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A new five-dimensional fractional-order laser chaotic system (FOLCS) is constructed by incorporating complex vari-
ables and fractional calculus into a Lorentz–Haken-type laser system. Dynamical behavior of the system, circuit realization
and application in pseudorandom number generators are studied. Many types of multi-stable states are discovered in the
system. Interestingly, there are two types of state transition phenomena in the system, one is the chaotic state degenerates
to a periodical state, and the other is the intermittent chaotic oscillation. In addition, the complexity of the system when two
parameters change simultaneously is measured by the spectral entropy algorithm. Moreover, a digital circuit is design and
the chaotic oscillation behaviors of the system are verified on this circuit. Finally, a pseudo-random sequence generator is
designed using the FOLCS, and the statistical characteristics of the generated pseudo-random sequence are tested with the
NIST-800-22. This study enriches the research on the dynamics and applications of FOLCS.

Keywords: fractional-order laser chaotic system, SE complexity, intermittent chaos, NIST test, circuit realiza-
tion
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1. Introduction
Advantages of chaotic systems such as the extreme sen-

sitivity to initial values, the inherent randomness, ergodicity
make them prime candidates for scrambling and diffusion in
image encryption process.[1–12] However, with development
of technologies such as deep learning and artificial intelli-
gence algorithms, predicting low-dimensional simple chaotic
sequences has become a piece of cake.[13,14] This situation
will lead some secret communication schemes based on this
chaotic sequence fragile and easy to crack. Therefore, con-
structions of chaotic systems with high dimensionality and
complex dynamical behaviors are favored by scholars.[15–19]

Laser chaotic systems are widely used in the field of op-
tical secure communication because they can quickly gener-
ate high-dimensional broadband, high-frequency, and strong
nonlinear chaotic signals.[20–28] A surging number of schol-
ars spare no effort to study laser chaotic systems. For in-
stance, Kadhim et al.[29] constructed a new four-dimensional
laser chaotic system by introducing complex variables into
a Lorentz–Haken system, and designed a random sequence
generator based on this system, Ran et al.[30] constructed a
new master-slave laser chaotic system, analyzed its dynami-
cal characteristics, and used this system to construct a random
sequence generator. Reports on low-dimensional laser chaotic

systems are not uncommon. However, there are few reports
on the construction and realization of high-dimensional laser
chaotic systems.

Fractional calculus is not a novel concept, its unique
memory effect makes it more suitable for describing the
process-related physical phenomena, but its development has
stagnated due to computational difficulties. Fortunately, frac-
tional calculus has been applied to various fields due to the
increase in computing power, such as signal processing, im-
age detection, control systems, and financial systems.[31–35]

Integer calculus, as a special case of fractional calculus, hides
many properties of physical phenomena. A growing num-
ber of academicians devoted themselves to discovering spe-
cial properties of fractional-order systems.[36–38] By introduc-
ing fractional calculus to a chaotic system, the bifurcation
parameters of the system can be expanded, and some com-
plex behaviors such as state transitions and bursting oscil-
lations will appear. Therefore, fractional-order chaotic sys-
tems (FOCSs) have attracted attention of scholars.[39–48] He et
al.[49] found through numerical simulation that time-varying
order will change dynamical behaviors of an FOCS. Ma et
al.[50] analyzed multi-stable behaviors of an incommensurate
FOCS, and also analyzed the influence of order of different
sub-equations in the system equation on the bifurcation be-
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havior of the system. Wang et al.[51] analyzed the complex
dynamical behaviors of an FOCS with coexisting hidden at-
tractors and designed a circuit to verify the characteristic of
the FOCS. Research and implementation of FOCSs are still in
infancy, requiring further investigations by scholars.

Based on the above discussion, strong curiosity drives
us to explore dynamical characteristics of a high-dimensional
fractional-order laser chaotic system (FOLCS). Therefore, we
propose a new five-dimensional (5D) FOLCS, analyze the dy-
namical behaviors, realize it by a circuit and apply it to a pseu-
dorandom number generator (PRNG). The rest of the paper is
arranged as follows: The model of the FOLCS, its properties
and numerical solution process are given in Section 2. Sec-
tion 3 analyzes some dynamical behaviors of the FOLCS, in-
cluding some special behaviors such as state transitions and
coexistence of attractors. The circuit implementation of the
system and its application in the PRNG are introduced in Sec-
tions 5 and 6, respectively. Finally, some conclusions are sum-
marized in Section 7.

