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The ground state properties of the rotating Bose—Einstein condensates (BECs) with SU(3) spin—orbit coupling (SOC)
in a two-dimensional harmonic trap are studied. The results show that the ferromagnetic and antiferromagnetic systems
present three half-skyrmion chains at an angle of 120° to each other along the coupling directions. With the enhancement of
isotropic SU(3) SOC strength, the position of the three chains remains unchanged, in which the number of half-skyrmions
increases gradually. With the increase of rotation frequency and atomic density—density interaction, the number of half-
skyrmions on the three chains and in the regions between two chains increases gradually. The relationships of the total
number of half-skyrmions on the three chains with the increase of SU(3) SOC strength, rotation frequency and atomic
density—density interaction are also given. In addition, changing the anisotropic SU(3) SOC strength can regulate the

number and morphology of the half-skyrmion chains.
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1. Introduction

The realization of spinor Bose—Einstein condensates
(BECs) in an optical dipole trap provides an ideal experimental
platform to study many fantastic topological defects, such as
spin vortex, vortex lattice, skyrmion, monopole and knot. [1-10]
Especially in recent years, the realization of artificial spin—
orbit coupling (SOC) in cold atomic gases has made SOC
spinor BECs become a hot research topic in the field of cold
atomic physics, providing a new opportunity to explore novel
quantum phenomena and topological quantum states, such as
topological insulators, quantum spin Hall effect and topologi-
cal superconductors. 112!

The SOC effect mainly describes the coupling between
the orbital motion of a particle and its spin.[*®] Experimen-
tally, the one-dimensional (1D) and two-dimensional (2D)

[14,24,27,28

SOC have been realized in ultracold atoms, I and re-

searchers have also proposed different realization schemes in

15-17.23.29-33] The common forms of SOC are Rashba-

14,34,35]

theory.!
type, Dresselhaus-type and Rashba—Dresselhaus-type. !
In previous work, people focused on SU(2) SOC, namely, the

coupling between the spin operator and the momentum op-

DOI: 10.1088/1674-1056/abfcc8

erator represented via the SU(2) Pauli matrices. However, if
there are more than two states in the spin degree of freedom,
the SU(2) spin matrices cannot fully describe the coupling
of all the internal states. For example, in a three-component
system, the direct transition between the states |1) and | — 1)
will be ignored.?!l At this moment, the SU(3) SOC with
the spin operator spanned by the Gall-Mann matrices can
more completely describe the internal couplings among the
three-component atoms. [*%! In addition, the BECs with SU(3)
SOC will produce a new topological defect, i.e., the double-
quantum spin vortex.*’ Depending on the spin-exchange in-
teraction, there are two different ground state phases. The
ferromagnetic spin-exchange interaction produces the magne-
tized phase, and the antiferromagnetic spin-exchange inter-
action produces the lattice phase. In the magnetized phase,
SU(@3) SOC leads to a ground state with threefold degener-
acy, in stark contrast to the SU(2) case where the degeneracy
is twofold.!?!! In the lattice phase, the SU(3) SOC breaks the
phase conditions for ordinary spinor BECs, resulting in three
novel vortices with different magnetized cores. [36-38]

Recently, Li et al. studied the effect of spin-dependent
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interaction and SU(3) SOC on the BECs in a harmonic plus
quartic trap. The results showed that SU(3) SOC can generate
a threefold-degenerate plane wave phase with nontrivial spin
texture for ferromagnetic spin interaction case. However, for
antiferromagnetic spin interaction case, the strong SU(3) SOC
could produce the hexagonal honeycomb lattice structure. [*]
Yue et al. studied the ground state and metastable solution
of solitons in BECs with SU(3) SOC by the imaginary-time
evolution method.*”) Wang er al. studied the ground state
of BECs with isotropic and anisotropic SU(3) SOC in a 2D
harmonic trap. It was found that the competition between
the SU(3) SOC and the spin-exchange interaction produces
abundant lattice phases, such as the kagome lattice phase, the
stripe-honeycomb lattice phase and the honeycomb hexagonal
lattice phase.*!! Considering the rotation effect, the ground
state of the BECs with SU(2) SOC had been extensively stud-
ied, such as the triangular vortex lattice with giant skyrmion
in the center, the ring-hyperbolic skyrmion, and the half-

42-511 However, the re-

skyrmion chain along the diagonal.l
search on the ground state of SU(3) SOC rotating BECs sys-
tem is relatively rare. Peng ef al. studied the ground state
of BECs with SU(3) SOC in a harmonic trap, and numeri-
cally calculated the 2D density, phase and magnetization dis-
tribution of the ground state under different parameters. They
found that a new ground state with a clover-type structure in
the density distribution of the condensate is induced by rota-
tion. Once the rotation frequency increased and exceeded a
critical value, the vortex with one or several cores appeared in
the three parts of the structure.>?!

