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An extended car-following model with multiple delays is constructed to describe driver’s driving behavior. Through
stability analysis, the stability condition of this uncontrolled model is given. To dampen the negative impact of the driver’s
multiple delays (i.e., stability condition is not satisfied), a novel control strategy is proposed to assist the driver in adjusting
vehicle operation. The control strategy consists of two parts: the design of control term as well as the design of the
parameters in the term. Bifurcation analysis is performed to illustrate the necessity of the design of parameters in control
terms. In the course of the design of parameters in the control term, we improve the definite integral stability method to
reduce the iterations by incorporating the characteristics of bifurcation, which can determine the appropriate parameters
in the control terms more quickly. Finally, in the case study, we validate the control strategy by utilizing measured data
and configuring scenario, which is closer to the actual traffic. The results of validation show that the control strategy can
effectively stabilize the unstable traffic flow caused by driver’s delays.

Keywords: car-following model, driver’s reaction time delays, improved definite integral method, bifurcation
analysis, stabilization strategy
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1. Introduction

In the course of car-following behavior, time delay is an
important factor affecting the stability of traffic flow. Time
delay is reflected in two aspects. On the one hand, for the
driver, there exists time delay from processing the information
of the preceding vehicle to take corresponding measures. On
the other hand, for the adaptive cruise control system, there
also exists an inevitable time delay from the perception of in-
formation, and calculation to the final complete control of ve-
hicle operation. Therefore, how time delay affects traffic flow
and how to make rational use of time delay to control vehicles
are issues of widespread concern in related fields.

In 1995, Bando et al.[1] proposed the optimal velocity
model (OVM). They assumed that in the process of car fol-
lowing, there always exists a corresponding optimal velocity
according to the changes in the distance of following vehicle,
and the driver’s goal is to adjust the velocity of current vehicle
to approach the optimal velocity. Subsequently, Bando et al.[2]

proposed the OVM with time delay by introducing driver’s re-
action delay into the OVM

ẍn (t + τ) = α [V (∆xn (t))− ẋn (t)] , (1)

where α is the sensitivity coefficient, V (·) is the optimal ve-
locity function, and τ is the reaction delay of driver. By ana-

lyzing the stability of uniform traffic flow and simulating the
dynamic behavior, a critical value of delay inducing traffic jam
was obtained, and they found that traffic jam occurs when the
value of delay is greater than the critical one. Since then, based
on OVM, research on the impact of time delay effects on traf-
fic flow emerged. Research can be divided into two categories.
The one is delay determined, which studies the dynamic be-
havior of other parameters in the system. For example, Zhou et
al.[3] integrated the velocity difference and optimal velocity
difference of two adjacent vehicles into the OVM. Meanwhile,
they assumed that a driver had the same reaction time to dif-
ferent stimulus, such as the velocity of the current vehicle, the
velocity difference with the adjacent vehicle ahead, and the
headway distance difference with the adjacent vehicle ahead.
In their work, evolution trend of traffic flow stability was ob-
tained by fixed time delay. Furthermore, Sun et al.[4] consid-
ered that the driver’s stimulus to the information of the current
vehicle was different from that to the information of the pre-
ceding vehicle. Then, similar results of traffic flow stability
can be obtained. In this way, studies[3,4] focused on the sta-
bility analysis of the traffic flow with fixed time delay, while
ignored the important impact of time delay on traffic flow.
Therefore, it is difficult to explain the inherent mechanism of
congestion in time-delay traffic system. The other is to explore
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the nonlinear behavior of traffic flow system induced by time
delay. Existing studies[5–7] have shown that bifurcation theory
can well explain some sophisticated traffic dynamic behaviors
caused by delay and the formation mechanism. For example,
Orosz et al.[5] studied the global bifurcation behavior of a car-
following system with time delay composed of three vehicles.
The information obtained from their simulation was that the
uniform traffic flow loses stability when the average headway
was located in a certain region. The scale of unstable region
was related to the ideal velocity and the sensitivity of driver to
stimulus signal. The greater the ideal velocity of the vehicle,
the weaker the sensitivity of the driver to the stimulus signal,
and the larger the unstable region. Further, Orosz et al.[6] con-
sidered a time-delay system consisting of 17 vehicles. In the
numerical simulation, a region where multiple periodic solu-
tions coexist was discovered by selecting average headway as
the bifurcation parameter. These different periodic solutions
corresponded to different traffic flow patterns in real traffic.
Furthermore, Orosz et al.[7] had increased the number of ve-
hicles to 33 in order to explore more abundant traffic phenom-
ena. Moreover, a bistable region induced by subcritical Hopf
bifurcation was found, which consisted of uniform traffic flow
pattern and traffic jam pattern.