2. Model of the new laser system and the numer-
ical solution of its fractional-order form

2.1. The model and its properties of the laser chaotic sys-
tem

A new Lorentz–Haken-type laser system with the host-
nonlinearity is expressed as

dx1

dt
=−a(x1− x2)+ ikx1|x1|2,

dx2

dt
=−(1− ic)x2 +( f − x3)x1,

dx3

dt
=−bx3 +Re(x1x2). (1)

From the perspective of optical theory, a = TP
TE

, b = TP
TN

,
and TP donates the induced polarization, TE means the op-
tical field, TN represents the inversion parameter. The state
variable x1 is proportional to the electrical field, x2 is the in-
duced polarization, and f − x3 means the inversion. In ad-
dition, the coupling relationship between the amplitude and
phase change is determined by parameter c, and the linewidth
enhancement factor is represented by k. Since x1 and x2 can
take values in the complex number domain, under the trans-
formation x1 = x+ iy; x2 = z+ iw, x3 = u; k = d+ ie, the new
5D laser system can be expressed as

ẋ =−a(x− z)− (x2 + y2)(ex+dy),

ẏ =−a(y−w)+(x2 + y2)(dx− ey),

ż =−(z+ cw)+( f −u)x,

ẇ =−(w− cz)+( f −u)y,

u̇ =−bu+(xz− yw), (2)

where (x, y, z, w, u| x, y, z, w, u ∈ R) are state variables, and a,
b, c, d, e, f are bifurcation parameters. Obviously, the system
remains unchanged under coordinate transformation (x, y, z,
w, u)→(−x, −y, −z, −w, u), that is, the system remains un-
changed when rotated 180◦ around the u axis. The factors that
affect the divergence of the system (2) read

∇V =
∂ ẋ
∂x

+
∂ ẏ
∂y

+
∂ ż
∂ z

+
∂ ẇ
∂w

+
∂ u̇
∂u

= 2y(dx− ey)−2x(dy+ ex)

−2e(x2 + y2)−2−b−2a. (3)

It can be seen from Eq. (3) that the divergence of the laser sys-
tem is not only related to parameters, but also affected by state
variables. Introducing the Caputo differential definition in the
laser chaotic system (2), the 5-D FOLCS can be expressed as

Dq
t0x =−a(x− z)− (x2 + y2)(ex+dy),

Dq
t0y =−a(y−w)+(x2 + y2)(dx− ey),

Dq
t0z =−(z+ cw)+( f −u)x,

Dq
t0w =−(w− cz)+( f −u)y,

Dq
t0u =−bu+(xz− yw), (4)

where q is a non-integer derivative.
In order to explore stability of the equilibrium point of the

FOCS, we investigate the stability of the equilibrium points
of the real number field of the system (2). Let the left side
of Eq. (2) be 0, the equilibrium point can be obtained as
E0 = (0,0,0,0,0), and substituting E0 into the Jacobian ma-
trix of system (2), one can reach

JE0 =


−a 0 a 0 0
0 −a 0 a 0
f 0 −1 −c 0
0 f c −1 0
0 0 0 0 −b

 , (5)

and the characteristic polynomial of the matrix JE0 is

(λ +b)[λ 4 +P3λ
3 +P2λ

2 +P1λ +P0] = 0,

P3 = 2a+2,

P2 = a2−2a f +4a+ c2 +1,

P1 = a(2a−2a f + c2−2 f +2),

P0 = a2(c2 + f 2−2 f +1). (6)

According to the Routh–Hurwitz criterion, if the following
conditions are met, the equilibrium point E0 is stable:

Pi > 0, i = 0,1,2,3,

P2P3−P1 > 0,

P1P2P3−P1
2−P0P2

3 > 0. (7)

For simplicity, let a = 8, b = 1, c = −0.36, d = −0.01,
e = 0.005, f = 38, the characteristic values at the equilib-
rium point E0 are 13.2825± 0.2154i; −22.2825± 0.1446i;
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−1. Obviously, E0 is an unstable saddle point under these
conditions. For the FOCS, its equilibrium point will be stable
if the eigenvalue of the Jacobian matrix J at the equilibrium
point satisfies the following equation:

|arg(eig(J))|> qπ

2
. (8)

Therefore, E0 is stable when

q < 2|a tan(0.1446/22.2825)|/π = 0.0041.