In this paper, the ground state properties of the rotat-
ing BECs with isotropic and anisotropic SU(3) SOC in a 2D
harmonic trap are further investigated. By numerically solv-
ing the Gross—Pitaeviskii equations of the mean field approx-
imation, the effects of the external parameters on the ground
state of BECs are discussed in detail. The results show that
the ferromagnetic and antiferromagnetic systems present three
half-skyrmion chains at an angle of 120° to each other along
the coupling directions. With the enhancement of isotropic
SU(3) SOC strength, the position of the three chains remains
unchanged, in which the number of half-skyrmions increases
gradually. With the increase of rotation frequency and atomic
density—density interaction, the number of half-skyrmions on
the three chains and in the regions between two chains in-
creases gradually, and the surface area distribution of the con-
densate increases. However, different spin-dependent interac-
tions have little effect on the ground state. Furthermore, the
relationships of the total number of half-skyrmions on three
chains with the increase of SU(3) SOC strength, rotation fre-
quency and atomic density—density interaction are given. In
addition, changing the anisotropic SU(3) SOC can regulate the

number and morphology of half-skyrmion chains. Finally, the
spin textures of the ground state under some specific parame-
ters are discussed.

2. Model and Hamiltonian

We consider a three-component rotating BECs system
with SU(3) SOC in a 2D harmonic trap. The Hamiltonian can

be written asP12]

H= / dzr{w (=h*V2/(2m) +V(r) + Veoe + QL) ¥

NEn [(m—n_1>2+2l‘fa*%+%*‘*’—1'2D}’ M

where the order parameter ¥ = [ (), ¥ (r), ¥ (r)]" can be
normalized by the total number of particles N = [ d>roiw.
The total particle density isn=Y,,_; o _1 ¥y (r)¥n(r). In the
Kinetic term, m is the mass of a 3’Rb atom and 7 is the Planck
constant. The 2D harmonic potential can be expressed as
V(r) = im[w? (x> +y*)], wherein @ is the trapping frequency.
The SU@3) SOC term is given by Vsoc = Ki¥iPx + K% Dy
with K, and k, describe SU(3) SOC strengths in the x and
y directions, respectively. K, = K, = K represents isotropic
SU(3) SOC, and k; # K, is for anisotropic SU(3) SOC. p;
and p, represent the momentums in the x and y directions,
respectively. ¥, and ¥, are expressed in terms of ¥, = 7(1) +
7(4) + y(G) and 3, = y<2> - }/(5) + 7(7) through Gell-Mann ma-
trices Y (i = 1,...,8).1%1 Q' is the rotation frequency, and
L,=
direction. The coupling parameters of the interaction term are
co = 4nh*(ag + 2a;)/3m and ¢y = 4nh*(ay — ap)/3m, where
ap 2 are two-body s-wave scattering lengths for total spin 0, 2.

—ih(xdy —yd,) is the orbital angular-momentum along z

The ground state and dynamic process of spin-1 BECs with
SU(3) SOC can be described by the following quasi-2D di-
mensionless coupled nonlinear equations:

i% - (—%V2+V+iQ(x8y—y8X)+7Lop
+A2(p1+ po qu)) vi + (—iK0x — K,0y) Yo
+(—ike 4 150)) W1 + My g, ©)
i% - (—%v2+v+ig(xay—yax)+aop
+Aa(p1 +p—1)> Vo + (—ikdi +1%,0)) ¥
+ (—iKedy — Ky0y) W1 + 221 Y1 Y, 3)
iag;l = (f%V2+V+iQ(x8yfy8x)+ﬁop
+A2(po+p-1 _Pl)) Vo1 + (—ikeds + K0y Yo
(=KD — K9, Y1 + W ¥, )

where y; = N~!/2a,¥; (j = 0,+1) describes the dimension-
less wave function of the condensed matter atomic distribu-

tion in each hyperfine state, and the wave function satisfies the
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normalization condition [ d?reTep = 1. The dimensionless
external potential of a 2D harmonic trap can be expressed as
V(r) = (1/2)( +y7).
tation frequency. p = p; + po + p—1 denotes the density of
lyj|? (j=1,0,—1). The di-
mensionless interaction strengths are g = 47N (ag+2a;) /3an

