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A two-ion pair in a linear Paul trap is extensively used in the research of the simplest quantum-logic system; however,
there are few quantitative and comprehensive studies on the motional mode coupling of two-ion systems yet. This study
proposes a method to investigate the motional mode coupling of sympathetically cooled two-ion crystals by quantifying
three-dimensional (3D) secular spectra of trapped ions using molecular dynamics simulations. The 3D resonance peaks
of the 40Ca+–27Al+ pair obtained by using this method were in good agreement with the 3D in- and out-of-phase modes
predicted by the mode coupling theory for two ions in equilibrium and the frequency matching errors were lower than 2%.
The obtained and predicted amplitudes of these modes were also qualitatively similar. It was observed that the strength of
the sympathetic interaction of the 40Ca+–27Al+ pair was primarily determined by its axial in-phase coupling. In addition,
the frequencies and amplitudes of the ion pair’s resonance modes (in all dimensions) were sensitive to the relative masses
of the ion pair, and a decrease in the mass mismatch enhanced the sympathetic cooling rates. The sympathetic interactions
of the 40Ca+–27Al+ pair were slightly weaker than those of the 24Mg+–27Al+ pair, but significantly stronger than those
of 9Be+–27Al+. However, the Doppler cooling limit temperature of 40Ca+ is comparable to that of 9Be+ but lower than
approximately half of that of 24Mg+. Furthermore, laser cooling systems for 40Ca+ are more reliable than those for 24Mg+

and 9Be+. Therefore, 40Ca+ is probably the best laser-cooled ion for sympathetic cooling and quantum-logic operations
of 27Al+ and has particularly more notable comprehensive advantages in the development of high reliability, compact, and
transportable 27Al+ optical clocks. This methodology may be extended to multi-ion systems, and it will greatly aid efforts
to control the dynamic behaviors of sympathetic cooling as well as the development of low-heating-rate quantum logic
clocks.
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1. Introduction
An important tool in the study of objective reality is the

precise control and measurement of neutral, charged atomic
and molecular quantum states because they play an important
role in the discovery of new physical phenomena and in the
testing of the fundamental laws of physics.[1] Through the use
of the laser cooling and atom (ion) trapping techniques, the
transition frequency of atomic and molecular systems can be
controlled to a precision of 10−19,[2] which is the highest level
of precision among all precision measurement techniques. The
preparation and measurement of cold ion systems is typically
performed using a red-detuned laser, which interacts with a
closed cycling transition of the target ion to dissipate its ki-
netic energy and suppress the Doppler effect. This ensures that
the quantum states of the ions are coherent and ready for pre-
cision measurements. However, many candidate ions that may
be used for the development of precise frequency standards or
probing the time variations of the fine structure constant[3–7]

are difficult to cool, owing to the lack of cycling transitions
or suitable lasers. This makes precise measurements of their

transition lines impossible. Therefore, a generally applicable
method for the preparation of cold ions that does not require
direct laser cooling while efficiently suppressing quantum de-
coherence in ion systems is crucial for ion-based precision
measurements and applications.

The Wineland group in the National Institute of Standards
and Technology constructed the optical measurement systems
for 27Al+, which are based on sympathetic cooling using 9Be+

and 24Mg+.[2,8,9] These “logic” ions also enable the internal
quantum transitions of 27Al+ to be measured via their external
degrees of freedom. This method was used to create frequency
standards with an accuracy of 10−19, which were then used to
validate special and general relativity.[2,8] Sympathetic cooling
and quantum-logic measurements of an ion are performed by
trapping a laser-cooled ion (LCI) and a sympathetically cooled
ion (SCI) in a radio-frequency (RF) ion trap. These ion species
will then be tightly coupled to each other through Coulomb
interactions. Subsequently, a resonant energy transfer occurs
between the SCI and the colder LCI, while heat is continu-
ously removed from the system through laser Doppler cooling
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and sideband cooling. This continues until the two-ion system
is cooled to thermal equilibrium by motional mode coupling
(or even to the quantum mechanical ground state[9] in some
cases). Once this state is achieved, the internal quantum state
of the SCI and the external vibrational quantum state of the
coupled SCI-LCI system can be manipulated using suitable
pulsed lasers, thereby influencing the internal quantum state
of the LCI. Quantum-logic operations on the SCI’s internal
quantum state may then be performed by probing the inter-
nal quantum state of the LCI. Over the past 20 years, sympa-
thetic cooling has been used in trapped ion systems to cool
a variety of systems, both small (electrons) and large (bio-
logical molecules), to mK or µK levels.[10,11] It is now pos-
sible to control the motional modes and coupling character-
istics of sympathetically cooled two-ion systems to hitherto
unachievable levels of precision. This breakthrough enables
precise quantum manipulations and measurements of charged
ion systems with remarkable physical properties, which typ-
ically could not be directly laser-cooled. This allowed fur-
ther precision in atomic clocks and in testing the fundamental
theories of physics as well as in the construction of scalable
quantum computers. Sympathetic cooling and quantum-logic
operations based on ion trapping are now an important area of
research for quantum logic clocks, quantum information pro-
cessing, quantum computing, and cold chemistry.[12–17] Mo-
tional mode coupling between the SCI and LCI is an impor-
tant factor for sympathetic cooling efficiency. It is also neces-
sary for quantum-logic detection because it links the internal
quantum states of the LCI and SCI. Therefore, the precise as-
sessment and control of the motional mode coupling between
the LCI and SCI are crucial for sympathetic ion cooling and
high-precision ion spectroscopy.