2.2. The numerical solution of the FOLCS

Based on the ADM algorithm, the numerical solution of
the FOLCS can be expressed as

x̃ j = c0
j + c1

j
hq

Γ(q+1)
+ c2

j
h2q

Γ(2q+1)

+c3
j

h3q

Γ(3q+1)
+ c4

j
h4q

Γ(4q+1)
+ · · · , (9)

where j = 1,2,3,4,5, and the step size h = 0.01 is always
maintained in this study. In this paper, the first 5 items are in-
tercepted, which can not only guarantee the calculation accu-
racy but also reduce the calculation time. Assuming the initial
value x0 = [x0

1,x
0
2,x

0
3,x

0
4,x

0
5], and the related gamma functions

are represented by Eq. (10), then the coefficients ci
j are shown

as follows:

Γ211 =
Γ(2q+1)
Γ2(q+1)

,

Γ311 =
Γ(3q+1)
Γ2(q+1)

,

Γ312 =
Γ(3q+1)

Γ(q+1)Γ(2q+1)
,

Γ3111 =
Γ(3q+1)
Γ3(q+1)

; (10)

c0
1 = x0

1, c0
2 = x0

2, c0
3 = x0

3, c0
4 = x0

4, c0
5 = x0

5; (11)

c1
1 = −a(c0

1− c0
3)− (e((c0

1)
3 +(c0

2)
2c0

1)+d((c0
1)

2c0
2 +(c0

2)
3)),

c1
2 = −a(c0

2− c0
4)+(d((c0

1)
3 +(c0

2)
2c0

1)− e((c0
1)

2c0
2 +(c0

2)
3)),

c1
3 = −(c0

3 + cc0
4)+ f c0

1− c0
1c0

5, c1
4 =−(c0

4− cc0
3)+ f c0

2− c0
2c0

5, c1
5 =−bc0

5+(c0
1c0

3− c0
2c0

4); (12)

c2
1 = −a(c1

1− c1
3)− (e(3c1

1(c
0
1)

2 + c1
1(c

0
2)

2 +2c0
1c0

2c1
2)+d(3c1

2(c
0
2)

2 + c1
2(c

0
1)

2 +2c0
2c0

1c1
1)),

c2
2 = −a(c1

2− c1
4)+(d(3c1

1(c
0
1)

2 + c1
1(c

0
2)

2 +2c0
1c0

2c1
2)− e(3c1

2(c
0
2)

2 + c1
2(c

0
1)

2 +2c0
2c0

1c1
1)),

c2
3 = −(c1

3 + cc1
4)+ f c1

1− (c1
1c0

5 + c0
1c1

5), c2
4 =−(c1

4− cc1
3)+ f c1

2− (c1
2c0

5 + c0
2c1

5),

c2
5 = −bc1

5+(c0
1c1

3 + c1
1c0

3−c0
2c1

4− c1
2c0

4); (13)

c3
1 = −a(c2

1− c2
3)− (e(3c2

1(c
0
1)

2 +3c0
1(c

1
1)

2
Γ211+(c2

1(c
0
2)

2 +2c1
1c0

2c1
2

Γ(2q+1)
Γ2(q+1)

+2c0
1c0

2c2
2 + c0

1c1
2c1

2Γ211)),

+d(3c2
2(c

0
2)

2 +3c0
2(c

1
2)

2
Γ211+(c2

2(c
0
1)

2 +2c1
2c0

1c1
1Γ211+2c0

2c0
1c2

1 + c0
2c1

1c1
1Γ211))),

c3
2 = −a(c2

2− c2
4)+(d(3c2

1(c
0
1)

2 +3c0
1(c

1
1)

2
Γ211+(c2

1(c
0
2)

2 +2c1
1c0

2c1
2Γ211+2c0

1c0
2c2

2 + c0
1c1

2c1
2Γ211)),

−e(3c2
2(c

0
2)

2 +3c0
2(c

1
2)

2
Γ211+(c2

2(c
0
1)

2 +2c1
2c0

1c1
1Γ211+2c0

2c0
1c2

1 + c0
2c1

1c1
1Γ211)))

c3
3 = −(c2

3 + cc2
4)+ f c2

1− (c2
1c0

5 + c1
1c1

5Γ211+ c0
1c2

5), c3
4 =−(c2

4− cc2
3)+ f c2

2− (c2
2c0

5 + c1
2c1

5Γ211+ c0
2c2

5),

c3
5 = −bc2

5 +(c2
1c0

3 + c1
1c1

3Γ211+ c0
1c2

3− c2
2c0

4− c1
2c1

4Γ211− c0
2c2

4); (14)

c4
1 = −a(c3

1− c3
3)− (e((c1

1)
3
Γ311+(6c0

1c1
1c2

1 +2c2
1c0

2c1
2 +2c1

1c2
2c0

2 +2c0
1c2

2c1
2)Γ312,

+3(c0
1)