The above mentioned theoretical studies[3–7] show that
time delay may lead to complex dynamic behavior. There-
fore, how to suppress the negative impact of delay effect on
traffic flow system is a topic worth discussing. At present,
from the perspective of control terms, various control terms are
designed to suppress traffic congestion caused by time delay.
For example, Li et al.[8] designed a new control term, which
was composed of headway difference and velocity difference
between two adjacent vehicles, to suppress the traffic oscilla-
tion caused by varying reaction-time delay of the driver. Jin et
al.[9] proposed a delayed feedback control term consisting of
the difference between the current velocity and headway and
the historical ones. Zhou et al.[10] added velocity difference
of historical moment between two adjacent vehicles as con-
trol term into the system. However, there is a defect in these
works.[8–10] That is, the specific design of control parameters
is not fully reflected. To address this gap, Jin et al.[11] applied
the definite integral stability method to determine the stable
interval of the single control parameter. To sum up, most of
the studies have the following gaps: (i) emphasis is placed on
the design of control terms, while ignored the design of con-
trol parameters; (ii) in the process of modeling driver’s driving
behavior, the delay concerning driver’s reaction is not consid-
ered, which have a dramatic impact on the control effect; (iii)
the design of control parameters is difficult to apply in actual
scenarios due to redundant iterations. Therefore, this paper
will comprehensively design the control term and parameters
in the term, in order to mitigate the unstable traffic flow in-

duced by driver’s reaction time delay.

The specific contribution of this paper are as follows:

(I) In the design of control strategy, the influence of
driver’s reaction time delay to different stimulus is considered,
which is closer to the actual traffic situation.

(II) Based on the bifurcation theory, the definite integral
stability method is improved, for which the redundant itera-
tions in the original method are eliminated and the application
value is enhanced. Meanwhile, the improved definite integral
stability method is successfully applied to one-dimensional
and three-dimensional parameter spaces.

The remainder of this paper is organized as follows. In
Section 2, an extended full velocity difference model consid-
ering driver’s reaction time delays is proposed to describe the
driver’s driving behavior, and its stability is analyzed. In Sec-
tions 3 and 4, the control term and the parameters in the term
are designed respectively. In Section 5, the measured data is
leveraged to verify the effectiveness of control strategy. In
Section 6, our conclusions are discussed.

2. Mathematical model and stability analysis

2.1. Mathematical model

At present, the modeling of time delay based on car-
following models is sufficient.[4,12] In 2018, the general non-
linear car-following model with multi-time delays was pro-
posed by Sun et al.[4] Mathematical model was expressed as
follows:

dvn (t)
dt

= f (∆xn (t− τ1) , vn (t− τ2) , ∆vn (t− τ3)) , (2)

where ∆xn (t− τ1) = xn+1 (t− τ1) − xn (t− τ1) denotes the
headway distance between the n-th vehicle and the preceding
vehicle n+ 1 at t − τ1, vn (t− τ2) is the velocity of the n-th
vehicle at t − τ2, ∆vn (t− τ3) = vn+1 (t− τ3)− vn (t− τ3) de-
notes the velocity difference between n-th vehicle and n+1-th
vehicle at t − τ3, and τ1, τ2, and τ3 represent the driver’s re-
action time delay to headway distance, velocity and velocity
difference, respectively.

Equation (2) specifies varieties of car-following
models.[13,14] In this paper, full velocity difference model
(for short, FVDM) is selected to describe the car-following
behavior of human-driven vehicle. Therefore, equation (2) is
rewritten as

dvn (t)
dt

= α (V (∆xn (t− τ1))− vn (t− τ2))

+β∆vn (t− τ3) , (3)

where α and β represent the sensitivity coefficient of the driver
to the velocity difference, and V (·) is the optimal velocity
function. In this paper, the following form of optimal velocity
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function proposed by Bando[1] is adopted as

V (∆xn (t)) =
vmax

2
[tanh(θ1 (∆xn (t)−hc))+θ2] , (4)

where hc denotes safe headway, θ1 and θ2 are the dimension-
less coefficients used to determine the shape of the optimal
velocity. In the simulation of Sections 3 and 4, the parameters
in V (∆xn (t)) are[1] vmax = 33.6 m/s, θ1 = 0.086, hc = 25 m
and θ2 = 0.913.

Note that the full velocity difference model with multiple
time delays (i.e., Eq. (3)) is called as FVDM-MTD for short.

2.2. Linear stability analysis

In this section, linear stability analysis is performed to
derive the stability condition of FVDM-MTD without control
scheme. Assume that N vehicles are placed on a ring-road
of length L. Thereby, the constant headway can be expressed
as h∗ = L/N. For uniform traffic flow, all vehicles maintain
the identical headway distance and velocity, which can be ex-
pressed as

xn (t) = h ·n+V (h∗) · t,

vn = V (h). (5)

Adding the small disturbance to the uniform traffic flow
yields

xn (t) = h ·n+V (h∗) · t+ξn (t) ,

vn (t) =V (h∗)+ηn (t) , (6)

where ξn (t) and ηn (t) denote small disturbance. Note that
ξ ′ (t)n = ηn (t).

Inserting Eq. (6) into Eq. (3) yields

dηn (t)
dt

= α
[
V ′ (ξn+1 (t− τ1)−ξn (t− τ1))−ηn (t− τ2)

]
+β [ηn+1 (t− τ3)−ηn (t− τ3)] , (7)

where V ′ (h∗) is recorded as V ′.