In terms of structure and coupling mechanism, a linear
two-ion pair in a linear Paul trap is the simplest quantum-
logic system, and it has been widely implemented in scien-
tific studies.[18] However, systematic studies on the motional
mode coupling of two-ion systems are scarce, and the opti-
mization of LCI–SCI interactions, mixed-ion systems, and po-
tential fields remains poorly explored. Furthermore, the fac-
tors that influence the resonance modes and energy transfers
of LCI–SCI systems have not been quantified. Owing to its
physical properties, 27Al+ is one of the best candidate ions for
atomic clocks and precision measurements, and it has been ex-
tensively studied.[2,8,9] However, direct laser cooling of 27Al+

is still very difficult, owing to the limitations of deep ultravio-
let laser technology.[19] In this study, we will use the sympa-
thetic cooling and quantum-logic operations of 27Al+ to study
the motional mode coupling of LCI–SCI ion pairs.

2. Linear Paul trap for sympathetic cooling of
ion pairs and its equivalent resonance model
The linear Paul trap and the corresponding coordinates

used in our study are shown in Fig. 1. The lengths of the trap-

ping part (B) and the remaining parts (A,C) of each electrode
are 2z0 = 5.90 mm and 2ze = 24.00 mm, respectively. The
diameter of each electrode rod is d = 8.00 mm, and the min-
imum distances between the trap axis and all electrodes are
r0 = 3.50 mm. The confinement of the ions in the radial plane
is obtained by applying a pair of RF fields (±1/2Urf cos(Ωrft))
with the same frequency and amplitude and a phase difference
of π to two pairs of diagonal electrode rods (A1,3, B1,3, C1,3,
and A2,4, B2,4, C2,4). The confinement of the ions in the axial
direction is obtained by applying direct current (DC) voltage
Uend to the ends of the electrodes (A and C). A detailed de-
scription of the linear Paul trap can be found in Refs. [20,21].
After the two-ion system is sympathetically cooled to the crys-
talline state, the equilibrium distance between the two ions
becomes z = (Qz2

0/(32Uendπε0))
1/3,[22] where Q is the elec-

tron charge of each ion, and ε0 is the permittivity of free
space. These ions exhibit three-dimensional (3D) resonant
motions about their equilibrium positions, which are coupled
to each other to an extent. If we do not consider high-order
resonances,[23] the motional mode couplings of the two-ion
system divide vibrational modes into the in- and out-of-phase
eigenmodes. The external motional states may be expressed
as the following Hamiltonian:

Ĥ = }ωi

(
â†

i âi +
1
2

)
+}ωo

(
â†

oâo +
1
2

)
, (1)

where â†
i , âi, â†

o, and âo are the standard harmonic oscilla-
tor ladder operators of the in- and out-of-phase vibrational
modes, respectively. The coupled vibrational displacements
of the LCI and SCI are 𝑙SCI and 𝑙LCI, respectively:[24,25]

𝑙SCI ≈ zib1 sin(ωit +φi)+ zob2 cos(ωot +φo), (2)

𝑙LCI ≈
zib2√

µ
sin(ωit +φi)−

zob1√
µ

cos(ωot +φo). (3)

In these equations, ωi and ωo are the angular eigenfrequencies
of the in- and out-of-phase modes, respectively, and φi and φo

are their phases. zi and zo are the modal amplitudes of the ion
in- and out-of-phase vibrations, respectively. The mass ratio
of the singly charged ion pair is µ = mLCI/mSCI. b1 and b2

are the components of the normalized eigenvector of the in-
phase mode, which satisfy b2

1+b2
2 = 1 in each dimension. The

normalized eigenvector (b1,z and b2,z) of the axial vibrational
modes of the ions depends directly on the mass ratios µ of the
ion pair and satisfies

b1,z =

√
1−µ

2
√

1−µ +µ2
+

1
2
. (4)

The normalized eigenvector (b1,r and b2,r) of the radial vibra-
tional modes depends on both the mass ratios µ of the ion
pair and the radial-to-axial secular frequency ratio of the SCI,
η =ωSCI-r/ωSCI-z, approximated by a harmonic pseudopoten-
tial model[25] and satisfies
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b1,r =

√
µ−µ2 +η2(µ2−1)

2
√

η4(µ2−1)2−2η2(µ−1)2µ(µ +1)+µ2(1−µ +µ2)
+

1
2
. (5)

The coupling intensities of the in- and out-of-phase vibrational
modes of a LCI–SCI heteronuclear ion pair in specific dimen-
sions are characterized by the absolute amplitude ratio of the
heteronuclear ion pair in these modes[26]

Iin = A(SCIin)/A(LCIin) = b1z,r×
√

µ/b2z,r, (6)

Iout = A(SCIout)/A(LCIout) = b2z,r×
√

µ/b1z,r. (7)

The closer Iin and Iout are to 1, the stronger the coupling is.