2c3
1 + c3

1(c
0
2)

2 + c1
1c1

2c1
2Γ3111+2c0

1c3
2c0

2)+d((c1
2)

3
Γ311+(6c0

2c1
2c2

2 +2c2
2c0

1c1
1,

+2c1
2c2

1c0
1 +2c0

2c2
1c1

1)Γ312+3(c0
2)

2c3
2 + c3

2(c
0
1)

2 + c1
2c1

1c1
1Γ3111+2c0

2c3
1c0

1))

c4
2 = −a(c3

2− c3
4)+(d((c1

1)
3
Γ311+(6c0

1c1
1c2

1 +2c2
1c0

2c1
2 +2c1

1c2
2c0

2 +2c0
1c2

2c1
2)Γ312,

+3(c0
1)

2c3
1 + c3

1(c
0
2)

2 + c1
1c1

2c1
2Γ3111+2c0

1c3
2c0

2)− e((c1
2)

3
Γ311+(6c0

2c1
2c2

2 +2c2
2c0

1c1
1,

+2c1
2c2

1c0
1 +2c0

2c2
1c1

1)Γ312+3(c0
2)

2c3
2 + c3

2(c
0
1)

2 + c1
2c1

1c1
1Γ3111+2c0

2c3
1c0

1)),

c4
3 = −(c3

3 + cc3
4)+ f c3

1− (c3
5c0

1 +(c2
5c1

1 + c1
5c2

1)Γ312+ c0
5c3

1),

c3
4 = −(c3

4− cc3
3)+ f c3

2− (c3
5c0

2 +(c2
5c1

2 + c1
5c2

2)Γ312+ c0
5c3

2),

c3
5 = −bc3

5 +(c3
3c0

1 +(c2
3c1

1 + c1
3c2

1− c2
4c1

2− c1
4c2

2)Γ312+ c0
3c3

1− c3
4c0

2− c0
4c3

2). (15)

When a = 8, b = 1, c = −3.8, d = −0.3275, e = 0.003, f = 38, q = 0.9, the initial value x0 = [−3,1,5,10,−7], the attractor
projections of the system are shown in Fig. 1. Under these conditions, the Lyapunov exponent (LE) of the system are 0.9058, 0,
−7.9739, −34.8478, −38.2401, and the Lyapunov dimension DL = 2.1136.
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Fig. 1. The projections of attractor on (a) x–u plane, (b) z–u plane, and (c) w–u plane.

3. The dynamical behaviors of the FOLCS
3.1. Dynamical characteristics influenced by parameters

and orders

It is a very effective method to explore the dynamical be-
haviors of the system at different orders through the bifurca-
tion diagram and the Lyapunov exponent spectrum. Figure 2
shows the detailed bifurcation behaviors and Lyapunov expo-
nent (LE) values of the system with the order q when a = 8,
b = 1, c = 2.1, d = 0.01, e = 0.02, f = 38, with the initial
value x0 = [1,1,1,1,1]. The first three LEs’ curves are pro-
vided here to clearly capture the changes in the system state.
The data shows that when q = 0.652, the maximum LE (MLE)
of the system is 4.018. It can be seen from Fig. 2 that the
larger the orders, the smaller the LE values, which means that
the randomness of the sequence generated by the integer-order
system is worse than that of the fractional order.
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Fig. 2. Dynamical behaviors versus q: (a) bifurcation diagram, (b) Lya-
punov exponent.