Q represents the dimensionless ro-
total particle number, where p; =

and Ay = 47N (a; — ap) /3an, respectively. We choose ap =
(100.4 £0.1)ap for total spin channel F, = 2 and ap =
(101.8 £ 0.2)ap for total spin channel Fy, = 0, where ap is
the Bohr radius. K, and k; are the dimensionless strengths of
SU(3) SOC in the x and y directions. The characteristic length
of harmonic trap is ap = \/h/% In the process of numerical
calculation, the length, time, energy, strength of SU(3) SOC
are scaled by \/h/%, o~ !, ho, and \/W, respectively.
The ground state of the system is obtained by solving the non-
linear equations and using the standard imaginary-time propa-
gation method, >3 in which the Fourier spectrum method is
used for spatial discretization, and the backward and forward
Euler schemes of the linear and nonlinear terms for the time
discretization. The size of computational grid is 300 x 300,
corresponding to actual calculation system being 24 x 24aﬁ .

3. Results and discussion
3.1. The ground state phase without rotation

Firstly, the effect of isotropic SU(3) SOC on the ground
state of the system without rotation is discussed. The par-
ticle number density and phase distributions of ground state
are shown in Fig. 1. Columns 1-3 are the mg = 1, mp = 0,
and mp = —1 component density distributions, respectively.
Column 4 is the total density distribution of the three com-
ponents, and columns 5-7 are the corresponding phase dis-
tributions. For the antiferromagnetic system, as shown in
Figs. 1(al) and 1(a2), the density diagrams of the system
present triangular lattice distributions with spontaneous break-
ing of spatial translation symmetry, and the total density dia-
grams present circular Gaussian wave packets. The phase di-
agrams show the hexagonal structure formed around vortices
and anti-vortices. According to the study of antiferromagnetic
lattice phase by Han et al., there are two different topologi-
cal defects in the system, namely, double-quantum spin vor-
tex and half-shyrmion.®’ With the increase of SU(3) SOC
strength, the number of triangular lattices in the density dia-
grams increases with the arrangement becoming tighter. For
the ferromagnetic system, as shown in Figs. 1(bl) and 1(b2),
the density diagrams present circular Gaussian wave packets.
Due to the dual effects of SU(3) SOC and spin-exchange inter-
action, the system presents a plane-wave phase. The direction
of the spatial translation symmetry of the phase changes with
the increase of SU(3) SOC strength.

7] %)

o e e 6, 6
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(a2)

(b1)

o000
* EXSEENNNN

0 0063
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Fig. 1. Particle number densities (the first, second, third, and fourth columns)
and phase distributions (the fifth, sixth and seventh columns) of the spin-1
BECs of 87Rb for the different isotropic SU(3) SOC strengths. The param-
eters are set as follows: (al) A, =80, k =0.8; (a2) A, = 80, k¥ = 1.2; (bl)
A, = —80, k = 0.8; (b2) A, = —80, k¥ = 1.2. The rest of parameters are
Ao = 8000, 2 = 0.0, and @ = 27 x 250 Hz.