(a) 

(b) 

A1

A4

B1

B4

C1

C4

2ze=24.0 mm 2z0=5.9 mm 2ze=24.0 mm

x

y
z

1 2

34

r0=3.5 mm

d=8.0 mm

D=10.6 mm

+Urfcos(Ωrft)/2

-Urfcos(Ωrft)/2

Fig. 1. Schematic of the (a) linear Paul trap and (b) RF potential.

3. Secular spectra of sympathetically cooled ion
pairs
The dynamics of RF-trapped ion systems can be approx-

imated by using a harmonic pseudo potential model. Secular
spectra are effective means for probing the dynamics of ion
coupling, and they are also important for understanding and
controlling sympathetic cooling and quantum-logic detection
processes. We have used molecular dynamics simulations to
study the dynamic coupling characteristics, spatial configura-
tion, sympathetic cooling mechanism, and efficiency effect of
ion pairs. The “leap frog” algorithm[27–29] is applied to solve
the equation of motion of each particle. The kinematics in-
formation is monitored while the cloud moves under the influ-
ence of the RF trapping field, the Coulomb interaction forces,

random collision force, and laser light interaction force. A
detailed description of the numerical simulation methods can
be found in Ref. [21]. The secular spectra of SCI pairs are
obtained by applying a fast Fourier transform to the 3D coor-
dinates of ions at different time.

3.1. Motional resonance spectrum of a single ion

The axial motions of a linearly trapped ion are determined
by using the axial electrostatic potential. By minimizing the
radial micromotions of the ion using the fluorescence mod-
ulation technique,[30] the radial (x and y) forces and secular
motions of the ion system converge to a set point, and its mo-
tions are then jointly determined by the RF potential and axial
electrostatic potential. Figure 2 shows the 3D secular spectra
of singly trapped single 40Ca+ and 27Al+ ions under the same
RF field (Ωrf = 3.7148 MHz, Urf1 = 200 V, Uend = 3.5 V),
and the 27Al+ spectra were obtained by removing the 40Ca+

contribution to the 40Ca+–27Al+ pair through secular motional
excitation or by controlling a radially symmetric electrostatic
potential. Because the radial trapping strength of the trapping
potential is higher than the axial trapping strength for a given
ion, the radial secular frequency is higher than the axial secular
frequency.

The axial and radial motional resonances of single 40Ca+

and 27Al+ ions are primarily basic modes. Their axial peaks
are ωAl-z = 137.315 kHz and ωCa-z = 112.658 kHz, and
their radial peaks are ωAl-r = 268.254 kHz and ωCa-r =

174.301 kHz, respectively. In the harmonic pseudo potential
model, the axial and radial secular frequencies of 40Ca+ and
27Al+ satisfy[24]

ωAl-z/ωCa-z =

√
M40Ca+

M27Al+
, (8)

ωAl-r/ωCa-r =
M40Ca+

M27Al+

√√√√1+ 1
2 β 2

40Ca+

1+ 1
2 β 2

27Al+
. (9)

In these equations, β = ωz/ωr is the ratio between the ax-
ial and radial equivalent binding strength of an ion.[24] The
matching errors between the axial and radial resonance fre-
quencies obtained from the simulations and their approxima-
tions from the equivalent pseudo potential were lower than
0.000168% and 0.509%, respectively (the accuracy of the
latter was primarily limited by ignoring the high-order non-
harmonic potential in the equivalent pseudo potential approx-
imations). Thus, it is shown that the effect of high-order reso-
nant modes on 3D resonance modes of single ions in a linear

073702-3



Chin. Phys. B Vol. 30, No. 7 (2021) 073702

trap is negligible. Therefore, these modes are well approxi-
mated by the harmonic pseudo potential model.
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Fig. 2. 3D secular spectra of trapped single 40Ca+ and 27Al+ ions. The 27Al+

spectra were obtained by removing the 40Ca+ contribution to the 40Ca+–
27Al+ pair through secular motional excitation or by controlling the radially
symmetric electrostatic potential.

3.2. Motional mode coupling in the 40Ca+–27Al+ pair

Sympathetic cooling of a single 27Al+ ion by a single
40Ca+ ion leads to the formation of a 40Ca+–27Al+ crystal.
Long-range Coulomb interactions will then cause their simple
harmonic motions to couple and establish new normal modes
of motion. The 3D secular spectra of this two-ion system (un-
der the RF field: Ωrf = 3.7148 MHz, Urf1 = 200 V, Uend =

3.5 V) are shown in Fig. 3. In the axial motional spectrum
(Fig. 3(a)), 40Ca+ and 27Al+ both exhibit three sets of res-
onances at ω1z (ωAl-z ≈ ωCa-z = 124.561 kHz), ω2z (ωAl-z =