Expanding ξn (t) and ηn (t) in the following forms:

ξn (t) = eikn+zt , ηn (t) = ξ
′
n = zeikn+zt . (8)

Inserting Eq. (8) into Eq. (7) yields

z2 +
(

αe−τ2z−βe−τ3z
(

eik−1
))

z

−αV ′e−τ1z
(

eik−1
)
= 0. (9)

Substituting z = z1(ik) + z2(ik)2 + · · · into Eq. (9) and
balancing the coefficients of ik and (ik)2, we have

z1 =V ′,

z2 =
(
V ′
)2
(

τ2− τ1−
1
α

)
+V ′

(
β

α
+

1
2

)
. (10)

If z2 > 0 holds, the uniform traffic flow is stable for small
disturbances. Thereby, the stability condition for FVDM-

MTD can be expressed as

V ′
(

τ2− τ1−
1
α

)
+

(
β

α
+

1
2

)
> 0. (11)

Equation (11) is an important prerequisite for the subse-
quent design of feedback control. If the stability condition
(i.e., Eq. (11)) is not satisfied during vehicle operation, the
feedback control designed will work.

3. The design of feedback control term and bi-
furcation analysis

3.1. Control scheme

In this section, the design of feedback control term is per-
formed. The core of the design is to form the control signals
by the difference between the current state and the historical
state of the system. Thereby, the general form of control term
can be expressed as

U = γ1 (V (∆xn (t))−V (∆xn (t− τc1)))

+γ2 (vn (t)− vn (t− τc2))

+γ3 (∆vn (t)−∆vn (t− τc3)) , (12)

where γ1, γ2, and γ3 denote feedback gain of velocity differ-
ence, optimal velocity difference and difference of velocity
difference, respectively, while τc1, τc2, and τc3 denote the de-
sign time delay corresponding to γ1, γ2, and γ3, respectively.
Obviously, there are six parameters (i.e., feedback gains and
time delays) to be determined in Eq. (12). In order to clearly
embody the principle of the design, the control terms corre-
sponding to Eq. (12) are evolved into two cases.

Case 1 In this case, it is assumed that the driver’s reaction
time delay can be estimated or detected by on-board equip-
ment. Therefore, the design time delay τc1 = τ1, τc2 = τ2,
and τc3 = τ3 are known, and the feedback gains (i.e., γ1, γ2,
and γ3) are need to be determined, which will be elaborated in
Section 4. Thereby, Eq. (12) is rewritten as

U (1) = γ1 (V (∆xn (t))−V (∆xn (t− τ1)))

+γ2 (vn (t)− vn (t− τ2))

+γ3 (∆vn (t)−∆vn (t− τ3)) . (13)

Case 2 Assume that the feedback gains are set in advance.
Unify the design time delay to be determined τc1 = τc2 = τc3 =

τm. Therefore, Eq. (12) can be expressed as

U (2) = γ1 (V (∆xn (t))−V (∆xn (t− τm)))

+γ2 (vn (t)− vn (t− τm))

+γ3 (∆vn (t)−∆vn (t− τm)) . (14)

3.2. Bifurcation analysis

In this section, bifurcation analysis on controlled FVDM-
MTD is performed to investigate the distribution of eigenval-
ues when Hopf bifurcation occurs.
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The following controlled FVDM-MTD is selected to
demonstrate the procedure of bifurcation analysis:

dvn (t)
dt

= f (∆xn (t− τ1) , vn (t− τ2) , ∆vn (t− τ3))+U (1),

(15)

where f (·) = α (V (∆xn (t− τ1))− vn (t− τ2))+β∆vn (t− τ3)

denotes driver’s driving behavior, and U (1) (i.e., Eq. (13)) rep-
resents driver assistance controller, which helps the driver ad-
just the operation state of the vehicle. For simplicity, we set
τ3 = τ1.[4] The state errors of the n-th vehicle around the equi-
librium states can be expressed as

δvn (t) = vn (t)−V (h∗),

δxn (t) = xn (t)−h ·n−V (h∗) · t. (16)

By inserting Eq. (16) into Eq. (15), a vectorized matrix with
regard to FVDM-MTD can be obtained

δ 𝑦̇ (t) =𝑋δ𝑦 (t)+𝑌 δ𝑦 (t− τ1)+𝑍δ𝑦 (t− τ2) , (17)

where δ𝑦 (t) = [δ𝑣 (t) ,δ𝑥(t)], δ𝑥(t) = [δx1 (t) , . . . ,δxN (t)],
and N is the total number of vehicles on the ring-road. The
block matrices in Eq. (17) are expressed as

𝑋 =

[
𝐴 V ′γ1𝐵
𝐼 0

]
,

𝑌 =

[
(β − γ3)𝐵 V ′ (α− γ1)𝐵

0 0

]
,

𝑍 =

[
−(α + γ2)𝐼 0

0 0

]
, (18)

where 𝐼 is the identity matrix of N×N, 0 is the null matrix of
N×N, and

𝐴=


γ2− γ3 γ3 0 · · · 0 0

0 γ2− γ3 γ3 · · · 0 0
...

...
...

...
...

0 0 0 · · · γ2− γ3 γ3
γ3 0 0 · · · 0 γ2− γ3


N×N

, (19)

𝐵 =


−1 1 0 · · · 0 0
0 −1 1 · · · 0 0
...

