the spin-up
current J↑ is weakly dependent on λ , as shown in Figs. 2(c)
and 2(d). According to the expressions of the spin current
and the charge current, it can be found that the effect of the
MBS on the spin current is mainly in the non-resonance range.
Moreover, a non-zero charge current with two resonance peaks
appears in the system, and it also increases as λ increases.
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Fig. 2. The spin current Js (a), the charge current Je (b), the spin-
polarized currents J↑ (c) and J↓ (d) as a function of the QD level εd
with different dot–MBS coupling strength, εM = 0 and VZ = 0.

Furthermore, we compute the limiting case, λ = 20. As
shown in Figs. 2(c) and 2(d), J↑ is only slightly suppressed, but
J↓ remains almost constant. As a result, the spin current and
the charge current in non-resonance peak range are constants,
as shown in Figs. 2(a) and 2(b).

In order to clarify the genuine effect of the MBS, we cal-
culate the current when the QD is coupled to normal spin-
polarized fermions. Figure 3 shows the spin and the charge
currents as a function of the QD energy when the QD is cou-
pled to normal spin polarization fermions under the same con-
figuration. The coupling energy for spin polarization and the
Zeeman energy for the QD are both set to zero with εM = 0
and VZ = 0.

In Fig. 3(a), we can find the resonance peaks of the spin
current are suppressed, but they remain at the same position,
when the QD is coupled to normal spin polarization fermions.
With the increase of λ , the spin current is weakly dependent on
it. For the charge current, it is strictly zero when λ = 0; while
λ 6= 0, there are two negative peaks at εd = 0 and εd = −U ,

as shown in Fig. 3(b). It means that the spin-up electrons are
more likely to be localized in the QD.
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Fig. 3. The spin current Js (a) and the charge current Je (b) as a function of
the QD level εd with different dot–MBS coupling strength when the QD is
coupled to normal spin polarization fermions with εM = 0 and VZ = 0.

It is well-known that there are three necessary condi-
tions for the induction of MFs at both ends of nanowire:
strong Rashha spin–orbit coupling, proximity-induced s-wave
superconductivity and magnetic field. Because the QD and
nanowire can be different materials and have different g fac-
tors, the Zeeman splitting energy induced by magnetic field in
nanowire is different from that in the QD. Next, we study the
effect of the Zeeman splitting energy in the QD on the system.
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Fig. 4. The spin current Js (a), the charge current Je (b), the spin-
polarized currents J↑ (c) and J↓ (d) as a function of the QD level εd with
different Zeeman energy VZ when the QD is coupled to MBS, λ = 2.

In Fig. 4, we plot the spin current, the charge current and
the spin polarized currents as a function of the QD level εd for
λ = 2, with different values of VZ, when the QD is coupled
to the MBS. As VZ increases, the two resonance peaks move
towards the lower energy, and the distance between the two
resonance peaks remains constant. Meanwhile, the resonance
peak at the higher energy is suppressed. The characters are
similar to the case of the QD coupled to normal polarization
fermions, as shown in Fig. 5. When the QD is coupled to the
MBS, it is interesting that the resonance peak at the higher en-
ergy appears one shoulder at εd ≈ VZ. When VZ is larger than
λ , the shoulder changes into a peak at εd ≈ VZ. The reason is
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that the resonance peak of the spin-polarized current J↓ moves
towards the higher energy and its range widens as the Zeeman
energy VZ increases, as shown in Fig. 4(d).

We also calculate the spin current and the charge current
under different Zeeman energy for the QD coupled to normal
polarization fermions, as shown in Fig. 5. Different from the
case of the QD coupled to the MBS, both the spin current and
the charge current move towards the lower energy as the Zee-
man energy VZ increases, and the distance between the two
resonance peaks remains constant. However, with the increase
of Zeeman energy, the amplitude of the resonance peak at the
higher energy is suppressed, and that at the lower energy is in-
creasing. Furthermore, the charge current is always negative.
That is also different from the case of the QD coupled to the
MBS in which the charge current can be positive or negative.
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Fig. 5. The spin current Js (a) and the charge current Je (b) as a function
of the QD level εd with different Zeeman energy VZ when the QD is
coupled to normal spin polarization fermions, λ = 2.

In practice, the length of the nanowire cannot be so long
that there is no interaction between the MBSs at both ends
of the nanowire, so we calculate the effect of the coupling
strength between the two MBSs on the electrical current. Fig-
ure 6 shows the spin current and the charge current as a func-
tion of the QD energy with different MBS–MBS coupling
strength εM.
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Fig. 6. The spin current Js (a) and the charge current Je (b) as a func-
tion of the QD level εd with different εM when the QD is coupled to the
MBS. The other parameters are VZ = 0, λ = 2.

As shown in Fig. 6, the magnitude of the two resonance
peaks of the spin current increases with εM increasing. Their
positions remain the same, and their widths become narrower.
The absolute value of the charge current decreases with εM in-
creasing, and the charge current may decrease to absolute zero
when it is large enough. Comparing Figs. 2 and 6, it can be
found that the spin current and the charge current return to the
case of λ = 0 in Fig. 2 with εM increasing. That is to say the
interaction between MBSs cancels out the interaction between
the QD and the MBS. Therefore, in order to enhance the effect
of the MBS on the system, εM should be small enough.

4. Conclusion
In this paper, we have studied the spin transport prop-

erties of the QD side-coupled to MBSs driven by a symmet-
ric dipolar spin battery. The MBSs can be emerged at two
ends of one-dimensional quantum wire which is in proximity
to an s-wave superconductor with strong spin–orbit coupling
and subjected to an external magnetic field. Since the MBSs
only interact with the spin-down electrons in the QD, the spin-
up polarization current is weakly dependent on the coupling
strength between the QD and the MBS, and the peak-to-vally
ratio of the spin-down polarization current decreases as the
coupling strength increases. This causes the spin current to in-
crease as the coupling strength between the QD and the MBS
rises, except for the positions at the two resonance peaks. So is
the charge current. Furthermore, it is found that the coupling
strength between the two MBSs weakens their effects on the
system.
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