218.089 kHz, ωCa-z = 220.639 kHz, and ωCa-z/ωAl-z = 1.012),
and ω3z (ωAl-z = 296.737 kHz, ωCa-z = 297.162 kHz, and
ωCa-z/ωAl-z = 1.001). The one-to-one correspondence be-
tween the axial resonances of 40Ca+ and 27Al+ implies that
their axial resonance modes are tightly coupled, which is
beneficial for efficient energy transfer and sympathetic cool-
ing. Based on the mode coupling theory for two ions in
equilibrium,[25,26] the axial out-of-phase mode of the 40Ca+–
27Al+ pair should have a higher frequency than their in-phase
mode. The frequencies of the in- and out-of-phase modes are
ωi-z = 122.173 kHz and ωo-z = 219.650 kHz, respectively.
The out-of-phase mode is dominated by the resonance inten-
sity of the lighter 27Al+ ion (the amplitude ratio of the out-of-
phase mode is A(Alout)/A(Caout) = b2,z×

√
µ/b1,z = 1.790),

and the in-phase mode is dominated by the resonance inten-
sity of the heavier 40Ca+ ion (the amplitude ratio of the in-
phase mode is A(Alin)/A(Cain) = b1,z ×

√
µ/b2,z = 0.828).

The coupling intensity of the axial in-phase mode is stronger
than that of the out-of-phase mode. In the secular spectrum
of the 40Ca+–27Al+ ion pair, the first and second sets of res-
onant frequencies, ω1z and ω2z, are the in- and out-of-phase

modes, respectively, and the matching errors of these modes
are 1.956% and 0.711%, respectively. Thus, it is shown that
the relative intensities of the axial resonance peaks in Fig. 3(a)
are generally in good agreement with the theoretically pre-
dicted relative mode amplitudes. The third set of resonant
frequencies, ω3z, corresponds to the high-order coupling be-
tween 40Ca+ and 27Al+. High-order coupling effects cannot
be obtained analytically as yet. However, the secular spectrum
shows that 40Ca+ and 27Al+ are still significantly coupled in
the ω3z frequency mode, which should be beneficial for sym-
pathetic cooling.

In the radial secular spectrum of the 40Ca+–27Al+ pair
(Fig. 3(b)), both 40Ca+ and 27Al+ exhibit two sets of reso-
nant frequencies, which are ω1r (ωAl-r = 148.369 kHz and
ωCa-r = 147.518 kHz, which give ωCa-r/ωAl-r = 1.021) and
ω2r (ωAl-r = 253.800 kHz and ωCa-r = 252.864 kHz, which
give ωCa-r/ωAl-r = 0.996). Compared with 40Ca+, the radial
secular spectrum of 27Al+ has two more high-frequency res-
onance modes: ω3r (ωAl-r = 367.308 kHz) and ω4 (ωAl-r =

441.705 kHz). Based on the mode coupling theory for two
ions in equilibrium, the radial in-phase mode of the 40Ca+–
27Al+ pair should have a higher frequency than their out-
of-phase mode. The frequencies of the in- and out-of-phase
modes are ωi-r = 253.071 kHz and ωo-r = 151.188 kHz, re-
spectively. The in- and out-of-phase modes are dominated
by the resonance intensities of the lighter 27Al+ and heavier
40Ca+ ions, and their amplitude ratios are A(Alin)/A(Cain) =

b1,r ×
√

µ/b2,r = 6.23294 and A(Alout)/A(Caout) = b2,r ×√
µ/b1,r = 0.23763, respectively. The in- and out-of-phase

modes of the ions are weakly coupled, and the coupling of
the out-of-phase mode is slightly stronger than that of the in-
phase mode. From the radial secular spectrum of the ion pair
shown in Fig. 3(b), it may be deduced that ω1r is the out-of-
phase mode and ω2r is the in-phase mode, and the matching
errors of these modes are 1.864% and 0.2879%, respectively.
Therefore, the relative intensities in the radial secular spec-
trum of the 27Al+–40Ca+ pair are in agreement with the the-
oretically predicted relative mode amplitudes. In addition to
in- and out-of-phase modes, the 27Al+ spectrum also contains
two significant high-frequency modes (ω3r and ω4r), which
are higher-order couplings between 40Ca+ and 27Al+. ω3r

(ωAl-r = 367.308 kHz) represents the combined frequency ef-
fect of the axial out-of-phase mode (ωo-z = 219.650 kHz) and
radial out-of-phase mode (ωo-r = 151.188 kHz) of the ion pair,
and the matching error is less than 0.961%. A method to quan-
tify the coupling of ω4r is yet to be established. However,
the secular spectra show that the ω3r and ω4r high-frequency
modes of 27Al+ do not couple with 40Ca+, which indicates
that their contribution to sympathetic cooling is negligible.
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Fig. 3. (a) Axial and (b) radial secular spectra of the 40Ca+–27Al+ two-ion
crystal formed by the sympathetic cooling of a single 27Al+ ion using a single
40Ca+ ion.

Because the radial coupling modes of the 40Ca+–27Al+

pair are both fewer in number and weaker than their axial cou-
pling modes, the efficiency of sympathetic cooling in this sys-
tem is primarily determined by the axial resonance coupling.
It may also be observed that the 3D secular spectra of the
40Ca+–27Al+ pair are generally in good agreement with the
in- and out-of-phase modes predicted by the mode coupling
theory for a pair of ions in equilibrium. The matching errors
were primarily caused by the inability of mode coupling the-
ory to account for higher-order coupling.