...
...

...
...

0 0 0 · · · −1 1
1 0 0 · · · 0 −1


N×N

. (20)

The characteristic equation of Eq. (17) is given as[
λ

2− (γ2− γ3)λ +(β − γ3)λe−τ1λ +(α + γ2)λe−τ2λ

+γ1V ′+(α− γ1)V ′e−τ1λ

]N

−
[
γ3λ +(β − γ3)λe−τ1λ

+γ1V ′+(α− γ1)V ′e−τ1λ

]N
= 0. (21)

Inserting λ = µ + iω (where i is the imaginary unit, µ is the
real part and ω is the imaginary part) into Eq. (21) and sepa-

rating the real and imaginary parts yield

µ
2−ω

2− (γ2− γ3)µ +(β − γ3)(µc1 +ωs1)e−τ1µ

+(α + γ2)(µc2 +ωs2)e−τ2µ + γ1V ′

+c1V ′ (α− γ1)e−τ1µ = Hck + Jsk,

2µω− (γ2− γ3)ω +(β − γ3)(ωc1−µs1)e−τ1µ

+(α + γ2)(ωc2−µs2)e−τ2µ

−s1V ′ (α− γ1)e−τ1µ = Hsk + Jck, (22)

where c1 = cos(τ1ω), c2 = cos(τ2ω), ck = cos
(
2kπ

/
N
)
,

s1 = sin(τ1ω), s2 = sin(τ2ω), and sk = sin
(
2kπ

/
N
)
,

H = γ3µ +(β − γ3)(µc1 +ωs1)e−τ1µ

+γ1V ′+ c1V ′ (α− γ1)e−τ1µ , (23)

J = γ3ω +(β − γ3)(ωc1−µs1)e−τ1µ

−s1V ′ (α− γ1)e−τ1µ . (24)

Note that k ∈ {1,2, . . .N} denotes the wave number. For
k = N, (µ,ω) = (0,0) is one of the roots and another root
depends on the parameters. That is, for arbitrary parameters
and k = N, there always exists the eigenvalue λ = 0 in the
system, which leads to the translational symmetry,[15,16] as
shown in Fig. 1. Therefore, the real parts of characteristic
root for k and N − k are equal, whereas the imaginary parts
are opposite. Due to the existence of translational symmetry,
we only focus on the movement of curves corresponding to
k ≤ (N−1)

/
2 (i.e., k = 1, 2, 3 in Fig. 1). Figures 1(a) and

1(b) show the distribution of characteristic roots of uncon-
trolled and controlled FVDM-MTD, respectively. In Fig. 1,
the curve corresponding to each k ∈ {1,2, . . . ,N−1} consists
of left branch and right one. As V ′ increases, the curves move
in the direction indicated by the arrow. From Fig. 1(a), the
right branch corresponding to k = 1 first crosses the imagi-
nary axis, and those corresponding to k = 2 and k = 3 fail to
cross the imaginary axis but have a tendency to cross the imag-
inary axis. Whereas, for the controlled FVDM-MTD with
fixed (γ1,γ2,γ3) = (0.1,0.3,0.2), the curves corresponding to
k ∈ {1,2,3} stay in the left plane. Meanwhile, the real part of
the eigenvalue of the system is related to the stability of the
system. That is, if the real part is greater than zero, the system
is unstable, otherwise the system is stable. Therefore, com-
pared with Figs. 1(a) and 1(b), it is clear that the controlled
system can delay or hinder the generation of unstable eigen-
values.

In particular, Orosz et al.[15] found that k = 1 corresponds
to stability condition of uniform traffic flow, while for k > 1,
further oscillation modes appear around the already unstable
equilibrium. The conclusion drawn by Orosz is consistent
with what is shown in Fig. 1. That is, the curve represented
by k = 1 breaks through the imaginary axis faster than other
curves with k > 1, which means the stability of the system
can be judged by the case of k = 1. Therefore, combing with
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Eq. (22), the study on distribution of eigenvalues of the sys-
tem (15) can be simplified as the case k = 1, as shown in Fig. 2.
In Fig. 2, the blue line represents the uncontrolled FVDM-
MTD (i.e., (γ1,γ2,γ3) = (0,0,0)), while the red and green
lines represent the controlled FVDM-MTD, corresponding to
(γ1,γ2,γ3) = (0.1,0.3,0.2) and (γ1,γ2,γ3) = (0.8,0.4,0.5), re-
spectively. Obviously, the right half of the blue line crosses
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Fig. 1. The distribution of real and imaginary part of eigenvalues for un-
controlled FVDM-MTD and controlled FVDM-MTD with fixed N = 7,
α = 1 s−1, β = 0.5 s−1, τ1 = 0.5 s and τ2 = 0.3 s.
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Fig. 2. The distribution of real and imaginary parts of eigenvalues of the sys-
tem (15) with k = 1, N = 7, α = 1 s−1, β = 0.5 s−1, τ1 = 0.5 s, τ2 = 0.3 s.

the imaginary axis first with the increase of V ′, where the in-
tersection of the blue line and the imaginary axis is the bifur-
cation point. That is, compared with controlled FVDM-MTD,
the uncontrolled one is more prone to be affected by distur-
bances, resulting in unstable traffic flow. The right half of the
green line is very close to the blue one, and similar to the blue
line, the left half of the green line crosses the imaginary axis.
In contrast, the right half of the red line retains more parts in
the second quadrant than the green line and the blue line. More
importantly, the entire left half of the red line remains in the
third quadrant, without crossing the imaginary axis. That is,
the control effect of the parameter combination represented by
the red line exceeds that of the green line. Furthermore, the
appropriate combination of control parameters can suppress
the unstable traffic flow caused by driver’s time delay. There-
fore, how to choose the appropriate combination of control
parameters is an interesting problem, which will be solved in
Section 4.