3.2. The ground state phase with rotation

The rotating effect is considered here. Due to the ro-
tation potential, each component of the system appears vor-
tices. In this case, the phenomena of antiferromagnetic and
ferromagnetic system are similar. We take the ferromagnetic
system as an example. With fixing the rotation frequency
Q = 0.2, when the SU(3) SOC strength is small, the density
diagrams in Fig. 2(a) clearly show that the particle number of
mg = 0 component is the largest, mgp = —1 component is less,
and the mp = 1 component is the least. With the increase of
SU(3) SOC strength, the particle number of the three compo-
nents gradually tends to be more evenly distributed, namely,
k2] \2 |‘I’0|2 |- ]\2 N/3, as shown in Fig. 2(d). Now, the
three components show obvious phase separation. It shows
that mp = 1 component is separated from mg = 0 component
and mp = —1 component, respectively. The density diagrams
show three vortex chains with an angle of 120° to each other
along the coupling directions. The left vortex chain is ar-
ranged along the y axis, and the right two are symmetrically
distributed along the y axis. There are also a few vortices in the
regions between two vortex chains. Among them, each vor-
tex actually corresponds to a half-skyrmion in the spin texture.
Therefore, the vortex chain is also called the half-skyrmion
chain, which will be discussed in detail below. With the in-
crease of SU(3) SOC strength, the number of half-skyrmions
on the three chains increases obviously, and the arrangement
becomes increasingly tighter. This is due to the enhanced cou-
pling between atomic spin and atomic mass center motion, and
the spin flips frequently in the system, which leads to the grad-
ual increase of the half-skyrmion number along the coupling
directions. The number of half-skyrmions in the regions be-
tween two chains does not change significantly. Meanwhile,
there are many phase secants in the phase diagrams. There is
a discontinuous shift in the phase from —7 to 7, i.e., from the
blue side of the secant to the red side. The minimum point in
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the density distribution diagrams corresponding to the end of
the phase secant line is the vortex core. It can be clearly seen
from the phase diagrams that there are three vortex chains with
an angle of 120° to each other, and four obvious vortex cores
in other regions. The regions formed by two vortex chains
present plane wave phases, of which the phase changes from
small to large in a direction perpendicular to the extension line
of the third vortex chain, forming a counterclockwise winding,
as shown by the arrows in Fig. 2(a).

L L A S L ) -1

WSS
DMENE

SIS

=

T

[ — ]
Y 0 0.006 —3.14 3.14

Fig. 2. Particle number densities (the first, second, third, and fourth columns)
and phase distributions (the fifth, sixth and seventh columns) of the spin-1
ferromagnetic BECs of 87Rb for the isotropic SU(3) SOC strengths. The
parameters are set as follows: (a) k = 0.6; (b) k = 1.0; (c) k = 1.4; (d)
Kk = 2.0. The rest of parameters are 4y = 8000, A, = —80, 2 = 0.2, and
=271 x 250 Hz.

Next, the SU(3) SOC strength is fixed, and the influence
of rotation frequency on the system is considered. When the
rotation frequency is small Q = 0.2, as shown in Fig. 3(a),
the system presents three half-skyrmion chains, and the areas
between two chains present five half-skyrmions. On the one
hand, as the rotation frequency gradually increases, the num-
ber of half-skyrmions on the three chains gradually increases,
and the arrangement becomes tighter. The number of half-
skyrmions in the regions between two chains also gradually
increases. On the other hand, it can be seen from the density
diagrams that the number of particles in the system mp = 1
component is the largest, followed by mr = 0 and mp = —1.
The phenomenon becomes more obvious with the increase of
the rotation frequency. Meanwhile, three half-skyrmion chains
in total density diagrams become clearer, and the surface area
distribution of condensate gradually increases. When the ro-
tation frequency 2 = 0.8, three half- skyrmion chains divide
the condensate into a cloverleaf-like pattern.

On the whole, for the rotating BECs, the isotropic SU(3)
SOC mainly regulates the number of half-skyrmions on the
three chains, but has little effect on the number of half-
skyrmions in the areas between two chains. The rotation fre-
quency can not only change the number of half-skyrmions on
the three chains, but also change the number of half-skyrmions
in other regions.

The effects of different atomic density—density and spin-
dependent interactions on the ground state are further inves-
tigated. Taking Fig. 2(b) as a reference, it can be seen from
Fig. 4(al) that when the atomic density—density interaction
When
the atomic density—density interaction increases, as shown in

decreases, the number of half-skyrmions decreases.

Fig. 4(a2), the number of half-skyrmions increases, so does
the surface area distribution of the condensate. This is be-
cause the number of topological defects in the condensate is
linearly related to the surface area distribution of the conden-
sate under rotation condition, and the enhancement of atomic
density—density interaction can also change the magnetic or-
der distribution within the system, which will lead to the in-
crease of topological defects in the condensate. As can be seen
from Figs. 4(b1) and 4(b2), different spin-dependent interac-
tions have little influence on the ground state of the system.