4. Effect of mass mismatches on the motional
mode coupling of two ions and selection of an
optimal LCI
Differences in the ion mass in a singly charged two-ion

system will inevitably lead to differences in its effective po-
tential and RF heating rates.[30] Quantitative studies on the ef-
fect of mass ratio variations on the motional mode coupling in
two-ion systems are crucial to construct optimal ion systems
for sympathetic cooling and high-fidelity quantum-logic op-
erations. At present, laser cooling can only be used on ions

with simple energy structures, such as 9Be+, 24Mg+, 40Ca+,
87Sr+, 113Cd+, 137Ba+, and 171Yb+. Other ion systems either
lack a closed cycling transition or have cycling transitions that
cannot be pumped by existing lasers. Once the target SCI is
identified, the selection of an optimal LCI is an important fac-
tor that affects the efficiency of sympathetic cooling and the
fidelity of precision measurements.

4.1. Effect of mass mismatches on the motional mode cou-
pling resonance frequencies

Because the in- and out-of-phase resonance modes are
the lowest-order coupled modes of an ion pair in equilibrium,
they are sensitive to the distribution of relative masses in the
ion pair. Figure 4 illustrates the relationships between the
predicted resonant-mode frequencies of an LCI–SCI pair and
their mass ratio µ (the radial stability parameter of SCI is
qSCI = 0.215, and the pseudo potential well depth of SCI is
Dr,SCI = 0.136 eV). The axial out-of-phase mode of the ion
pair always has a higher frequency than the in-phase mode,
and the minimum difference between these frequencies oc-
curs at µ = 1. At this point, the in-phase vibrational fre-
quency is the axial secular frequency of the SCI, ωz, and the
frequency of the out-of-phase vibration is

√
3ωz. The differ-

ence in the frequencies between these modes increases with
an increase in the mass difference. The frequency of the ion
pair’s radial in-phase mode is always higher than that of the
out-of-phase mode. The frequency of the in-phase mode be-
comes more sensitive to mass mismatches when µ < 1, and
the frequency of out-of-phase mode becomes more sensitive
to the mass mismatches when µ > 1. If µ exceeds a particu-
lar threshold, the radial out-of-phase mode completely disap-
pears. This threshold depends on the relative axial and ra-
dial binding strengths of the ions, and can be expressed as
µT = 4(1−β 2)/(4β 2−3β 4), which is based on the mode
coupling theory for two ions in equilibrium,[25,26] and increas-
ing the relative radial binding strength will increase the µT

threshold of the radial out-of-phase mode.
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4.2. Effect of mass mismatches on the motional mode cou-
pling vibrational amplitudes

In an ion pair with resonating normal modes, the rela-
tive mode amplitudes significantly affect the mode coupling
strength and the sympathetic cooling rates. Figure 5 illustrates
the amplitude ratios of the in- and out-of-phase modes of an
LCI–SCI pair in each dimension, which were simulated by us-
ing the mode coupling theory for a pair of ions in equilibrium
(the radial stability parameter of SCI is qSCI = 0.215, and the
pseudo potential well depth of SCI is Dr,SCI = 0.136 eV).[25]

The strength of the external-state coupling in any mode in-
creases as the ion mode amplitudes become more similar,
which effectively increases the rates of sympathetic cooling.
It is possible to maximize the sympathetic cooling efficiency
by selecting a suitable LCI.
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Fig. 5. Relationships between the relative resonance amplitudes of the in-
phase/out-of-phase modes of an LCI–SCI pair in each dimension and their
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In the 0.1 < µ < 10 interval, the difference between the
axial (in- and out-of-phase) modes of the ion pair are signif-
icantly smaller than that between the radial modes, which in-
dicates that the sympathetic coupling strength of the former is
significantly higher than that of the latter.

The axial Coulomb interactions of an ion pair are domi-
nated by the couplings of the in-phase mode, which is lower in
frequency than the out-of-phase mode. In the in-phase mode,
the vibrational amplitude of the heavier ion is slightly larger
than that of the lighter ion. Therefore, the amplitude of the in-
phase mode is dominated by the SCI or LCI if µ < 1 or µ > 1,
respectively. Because the amplitude of the lighter ion is larger
than that of the heavier ion in the out-of-phase mode, the am-
plitude of this mode is dominated by the LCI or SCI when
µ < 1 or µ > 1, respectively. Therefore, during axial sympa-
thetic interactions between an ion pair, the lower frequency
in-phase mode of the heavier ion and the higher frequency
out-of-phase mode of the lighter ion have relatively large vi-
brational amplitudes. The selection of an LCI with a slightly
higher mass than that of the SCI is beneficial for the suppres-
sion of the amplitude of the LCI’s axial in-phase mode through

laser cooling, and it also indirectly tunes the amplitude of the
SCI’s axial in-phase mode. This effectively suppresses the vi-
brational amplitude of the dominant axial in-phase mode of
the ion pair, thereby increasing the overall sympathetic cool-
ing efficiency of the ion pair.