4. The design of parameters in feedback control
term
In this Section, we will explore how to choose the appro-

priate combination of parameters to postpone or eliminate the
negative impact of driver’s time delay on the traffic flow. From
Section 3, it is noted that the real part of the eigenvalue has a
dramatic influence on the stability of the system. Therefore,
the eigenvalue of the system is a breakthrough worthy of at-
tention. However, the characteristic equation of the system is
a transcendental equation (such as Eq. (21)), which is diffi-
cult to solve directly. To overcome this gap, a definite integral
stability (for short, DIS) method is proposed by Jin et al.[11]

However, in practical applications, there are redundant itera-
tions in the DIS method, which will prolong the computation
time. That is, the DIS method determines the stability of the
system by calculating the number of positive real parts of the
eigenvalues for all possible k. Inspired by Fig. 1 and Ref. [15],
we propose an improved definite integral stability (for short,
IDIS) method by focusing on the property of system for k = 1
and ignoring that for k > 1. It can be known from Fig. 1 and
Ref. [15] that the curve with k = 1 crosses the imaginary axis
faster than k > 1. That is, the stability of the system can be
determined by k = 1 instead of solving the eigenvalues for all
possible k. The procedures of the IDIS method are as follows.

Step 1 Determine the upper limit φ of definite integral: (i)
the real part of the characteristic equation P(λ )

∣∣
λ=iω is sepa-

rated, which is marked as i−hP(iω). Note that h in i−hP(iω)

denotes the highest degree of the characteristic equation P(λ ).
(ii) The real part of i−hP(iω) is separated, which is marked as
R(ω). (iii) Solve all positive roots that R(ω) = 0 holds, and
mark the largest positive root as ωmax. (iv) Select arbitrary
φ > ωmax.
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Step 2 Determine integral function C (ω) by the follow-
ing formula:

C(ω)=
Re(P(iω))Re(P′ (iω))+Im(P(iω)) Im(P′ (iω))

[Re(P(iω))]2+[Im(P(iω))]2
, (25)

where Re(·) denotes real part and Im(·) denotes imaginary
part.

Step 3 Calculate the definite integral F (0,φ)k=1 =∫ φ

0 C (ω) dω .
Step 4 Determine the number of positive real part eigen-

values for k = 1 by the following formula:

Ωk=1 = round
(

h
2
−

F (0,φ)k=1
π

)
. (26)

If Ωk=1 > 0 holds, record Ω = 1 representing an unstable sys-
tem. Otherwise, Ωk=1 = 0, recorded as Ω = 0, represents a
stable system.

For simplicity, it is assumed that the driver’s reaction time
delays to the headway and velocity difference between two
adjacent vehicles are the same, i.e., τ1 = τ3. Therefore, the
uncontrolled FVDM-MTD to describe the driver’s driving be-
havior is as follows:

dvn (t)
dt

= α (V (∆xn (t− τ1))− vn (t− τ2))

+β∆vn (t− τ1) . (27)

Set the value of common parameters as α = 0.6 s−1, β =

0.5 s−1, τ1 = 0.5 s, τ2 = 0.4 s, N = 7, h∗ = 25 m, and
V ′ (h∗) = 1.448.

According to Eq. (11), 1.448× (0.4−0.5− (1/0.6)) +
((0.5/0.6)+(1/2)) = −1.2248 < 0 dissatisfies the stability
condition. Subsequently, we will utilize the abovementioned
steps to design the feedback gain and design time delay in the
control term, in order to alleviate the oscillation caused by un-
stable traffic flow.

4.1. The design of feedback gain and its verification

We first adopt the control term (i.e., Eq. (13)) described
in case 1, where the design time delays are known (i.e., τc1 =

τc3 = τ1 = 0.5 s and τc2 = τ2 = 0.4 s). Therefore, the con-
trolled FVDM-MTD can be expressed as follows:

dvn (t)
dt

= α (V (∆xn (t− τ1))− vn (t− τ2))

+β∆vn (t− τ1)+U (1). (28)

From Subsection 3.2, the characteristic equation of Eq. (28)
can be obtained as follows:

P1 (λ ) = λ
2− (γ2− γ3)λ +(β − γ3)λe−τ1λ

+(α + γ2)λe−τ2λ + γ1V ′+(α− γ1)V ′e−τ1λ

−
(

cos
2kπ

N
+ i sin

2kπ

N

)
×
(

γ3λ +(β − γ3)λe−τ1λ + γ1V ′

+(α− γ1)V ′e−τ1λ

)
. (29)