A conspicuous advantage of this FOLCS is that it has
multiple bifurcation parameters and there are multiple paths

to chaos. Taking the variable parameter c as a case, when
a = 8, b = 1, d = 0.01, e = 0.02, f = 38, q = 0.9 and un-
der the initial condition x0 = [1,1,1,1,1], the bifurcation dia-
gram and LEs varying with parameter c are shown in Fig. 3.
It can be seen from Fig. 3(a) that as the parameter c increases,
the system enters a chaotic state from period-doubling bifurca-
tion. Interestingly, the period-doubling bifurcation, boundary
crises points and reverse period-doubling bifurcation can be
seen clearly in the partially enlarged diagram in Fig. 4, and
the data record that c =−3.901, 3.797 are the boundary crises
points. The MLE = 2.151 is located at c = 3.96. The results
of the MLE and SE complexity of the system varying with the
parameter c with different orders are shown in Figs. 5(a) and
5(b). Overall, the smaller the order, the larger the MLE and
the higher the SE complexity of the system. However, as the
order decreases, more periodic windows appear in the system.
When q = 0.9, the system has not only a larger chaotic range,
but also a larger MLE.
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Fig. 3. Dynamical behaviors versus c: (a) bifurcation diagram, (b) LEs.
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The changes of other bifurcation parameters and the corresponding first three LEs are shown in Fig. 6.
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Fig. 6. The impact of parameters on system status with (a) parameter a, (b) parameter b, (c) parameter d, (d) parameter e, (e) parameter f .

3.2. Coexistence of attractors

Under three different initial conditions, the chaotic attrac-
tors coexist with two different sinks when a = 10, b = 0.9,
c = 0.8, d = −0.01, e = 0.088, f = 29, q = 0.9, as shown in
Fig. 7. In Fig. 7, the trajectories, with initial values of

x0 = [3.26,−3.58,3.6,−4.8,36.2],

x1 = [3.26,−3.58,3.6,−4.8,6.19],

x2 = [3.26,−3.58,3.6,−4.8,36.18],

are represent by red, blue and green, respectively. It can be
seen from the time domain diagram that both red and blue tra-
jectories degenerate from the chaotic state to a sink, but the de-
generation time and the final state position are different. How-

ever, the green trajectory always maintains the chaotic state.
In addition, the MLEx2 > 0 all the times, but the MLEx0 < 0
after t = 8675 s and the MLEx1 < 0 after t = 3050 s. The
above discussion shows that small differences in initial values
will lead to different final states of the system.

Figure 8 shows that the system has two coexisting weak
chaotic attractors. Under the conditions a = 8, b = 1, c =

−1.68, d = −0.01, e = −0.005, f = 38, q = 0.7, red is for
the initial value x0 = [10,0,3,1,−2], and blue is for the ini-
tial value x1 = [3.26,−3.58,3.6,−4.8,36.16]. From the time-
domain waveform and the evolution of LE over time, it can be
seen that both the relatively weak chaotic attractors are trans-
ferred from the same strong chaotic attractor. However, the
conversion times are different.
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The other types of coexisting attractors are shown in Fig. 9, and its corresponding parameters and the initial conditions are
listed in Table 1.
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Fig. 9. Other types of coexisting attractors. (a) period-chaotic; (b) chaotic-chaotic; (c) period-period.

Table 1. The parameters, initial values, colors and coexisting type corresponding to Fig. 9.

Parameters Initial conditions Colors Coexisting types

a = 8, b = 1, c =−3.8, d =−0.3275, e = 0.003, f = 38, q = 0.9;
x0 = [6,8,−8,5,40]

x1 = [3,4,−4,−5,38]

red

blue
period-chaotic

a = 8, b = 1, c =−3, d =−0.3275, e =−0.005, f = 38, q = 0.9;
x0 = [6,8,−8,5,40]

x1 = [3,4,−4,−5,38]

red

blue
chaotic-chaotic

a = 8, b = 1, c =−2.1, d =−0.3275, e =−0.005, f = 38, q = 0.9;
x0 = [6,8,−8,5,40]

x1 = [1,1,1,1,1]

red

blue
period-period

3.3. State transition and intermittent oscillation (breather)

When a = 8, b = 1, c = −0.36, d = −0.01, e = −0.003,
f = 38, q = 0.9, the state of the system will shift with time,
as shown in Fig. 10. Under these sets of parameters, the fi-
nal periodic attractor is degenerated from the chaotic attrac-
tor, but the degradation time is 800 s for the initial value
x0 = [3.26,−3.58,3.6,−4.8,36.19], and 5100 s for the initial
value x1 = [1,1,1,1,1]. Correspondingly, we have the MLEx0,
x1 = 0 after 800 s and 5100 s, respectively.