LA

P e 6 0,
-

[ e— ]
0.0059 —3.14 3.14

Fig. 3. Particle number densities (the first, second, third, and fourth columns)
and phase distributions (the fifth, sixth and seventh columns) of the spin-1 fer-
romagnetic BECs of 87Rb for different rotation frequencies. The parameters
are set as follows: (a) 2 =0.2; (b) 2 =0.4; (¢c) 2 =0.6; (d) 2 =0.8. The
rest of parameters are Ao = 8000, A, = —80, k¥ = 1.2, and @ = 27 x 250 Hz.

L A S s 0, 0o 0,
(al) :

(a2)
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—3.14 3.14

©0.0059

Fig. 4. Particle number densities (the first, second, third, and fourth columns)
and phase distributions (the fifth, sixth and seventh columns) of the spin-1 fer-
romagnetic BECs of 87Rb for the different atomic density—density and spin-
independent interactions. The parameters are set as follows: (al) A9 = 6000,
Ay = —80; (a2) A9 = 10000, A, = —80; (bl) Ay = 8000, A, = —60; (b2)
Ao = 8000, A, = —100. The rest of parameters are Q = 0.2, k¥ = 1.0 and
o =271 x 250 Hz.

In order to present more intuitively the relationships of to-
tal number of half-skyrmions on the three chains with isotropic
SU(3) SOC strength (x), rotating frequency (£2), and atomic
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density—density interaction strength (Ag), we calculate a large
number of parameters. The results are shown in Fig. 5. It
can be seen that the total number of half-skyrmions on the
three chains increases approximately linearly with the increase
of SU(3) SOC strength and rotation frequency, but increases
gradually and slowly with the increase of atomic density—
density interaction, and finally the curve becomes flat. Phys-
ically, it is not difficult to analyze that as the atomic density—
density interaction increases, the number of atoms increases
and the gap between atoms decreases. In the case of rotation,
vortices will be more difficult to generate. Thus, the SU(3)
SOC and rotation effects are more significant for increasing
the number of half-skyrmions on the three chains than atomic
density—density interaction.

40 @)

201

40

20—~

40

30

20} A

10 0.2 0.4 0.6 0.8 1.0 1.2

Ao (10%)
Fig. 5. Diagrams of the total number of half-skyrmions on three chains
in spin-1 ferromagnetic ’Rb BECs as functions of isotropic SU(3) SOC
strengths (k), rotation frequency (£2), and density—density interaction
strengths (Ag). The parameters are set as follows: (a) 2 = 0.2, 49 = 8000,
Ay = —80; (b) x = 1.0, A = 8000, A, = —80; (c) 2 =0.3, k = 1.0,
A2 = —80. The rest of parameters is @ = 27 x 250 Hz.

In addition, we consider the influence of anisotropic
SU(3) SOC on the ground state of the rotating system. With
fixing the rotation frequency 2 = 0.2 and the SU (3) SOC

strength in the x direction x, = 1.0, when the SU (3) SOC
strength in the y direction «; is small, as shown in Fig. 6(a),
the three components of the system show phase separation ob-
viously, and the density diagrams present three half-skyrmion
chains, among which a half-skyrmion chain on the left is ar-
ranged along the y axis, and two half-skyrmion chains on the
right are symmetrically distributed along the y axis. The re-
gions between two chains also have a few half-skyrmions.
Compared with Fig. 2(b), the angles between two chains are
no longer 120° to each other, instead, the angle between two
chains on the right is enlarged. Besides, the intersection point
of the three chains is no longer at the central position, but
at the left side of the central position. With the increase of
Ky, the two chains on the right gradually move to the y axis,
with the angle between them decreases gradually, and the in-
tersection point of the three half-skyrmion chains move to the
right along the y axis. Finally, a half-skyrmion chain arranged
tightly along the y axis is formed, with a few half-skyrmions
in the upper and lower parts. Meanwhile, the ground states of
the system are calculated at different x, with a fixed K, = 1.0.
It is found that as the k, increases, the changes of the half-
skyrmion chains of the system present the inverse process as
shown in Fig. 6, that is, one half-skyrmion chain distributed
along the y axis gradually changes to three half-skyrmion
chains, and the intersection point of the three half-skyrmion
chains gradually moves to the left along the y axis. It can be
seen that the number and morphology of half-skyrmion chains
in the system can be regulated by adjusting the anisotropic
SU(3) SOC strengths in different directions.