In the radial sympathetic interactions of the ion pair, the
coupling of the lower frequency out-of-phase mode is slightly
stronger than that of the higher frequency in-phase mode. In
the out-of-phase mode, the amplitude of the heavier ion is
larger than that of the lighter ion, while the reverse is true for
the in-phase mode.

As a whole, the four coupling relationships of the ion
pair exhibit the following behaviors: the axial in-phase modes
have the strongest coupling, followed by the axial out-of-phase
modes, radial out-of-phase modes, and lastly, the radial in-
phase modes. The vibrational amplitudes of the heavier and
lighter ions always dominate the lower and higher frequency
vibrational modes, respectively. Reducing the mass mismatch-
ing in the ion pair suppresses inter-ion amplitude differences
(in all vibrational modes and dimensions), improves vibra-
tional mode coupling, and increases the sympathetic cooling
rates. Conversely, excessively large mass mismatching can
make simultaneous stabilization and the trapping of two dif-
ferent ions in a single RF field impossible, and this will also
exacerbate the heating effect owing to ion micromotions. If the
heating effect approaches or exceeds the (significantly wors-
ened) sympathetic cooling effect, the sympathetic cooling ef-
ficiency of the ion pair will decrease rapidly while the equilib-
rium temperature rises steeply. Therefore, simultaneous trap-
ping and sympathetic cooling of the ion pair may become im-
possible. If the pseudo potential well depth is maintained at
reasonable values, an effective method that can be used to sup-
press RF heating is to reduce the radial stability parameter q
of the two-ion system.[31] Because the ion pair is near the RF
potential null of a linear trap, the RF heating effect for a given
value of q is significantly lower than that of a 3D ion system.
Therefore, the range of mass-to-charge ratio differences used
for sympathetic cooling in a two-ion system is significantly
larger than that used in a 3D ion system.

4.3. Optimal LCI and its coupling frequency spectra

After the SCI is determined, an optimal LCI is selected
to maximize coupling and sympathetic cooling rates for the
LCI–SCI pair. This ensures the fidelity of quantum-logic op-
erations and maximizes measurement precision. In the follow-
ing section, we explore the differences between 9Be+, 24Mg+,
40Ca+, 87Sr+, 113Cd+, 137Ba+, and 171Yb+ in terms of their
sympathetic interactions with 27Al+ using secular spectra, and
we then select the optimal LCI.

The Doppler cooling linewidth and cooling energy level
structure of an LCI determine its Doppler cooling limit tem-
perature, thereby affecting the sympathetic cooling efficiency
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between the SCI and LCI. The Doppler cooling limit tem-
peratures of the above mentioned seven LCIs are as follows:
Tmin(

9Be+) = 0.43 mK,[32] Tmin(
24Mg+) = 1.005 mK,[33]

Tmin(
40Ca+) = 0.504 mK, Tmin(

87Sr+) = 0.463 mK,[34]

Tmin(
113Cd+) = 1.440 mK, Tmin(

137Ba+) = 0.346 mK, and
Tmin(

171Yb+) = 0.449 mK.[35] Overall, there is no differ-
ence between these Doppler cooling limit temperatures in
terms of the order of magnitude, and they are all below

2 mK. In this study, by sufficiently considering the dif-

ference between the Doppler cooling limit temperatures of

different LCIs and various heating effects, the equilibrium

temperatures of all the LCIs are adjusted in a unified man-

ner to the order of 5 mK (this temperature is higher than

the Doppler cooling limit temperature of each ion and is

within the common equilibrium temperature range that can

Table 1. Numerical calculated 3D motion mode spectra ωz,r and normalized mode coupling intensity Iz,r for trapped single ion and mixed-
species LCI–SCI pairs when 9Be+, 24Mg+, 40Ca+, 87Sr+, 113Cd+, 137Ba+, and 171Yb+ were used as the LCI for the sympathetic cooling of
27Al+ (the radial stability parameter of 27Al+ is qAl = 0.215, the pseudo potential well depth of 27Al+ is Dr,Al = 0.136 eV).

Configuration Motion mode
Axial Radial

ωz (kHz) Iz ωr (kHz) Ir

Single 40Ca+ basic mode ωCa-z : 112.658 – ωCa-r : 174.301 –
Single 27Al+ basic mode ωAl-z : 137.315 – ωAl-r : 268.254 –

9Be+–27Al+
in-phase ωi,z : 160.697 Ii,z : 1.548 ωi,r : 891.912 Ii,r : 0.0154

out-of-phase ωo,z : 358.806 Io,z : 0.215 ωo,r : 242.547 Io,r : 21.684

24Mg+–27Al+
in-phase ωi,z : 141.992 Ii,z : 1.060 ωi,r : 292.911 Ii,r : 0.403

out-of-phase ωo,z : 245.297 Io,z : 0.839 ωo,r : 235.094 Io,r : 2.208

40Ca+–27Al+
in-phase ωi,z : 122.172 Ii,z : 0.828 ωi,r : 253.071 Ii,r : 6.233

out-of-phase ωo,z : 219.650 Io,z : 1.790 ωo,r : 151.188 Io,r : 0.238
87Sr+–27Al+ basic mode ωSr-z : 76.938 – ωSr-r : 66.974 –