When a = 8, b = 1, c = 3.797, d = −0.01, e = −0.005,
f = 38, q = 0.9, the time-domain waveform, LEs, and attrac-
tor that change with time are shown in Fig. 11. One can see
from the time-domain waveform that the periodic oscillation
of system state variables will be interrupted by random finite
burst oscillations, and when the burst oscillation ends, the pe-
riodic oscillation will restart again. The trend of LEs changing
with time can also prove that the system alternates between
short-term chaos and periodic oscillation.
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Fig. 11. Intermittent oscillation between the burst and periodic: (a) time-domain waveform, (b) the LEs changing with time, (c) the burst
oscillation, (d) the periodic oscillation, (e) the burst oscillation attractor, (f) the periodic oscillation attractor.

3.4. Attraction basin and complexity analyzes

Using the attraction basin can easily find the parameters
space of the system in a chaotic state, which is very effective
in secure communication based on chaotic systems. Figure 12
detects the state distribution of the laser system on different
parameter planes. In the figure, black represents the divergent
state, red means stable point, yellow indicates periodic and
blue means chaos. This means that the parameters correspond-
ing to the blue area should be selected in chaotic cryptography.

In order to further find out the chaotic regions with high
complexity, the spectral entropy complexity algorithm which
can reflect the energy distribution of any signal in the fre-
quency domain is considered here to measure the structural

complexity of the FOCS, as shown in Fig. 13. The more bal-
anced the energy distribution, the higher the complexity of the
sequence structure, so the larger the SE value. The color lev-
els are mapped to the level of system complexity. The initial
value is setting as x0 = [1,1,1,1,1] and the parameters’ condi-
tions, maximum SE values and the corresponding coordinates
are given in Table 2. One can see from a longitudinal point of
view of Fig. 13(a) that, as q decreases, the complexity of the
system becomes larger. However, when q is less than a certain
value, the complexity of the system becomes smaller, and the
system even diverges (white area). The maximum SE under
this condition is 0.7703 with a = 8.4, q = 0.65. A larger SE
value indicates that the fractional-order system can generate
chaotic sequences with higher complexity.
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Fig. 12. The attraction basin with different parameters’ planes: (a) a–q plane, (b) a–b plane, (c) a–c plane, (d) a–d plane, (e) a–e plane, (f) a– f plane.
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Fig. 13. SE complexity diagram of different parameters planes: (a) a–q plane, (b) a–b plane, (c) a–c plane, (d) a–d plane, (e) a–e plane, (f) a– f plane.

Table 2. Parameters of the SE complexity diagram (Fig. 13).

Parameters Maximum SE Corresponding coordinates
b = 1, c = 2.1, d = 0.01, e = 0.01, f = 38 0.7703 a = 8.4, q = 0.65

q = 0.9, c = 2.1, d =−0.01, e =−0.005, f = 38 0.6843 a = 19.3, b = 0.375
q = 0.9, b = 1, d =−0.01, e =−0.005, f = 38 0.7 a = 10, c =−6

q = 0.9, b = 1, c = 2.1, e = 0.01, f = 38 0.648 a = 13.8, d = 0
q = 0.9, b = 1, c = 2.1, d =−0.01, f = 38 0.6492 a = 14.5, e = 0.0025
q = 0.9, b = 1, c = 2.1, d = 0.01, e = 0.02 0.6655 a = 2.7, f = 388

4. The circuit realization of the FOLCS

Here, TMS320F28335 is used as the core processor to re-

alize the 5-D FOLCS. The experimental system can be seen in

Fig. 14.

Set the same parameters and initial value as in Fig. 1, and

the DSP output sequence randomly intercepted on the oscillo-

scope is shown in Fig. 15. Fig. 14. The circuit test bench.
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(a) (b) (c)

Fig. 15. The output sequences by DSP: (a) x–u sequence, (b) z–u sequence, (c) w–u sequence.

Compared Fig. 15 with Fig. 1, it can be seen that the DSP
simulation results match well with the computer simulations.
This indicates that the chaotic oscillation of the system can be
realized on the DSP platform, which provides a guarantee for
the application of the FOLCS.

5. PRNG based on the FOLCS
Pseudo-random numbers based on chaotic sequences play

a vital role in image encryption, information hiding, digital
authentication and other cryptographic fields. The seed of the
PRNG can be the initial value and bifurcation parameters of
the chaotic system. The output chaotic sequence xi can be
represented by a certain number of binary numbers, but there
may be correlation between these numbers. Therefore, some
of them can be selected to generated random sequence to re-
duce the correlation. Combining the parameters range given

by the attractor basin and SE complexity chaotic diagram ana-
lyzed in Subsection 3.4, the chaotic region with high complex-
ity should be selected as the seed of the PRNG. It is important
to note that the divergence state of the black region, the stable
point of the red area and the period state of the yellow area
cannot be used as the seed of the PRNG. Algorithm 1 is the
generation algorithm of this chaos-based pseudo-random se-
quence generator.