e 0 2 | 0 0,
¢ ®®0 -
e s=«0

IIII%%%

l

o
0.0061

[ e}
—3.14 3.14

Fig. 6. Particle number densities (the first, second, third, and fourth columns)
and phase distributions (the fifth, sixth and seventh columns) of the spin-1
ferromagnetic BECs of 8’Rb for the anisotropic SU(3) SOC strengths. The
parameters are set as follows: (a) Kk, = 0.6; (b) K, = 1.2; (¢) K, = 1.6; (d)
Ky = 2.1. The rest of parameters are &, = 1.0, Ag = 8000, A, = —80, 2 =0.2,
and @ = 271 x 250 Hz.

3.3. The spin textures of different ground states

Finally, we discuss the spin textures of different ground
states, and define the spin vectors of components as!>>!

Fe=[Wivo+ ¥ (vi+vo) + v wol/V2, 5)
F=i[—yivo+v(vi—vo1) + v wl/vV2, (6
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The topological charge is expressed as Q =
(1/4m) [ [s-[(ds/dx) x (ds/dy)] dxdy. And p = (s/4w)-
[(ds/dx) x (ds/dy)] is the topological charge density. The
spin texture in Fig. 7(a) corresponds to Fig. 1(al). At this time,
the system presents two kinds of topological defects. One is
double-quantum spin vortex which has a spin current with two
quanta of circulation around the unmagnetized core, as shown
in the circle in Fig. 7(a). The other is the half-skyrmion with
different winding combinations, as shown in the triangle or
rectangle in Fig. 7(a), whose spin flips from the surround-
ing plane to the center or from the center to the surrounding
plane, respectively. Figures 7(b) and 7(c) represent the spin
textures corresponding to Figs. 1(b1) and 1(b2). Now, as the
rotation frequency is zero, no spin texture corresponds to the
topological defect in the ferromagnetic system. However, with
the enhancement of SU(3) SOC strength, the rightward spin
distribution along y axis changes from the bottom right to the
top left. This is because the ferromagnetic interaction tends to
make the spin be arranged in the same direction, and the in-
crease of the coupling between the atomic spin and the motion
of center mass leads to the change of the spin texture. The
competition with each other results in the overall change of
the spin direction. Figure 7(d) represents the spin texture cor-
responding to Fig. 2(b). The topological charge corresponding
to each topological defect in the system is calculated as 0.5.
According to Liu’s research, 3! the topological charge of the
vortex in the SOC rotating BEC system is calculated to be 0.5
by giving three expressions of the spin vector. Such a spin
texture is called half-skyrmion. It can be clearly seen that
there are three half-skyrmion chains at an angle of 120° to
each other, and four half-skyrmions in the areas between two

chains.
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Fig. 7. The spin textures of the ground states: (a) spin texture corresponding
to Fig. 1(al); (b) spin texture corresponding to Fig. 1(bl); (c) spin texture
corresponding to Fig. 1(b2); (d) spin texture corresponding to Fig. 2(b). Val-
ues of spin density are from —1 (blue) to 1 (red).

4. Conclusion

In summary, we found that in the SU(3) SOC rotating
BECs system, the ferromagnetic and antiferromagnetic sys-
tems present three half-skyrmion chains at an angle of 120°
With the en-
hancement of isotropic SU(3) SOC strength, the position of

to each other along the coupling directions.

the three chains remains unchanged, in which the number of
half-skyrmion increases gradually. With the increase of ro-
tation frequency and atomic density—density interaction, the
number of half-skyrmions on the three chains and in the re-
gions between two chains increases gradually. Besides, the
surface area distribution of the condensate increases. How-
ever, different spin-dependent interactions have little effect on
the ground state. In addition, changing the anisotropic SU(3)
SOC strength in different directions can regulate the num-
ber and morphology of half-skyrmion chains. In future work,
we can consider the ground state structure of rotating BECs
system with SU(3) SOC and spin—orbital angular momentum
coupling®”! under gradient magnetic field. We can also con-
sider high spin system, such as spin-2 BECs,®® and adjust
different parameters, thus to greatly enrich the ground state
phase diagram.
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