According to Eq. (29) and detailed steps 1–4, the stability dia-
gram for the controlled FVDM-MTD is plotted in (γ1,γ2,γ3)∈
[0,1]× [0,1]× [0,1], as shown in Fig. 3. In Fig. 3, the blue cir-
cle represents an inappropriate combination of feedback gain
(i.e., Ω (γ1,γ2,γ3) = 1), whereas the pink diamond represents
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Fig. 3. The stability diagram of different feedback gain combinations
(γ1,γ2,γ3) for controlled FVDM-MTD with fixed design time delay and
N = 7.
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Fig. 4. The corresponding decomposition diagram of Fig. 3: (a) shows all
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Fig. 5. Velocity evolution of the first car for different feedback gain com-
binations in Fig. 4: (a) involves the parameter combinations represented by
the red dot; (b) involves the parameter combinations represented by the green
dot; (c) involves the parameter combinations represented by the black dot.

an alternative combination (i.e., Ω (γ1,γ2,γ3) = 0) to elimi-
nate the oscillation induced by unstable traffic flow. In or-
der to illustrate the effect of control strategy more clearly, the
corresponding decomposition diagram of Fig. 3 is drawn, as
shown in Fig. 4. Figure 4(a) depicts the distribution of inap-
propriate combinations, and Fig. 4(b) portrays the distribution
of alternative combinations. Then, we validate the effect of
control strategy by selecting three points from Figs. 4(a) and
4(b), respectively. It can be seen from Fig. 5 that the combina-
tion of feedback gains from Fig. 4(b), such as (γ1,γ2,γ3) =

(0.3,0.3,0.8), (γ1,γ2,γ3) = (0.8,0.6,0.3) and (γ1,γ2,γ3) =

(0.4,0.6,0.5) can well reduce the variation of the velocity fluc-

tuations. Conversely, when adopting the combination of feed-
back gains in Fig. 4(a), the velocity fluctuation of the first ve-
hicle increases gradually and eventually forms a dense equal-
amplitude oscillation with the small disturbance added.

From Figs. 3–5, the feasibility and effectiveness of the
design of feedback gains of controlled FVDM-MTD has been
verified.

4.2. The design of design time delay and its verification

In this section, the control term in case 2 (i.e., Eq. (14)) is
leveraged to restrain unstable traffic flow. The corresponding
controlled FVDM-MTD is given as

dvn (t)
dt

= α (V (∆xn (t− τ1))− vn (t− τ2))

+β∆vn (t− τ1)+U (2). (30)

The corresponding characteristic equation of Eq. (30) yields

P2 (λ ) = λ
2− (γ2− γ3)λ +βλe−τ1λ +αλe−τ2λ

+(γ2− γ3)λe−τmλ + γ1V ′+αV ′e−τ1λ

−γ1V ′e−τmλ −
(

cos
2kπ

N
+ i sin

2kπ

N

)
×
(

γ3λ +βλe−τ1λ − γ3λe−τmλ + γ1V ′

+αV ′e−τ1λ − γ1V ′e−τmλ

)
. (31)

Similar to the design of feedback gains mentioned in Subsec-
tion 4.1, according to Eq. (31), the stability interval of the
controlled FVDM-MTD with respect to the design time de-
lay can be obtained, as shown in Fig. 6. The stability interval
is roughly located at τm ∈ [0.47,0.98]. Within the stable in-
terval, the design time delays τm = 0.6 s, 0.7 s, and 0.8 s are
selected to simulate and analyze the effectiveness of the con-
trol strategy. As shown in Fig. 7, the control strategy within
the stability interval can well mitigate the initial perturbation
until the velocity fluctuation tends to a horizontal line. Then,
we take a point on the left and right sides of the left critical
point of the stability interval, such as τm = 0.45 s (from unsta-
ble interval) and τm = 0.47 s (from stable interval). Similarly,
τm = 0.98 s (from stable interval) and τm = 1 s (from unsta-
ble interval) can be obtained on the left and right sides of the
right critical point. As can be seen from Fig. 8, the trends
of velocity fluctuation at both sides of the critical point are
significantly different. When the values of design time delay
are in the stable interval, the amplitude of speed fluctuation
decreases gradually, while when the values cross the critical
point to reach the unstable interval, the amplitude increases
gradually, which fully demonstrates the effectiveness of the
control strategy for design time delay.
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Fig. 6. The stability diagram of different design time delays for controlled
FVDM-MTD with fixed feedback gain and N = 7.
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5. Case study
5.1. Parameter calibration of uncontrolled FVDM-MTD

In order to verify the practicability of the control strat-
egy mentioned in Sections 3 and 4, partial measured data of
Next Generation Simulation (for short, NGSIM) is leveraged
in this section to calibrate the parameters of the FVDM-MTD
reflecting the driver’s driving behavior.

NGSIM[17] is a project conducted by the Federal High-
way Administration in 2002, in order to provide data support
for the establishment and the validation of microscopic traf-
fic models. NGSIM collects data through video, in which the
image information of traffic flow on a highway is recorded at
a frequency of 10 frames per second, and the image informa-
tion is extracted into data information, including the vehicle’s
location, speed, etc. According to the data filtering rules pro-
posed by Chen et al.,[18] a dataset containing 1080 sets of data
is extracted for subsequent parameter calibration.