113Cd+–27Al+ basic mode ωCd-z : 67.850 – ωCd-r : 47.206 –
137Ba+–27Al+ basic mode ωBa-z : 61.388 – ωBa-r : 34.058 –
171Yb+–27Al+ basic mode ωYb-z : 55.236 – ωYb-r : 21.274 –
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Fig. 6. (a) Axial and (b) radial secular spectra that were observed when 9Be+,
24Mg+, 40Ca+, 87Sr+, 113Cd+, 137Ba+, and 171Yb+ were used as the LCI for
the sympathetic cooling of 27Al+.

be realized in experiments), while focusing on the motional
mode coupling effects on the sympathetic cooling efficiency.
Following on from the basic conclusion, a targeted analysis is
performed to examine the additional effects of the difference
between the Doppler cooling limit temperatures of the main
candidate ions on the conclusion.

As mentioned previously, the sympathetic cooling rates
of an LCI–SCI ion pair are primarily determined by the cou-
pling of their axial vibrational modes, with secondary contri-
butions from radial mode coupling. Figure 6 shows the axial
(Fig. 6(a)) and radial (Fig. 6(b)) secular spectra of the LCI in
seven different SCI-LCI pairs (9Be+, 24Mg+, 40Ca+, 87Sr+,
113Cd+, 137Ba+, and 171Yb+ as the LCI, with 27Al+ as the
SCI, under the RF field: Ωrf = 3.7148 MHz, Urf1 = 200 V,
Uend = 3.5 V. The radial stability parameter of 27Al+ is qAl =

0.215, and the pseudo potential well depth of 27Al+ is Dr,Al =

0.136 eV). Significant in- and out-of-phase modes may be
observed in the axial secular spectra of 9Be+, 24Mg+, and
40Ca+, which is indicative of strong coupling with 27Al+. In
the radial secular spectra, 24Mg+ shows significant in- and out-
of-phase modes, and 40Ca+ exhibits a significantly stronger
out-of-phase mode than in-phase mode. Be+ exhibits a sig-
nificant in-phase mode; however, the intensity of its out-of-
phase mode is negligible. 87Sr+, 113Cd+, 137Ba+, and 171Yb+

only exhibit one significant vibrational peak in their axial and
radial spectra, which closely matches their theoretical secu-
lar frequency. Shown in Fig. 6, the 3D motion mode main
spectra peak ωz,r and normalized mode coupling intensity Iz,r
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for trapped mixed-species LCI–SCI pairs are summarized and
compared in Table 1. It may be assumed that 24Mg+, 40Ca, and
9Be+ formed tightly coupled ion systems with 27Al+, whereas
87Sr+, 113Cd+, 137Ba+, and 171Yb+ formed weakly coupled
ion systems with large mass mismatches.

Figure 7 shows the (a) axial and (b) radial secular spec-
tra of the (tightly coupled) 24Mg+–27Al+, 40Ca+–27Al+, and
9Be+–27Al+ ion pairs (under the RF field: Ωrf = 3.7148 MHz,
Urf1 = 200 V, Uend = 3.5 V, the radial stability parameter of

27Al+ is qAl = 0.215, and the pseudo potential well depth of
27Al+ is Dr,Al = 0.136 eV). These three ion pairs exhibited in-

and out-of-phase modes in all three dimensions. The matching

errors between the resonance peaks of the ion pairs and their

mode coupling theory-predicted in- and out-of-phase modes

were generally less than 2%. In addition, the in- and out-of-

phase modes of the ion pairs generally red shifted with increas-

ing LCI mass.
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Fig. 7. (a) Axial and (b) radial motional spectra of the 9Be+–27Al+, 24Mg+–27Al+, and 40Ca+–27Al+ pairs.
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In the axial direction, the in-phase (out-of-phase) modes
of the 24Mg+ and 27Al+ in the 24Mg+–27Al+ pair are rel-
atively similar to each other in amplitude, which is indica-
tive of strong coupling. The ions in the 40Ca+–27Al+ pair
are strongly coupled through their in-phase vibrational modes;
however, the out-of-phase mode of 27Al+ is slightly stronger
than that of 40Ca+, which is indicative of weaker coupling. In
the 9Be+–27Al+ pair, the in-phase mode of 27Al+ is slightly
stronger than that of 9Be+, whereas its out-of-phase mode is
significantly weaker, and the overall coupling of the 9Be+–
27Al+ pair is considerably weaker than that of the 40Ca+–
27Al+ pair. In the radial direction, the in- and out-of-phase
modes of the ions in the 24Mg+–27Al+ pair are both strongly
coupled. The 40Ca+–27Al+ pair is strongly coupled in the ra-
dial out-of-phase mode, but weakly coupled in the radial in-
phase mode. In the 9Be+–27Al+ pair, the in-phase mode of
27Al+ is significantly weaker than that of 9Be+, which is in-
dicative of weak coupling. The out-of-phase mode of 27Al+

is stronger than that of 9Be+ by several orders of magnitude,
indicating that their coupling is negligible.