Firstly, grey relational analysis (GRA)[19,20] is leveraged
to determine driver’s reaction delay, which includes the delay
τ1 for the headway (∆xn (t)), the delay τ2 for the velocity of
following vehicle (vn (t)) as well as the delay τ3 for the veloc-
ity difference between adjacent two vehicles (∆vn (t)). GRA
is based on the development trend of two factors. Therefore,
the relationship between the acceleration of the follower vehi-
cle (an (t)) and ∆xn (t− τ1), vn (t− τ2) as well as ∆vn (t− τ3),
in which τ1,τ2,τ3 ∈ [0.1,3], is investigated according to GRA
and dataset. The relational grades of factors are shown in
Fig. 9, where the higher the relational grade, the higher the
correlation with acceleration an (t). From Fig. 9, ∆xn (t−1),
vn (t−0.3) and ∆vn (t−0.4) have the highest correlation with
an (t), thereby the driver’s reaction delays are determined as
τ1 = 1 s, τ2 = 0.3 s, and τ3 = 0.4 s.
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Fig. 9. Schematic diagram of relational degree between various factors and
acceleration.

Next, based on the structure of the model and the known
input and output variables, genetic algorithm (GA)[21] is
applied to determine the remaining pending parameters of
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FVDM-MTD. The dataset above mentioned is averagely di-
vided into dataset 1 and dataset 2, each containing 540 sets of
data. The model to be calibrated is represented as follows:

an (t) = α (V (∆xn (t−1))− vn (t−0.3))

+β∆vn (t−0.4) , (32)

V (∆xn (t)) =
vmax

2
[tanh(θ1 (∆xn (t)−hc))+θ2] . (33)

The following objective function for GA is adopted:[22]

EC =

√
∑

M
m=1 (areal

m −asim
m )

2√
∑

M
m=1 (areal

m )
2
+

√
∑

M
m=1 (asim

m )
2
, (34)

where M is the total number of samples, m is the index of each
set of data, areal

m is the actual acceleration with index m, and
asim

m is the measured acceleration with index m. The smaller
the EC is, the better the fitting effect is.

See Table 1 for the configuration of GA. See Table 2 for
range of parameters.

The parameters of Eqs. (32) and (33) are calibrated by
combining GA with dataset 1. The calibration results are
shown in Table 3 and Fig. 10. Subsequently, we validate the
calibration results by using dataset 2, and the value of EC is
0.7344, which is an accepted value, indicating that the calibra-
tion results can be used for subsequent verification of control
strategy.

Table 1. The configuration of GA.

Options Values

Population size 100
Mutation rate 0.1
Crossover rate 0.95
Generations 1000

Table 2. The range of parameters.

Parameters Range

α
(
s−1) [0.1,2]

β
(
s−1) [0,1]

vmax (m/s) [15,30]
θ1 [0.05,2]

hc (m) [5,35]
θ2 [0,1]

Table 3. The calibration results of parameters.

Parameters Value

α
(
s−1) 0.4168

β
(
s−1) 0.9131

vmax (m/s) 33.7002
θ1 0.0688

hc (m) 20.8017
θ2 0.7376
EC 0.5009
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Fig. 10. Contrast of acceleration between fitting data and measured data.

5.2. Application and verification of control strategy

According to the results of parameter calibration
and the stability condition (i.e., Eq. (11)), 1.1593 ×
(0.3−1− (1/0.4168)) + ((0.9131/0.4168)+(1/2)) =

−0.9022 < 0 holds, which indicates that the traffic flow is
in an unstable state. Next, we will verify whether the con-
trol strategies designed in Sections 3 and 4 can effectively
suppress the unstable traffic flow. Firstly, a simulation scene
is constructed as 100 vehicles run on a ring-road of length
2080.17 m.

(1) Control term of case 1 as well as the design of feed-
back gains.

The formula of controlled FVDM-MTD is as follows:
dvn (t)

dt
= α (V (∆xn (t− τ1))− vn (t− τ2))

+β∆vn (t− τ3)+U (1). (35)

Then, the characteristic equation of Eq. (35) yields

P1 (λ ) = λ
2− (γ2− γ3)λ +(β − γ3)λe−τ3λ

+(α + γ2)λe−τ2λ + γ1V ′+(α− γ1)V ′e−τ1λ

−
(

cos
2kπ

N
+ i sin

2kπ

N

)
×
(

γ3λ +(β − γ3)λe−τ3λ + γ1V ′

+(α− γ1)V ′e−τ1λ

)
. (36)

Combined with DIIS algorithm and Eq. (36), the stability of
the controlled FVDM-MTD with different combinations of
feedback gains is illustrated in Fig. 11. Figure 12 is a de-
composition of Fig. 11, where Fig. 12(a) consists of all in-
appropriate combinations and Fig. 12(b) is composed of all
appropriate combinations. Select two inappropriate combina-
tions from Fig. 12(a), such as (γ1,γ2,γ3) = (0.1,0.4,0.6) and
(γ1,γ2,γ3) = (0.5,0.7,0.2), and one appropriate combination
from Fig. 12(b), such as (γ1,γ2,γ3) = (0.6,0.3,0.8). What re-
veals in Fig. 13 is velocity evolution of all vehicles for three
selected combinations applied to control unstable traffic flow.
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It can be seen from Fig. 13 that the combinations represented
by red and green lines fluctuates violently at 2000 s, while the
combination represented by blue line shows a horizontal state,
which indicates the effectiveness of the control strategy.
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Fig. 11. The stability diagram of different feedback gain combinations
(γ1,γ2,γ3) for controlled FVDM-MTD with fixed design time delay and
N = 100.
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Fig. 12. The corresponding decomposition diagram of Fig. 11.