Based on the results above, it may be concluded that
the 24Mg+–27Al+ pair has the strongest sympathetic inter-
actions, in both the axial and radial directions. The 40Ca+–
27Al+ pair exhibits the second strongest interactions, and the
9Be+–27Al+ pair has the weakest sympathetic interactions.
However, the Doppler cooling limit temperature of 40Ca+

(Tmin(
40Ca+) = 0.504 mK) is comparable to that of 9Be+

(Tmin(
9Be+) = 0.43 mK) but lower than approximately half

of that of 24Mg+ (Tmin(
24Mg+) = 1.005 mK). Furthermore,

laser cooling systems for 40Ca+ are more reliable than those
for 24Mg+ and 9Be+ (both the 397 nm and 866 nm cooling
lasers for 40Ca+ can be directly generated from an external-
cavity semiconductor laser, whereas the 280 nm cooling laser
for 24Mg+ needs to be indirectly generated by frequency mul-
tiplication and the 313 nm cooling laser for 9Be+ needs to be
indirectly generated by frequency multiplication and combina-
tion). Therefore, the 40Ca+–27Al+ pair is probably the best ion
pair for sympathetic cooling and logic operations and has par-
ticularly more notable comprehensive advantages in engineer-
ing applications such as the development of compact, trans-
portable 27Al+ optical clocks with high environmental adapt-
abilities.

5. Conclusion
In this study, we have investigated the motional mode

coupling of sympathetically cooled mixed-ion crystals by
quantifying the 3D secular spectra of trapped ions. The 3D
resonance peaks of the 40Ca+–27Al+ pair obtained by using
this method were in good agreement with the in- and out-of-
phase modes predicted by the mode coupling theory for a pair
of ions in equilibrium. The sympathetic cooling efficiency
of the 40Ca+–27Al+ pair is primarily determined by the cou-
pling of the ion axial modes. The axial in-phase mode was

the most strongly coupled mode, followed by the axial out-of-
phase mode, radial out-of-phase mode, and lastly, the radial
in-phase mode. The vibrational amplitudes of the heavier and
lighter ions dominate the lower and higher frequency modes,
respectively. Decreasing the mass mismatching in an ion pair
improves their coupling in all dimensions, thereby improving
the sympathetic cooling rates. 87Sr+, 113Cd+, 137Ba+, and
171Yb+ formed weakly coupled, highly mismatched ion sys-
tems with 27Al+, whereas 24Mg+, 40Ca+, and 9Be+ formed
tightly coupled ion systems with 27Al+. Compared with the
24Mg+–27Al+ pair and 9Be+–27Al+ pair, laser cooling sys-
tems for the 40Ca+–27Al+ pair are more reliable, and the latter
has a minimum cooling temperature as low as 0.5 mK. There-
fore, the 40Ca+–27Al+ pair is probably the best overall pairing
for sympathetic cooling and logic operations and has partic-
ularly more notable comprehensive advantages in the devel-
opment of highreliability, compact, transportable 27Al+ opti-
cal clocks. Highly charged ion (HCI) optical clocks and nu-
clear optical clocks are new interests in the fields of research
in recent years. These ions exhibit better linewidths and en-
vironmental immunity compared to the outer-layer electron
transition properties of conventional singly charged ions and
are currently pinning great hopes on sympathetic cooling and
quantum-logic measurements to achieve optical clock appli-
cations. The high-charge properties of HCIs often result in
extremely low mass-to-charge ratios (e.g., Ar13+). 9Be+ is
currently the best match for HCIs in terms of the sympathetic
cooling efficiency. For the HCI-LCI pair, it is necessary to
further focus on the effects of the strong Coulomb interactions
between the ions caused by the high-charge properties on ion
cooling. The amplitude of an HCI’s excess micromotion is
positively correlated with its charge, Q, and they are much
more sensitive to external perturbations than those of SCI sys-
tems. The trapping lifetime of HCIs may be greatly shortened
by collision-induced charge transfer, which results in issues
such as the creation of down-charged HCIs. Therefore, more
stringent requirements are introduced for the level of vacuum
and assembly accuracy of ion traps, the suppress the heating
effects of random electronic thermal noise and micromotion,
efficient ion trapping from high to low energy, and external-
state high-fidelity coupling over long distances. As a candi-
date ion for nuclear optical clocks, 229Th3+ garners the most
attention.[36,37] Sr+ may be a relatively suitable LCI for sym-
pathetic cooling of 229Th3+ due to the following main reasons:
Sr+ and 229Th3+ have similar mass-to-charge ratios, which
can facilitate motional mode coupling. The cooling lasers
for Sr+ are relatively mature (both the 422 nm and 1092 nm
lasers can be generated directly from a semiconductor laser),
and Sr+ has a minimum Doppler cooling limit temperature
as low as 0.463 mK. In addition, Sr+ itself has a relatively
good optical clock transition reference. As a result, 229Th3+

and Sr+ can be evaluated by measurement comparisons in the
same external field environment. The Sr+–229Th3+ pair has
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notable advantages in measuring the time-varying character-
istics of fundamental physical constants. The outcomes pre-
sented in this study will contribute to the development of high-
fidelity quantum-logic techniques based on the multiple reso-
nance modes, efficient sympathetic cooling for highly charged
ions, and the construction of more precise atomic clocks.
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