Figure 14 shows the hysteresis loops of the control
FVDM-MTD with different combinations. The weaker the
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Fig. 13. Velocity evolution of all vehicles at 2000 s for different feedback
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Fig. 14. The hysteresis loops of the controlled FVDM-MTD correspond to
Fig. 13.

influence of disturbance on steady-state traffic flow, the
smaller the hysteresis loop effect. Clearly, when the appro-
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priate combination (i.e., (γ1,γ2,γ3) = (0.6,0.3,0.8)) is used,
as shown in Fig. 14(a), the hysteresis loop degenerates to a
point, which is identical with the trend of velocity fluctuation
shown in Fig. 13.

Figure 15 shows a comparison of the velocity evolution
of all vehicles between controlled FVDM-MTD (i.e., γ1 =

0.6 s−1, γ2 = 0.3 s−1, γ3 = 0.8 s−1) and uncontrolled FVDM-
MTD (i.e., γ1 = 0 s−1, γ2 = 0 s−1, γ3 = 0 s−1) from 1900 s to
2000 s. Obviously, multiple local cluster waves are formed in
Fig. 15(b), whereas in Fig. 15(a) frequent stop-and-go waves
disappear due to the addition of a control term with appro-
priate feedback gain combination, which demonstrates that a
reasonable design of feedback gains can indeed mitigate the
negative impact of driver’s time delay.
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Fig. 15. Comparison between the controlled FVDM-MTD and the uncon-
trolled.

(2) Control term of case 2 as well as the design of design
time delay.

The corresponding controlled FVDM-MTD is repre-
sented as follows:

dvn (t)
dt

= α (V (∆xn (t− τ1))− vn (t− τ2))

+β∆vn (t− τ3)+U (2). (37)

The corresponding characteristic equation of Eq. (37) is as fol-
lows:

P2 (λ ) = λ
2− (γ2− γ3)λ +βλe−τ3λ +αλe−τ2λ

+(γ2− γ3)λe−τmλ + γ1V ′+αV ′e−τ1λ

−γ1V ′e−τmλ −
(

cos
2kπ

N
+ i sin

2kπ

N

)
×
(

γ3λ +βλe−τ3λ − γ3λe−τmλ + γ1V ′

+αV ′e−τ1λ − γ1V ′e−τmλ

)
. (38)

Similarly, for fixed feedback gains, an alternative range of
design time delay is depicted, as shown in Fig. 16. Take
τm = 0.5 s from the stable interval (i.e., Ω = 0) of Fig. 16 and
τm = 0.2 s from the unstable interval (i.e., Ω = 1) of Fig. 16.
By simulating the velocity evolution of all vehicles for the
controlled FVDM-MTD with different design time delay at
t = 2000 s, it is found that the inappropriate design time de-
lay represented by the red line in Fig. 17 still fluctuates, while
the appropriate one represented by the blue line maintains a
horizontal line, which indicates that all vehicles in the system
are in equilibrium state, and the initial disturbance eventually
dissipates. Hysteresis loops simulated in Fig. 18 also further
verify the effectiveness of the design. In Fig. 19, by com-
paring the uncontrolled FVDM-MTD (i.e., τm = 0 s) with the
controlled one (i.e., τm = 0.5 s), it is clear that the controlled
one successfully suppresses the stop-and-go wave generated
by the original uncontrolled one.
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Fig. 16. The stability diagram of different design time delays for controlled
FVDM-MTD with fixed feedback gain and N = 100.
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Fig. 19. Comparison between the controlled FVDM-MTD and the uncon-
trolled FVDM-MTD.

6. Conclusion
In this paper, we firstly construct an extended car-

following model related to driver’s reaction time delay and
obtain the corresponding stability condition. In order to as-
sist the driver steer vehicle, a new control strategy including
the designs of control terms and the parameters in the terms
is proposed. According to the error between the current infor-
mation and the historical information of the vehicle, the design
of control terms is performed. Through the bifurcation analy-
sis of the controlled system, it is obvious that the influence of
different combinations of parameters on the system is signifi-
cantly different. Therefore, according to the improved definite
integral stability method, the reasonable value of the undeter-
mined parameters in the control terms is determined to im-
prove the stability of traffic flow. The results of verification on
control strategy show that the control strategy can effectively
avoid traffic congestion and eliminate the negative impact of
driver’s delays. This also indicates that the control strategy
can be applied into the actual traffic scene, and has reference
value for the design of controller of intelligent vehicle.
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