Algorithm 1. The the PRNG based on the FOLCS
Input: the parameters of the system.(2)

For i = 1 to 5 do
Get data Pi: intercept a section of the chaotic sequence xi;
Transform Pi to 32-bit binary;
Extract the last 8 bits of the 32-bit binary;

end for
Output: Five the PRNG based on xi.

Table 3. The NIST test results.

Each sequence to be tested consists of 1000000 bits

NIST-800-22 tests p-value(x) p-value(y) p-value(z) p-value(w) p-value(u) Result

1 Block frequency (m = 128) 0.236810 0.834308 0.798139 0.419021 0.302137 Random

2 Frequency 0.946308 0.249284 0.122325 0.366918 0.687913 Random

3 FFT 0.699313 0.851383 0.739918 0.474986 0.091912 Random

4 Approximate entropy (m = 10) 0.319084 0.678686 0.816537 0.071177 0.313514 Random

5 Cumulative sums (Forward) 0.224821 0.108791 0.897763 0.181557 0.858961 Random

6 Serial-1 (m = 16) 0.224821 0.657933 0.494392 0.978072 0.789112 Random

7 Serial-2 (m = 16) 0.224821 0.851383 0.319084 0.834308 0.319762 Random

8 Runs 0.911413 0.419021 0.319084 0.851383 0.781921 Random

9 Longest run of ones 0.262249 0.145326 0.145326 0.798139 0.811792 Random

10 Overlapping template (m = 9) 0.181557 0.474986 0.419021 0.657933 0.401227 Random

11 Non-overlapping template (m = 9) 0.537714 0.489086 0.446348 0.475856 0.493137 Random

12 Linear complexity 0.350485 0.202268 0.554420 0.883171 0.971732 Random

13 Binary matrix rank 0.699313 0.026948 0.678686 0.419021 0.851437 Random

14 Universal statistical 0.262249 0.334538 0.739918 0.071177 0.383849 Random

15 Random excursions 0.521857 0.251909 0.617851 0.466935 0.462175 Random

16 Random Excursions Variant 0.416123 0.219526 0.444704 0.474079 0.421746 Random

There are many existing detection methods for random
sequences, among which NIST test is the most widely used
statistical detection method. The NIST-800-22 kit will eval-
uate the sequence from 16 different aspects and obtain a p
value. It is generally believed that when the obtained p value
is greater than 0.01, it is a random sequence with 99% confi-
dence. Set the initial value x0 = [−3,1,5,10,−7], parameters
(a, b, c, d, e, f , q)= (8,1,−3.8,−0.3275,0.003,38,0.9) are

selected as the seed of the PRNG. Five PRNGs will be ob-
tained according Algorithm 1, and each the PRNG contains
1000000 binary bits. The test results of NIST-800-22 are listed
in Table 3.

6. Conclusion
By introducing the Caputo differential operator, this pa-

per constructs a new 5-D FOLCS. The dynamical characteris-
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tics of this system are analyzed by numerical solution. Com-
pared to the corresponding integer-order system, the dynam-
ical characteristics of the system in the fractional-order form
are more complex, which is reflected in the fact that the max-
imum LE value of the system decreases with the increase of
the order. The simulation results show that when the order
q = 0.9, as the parameter c changes, the system not only has
a larger LE value and SE complexity, but also has a larger
parameter space making the system in a chaotic state. In addi-
tion, the laser system exhibits rich multi-stable behaviors, in-
cluding the coexistence of chaotic attractors and two sinks, the
coexistence of two symmetric chaotic attractors, and the coex-
istence of chaotic attractors and limit cycles. Meanwhile, there
are two types of oscillation transitions in this system. One is
that chaotic oscillations degenerate into periodic oscillations.
The other is the endless alternate appearance of chaotic oscil-
lation and periodic oscillation. The parameters corresponding
to the high-complexity sequence that the system can generate
are found through the SE complexity diagram. For example,
when fixed b = 1, c = 2.1, d = 0.01, e = 0.01, f = 38, the
maximum SE = 0.7703 when a = 8.4, q = 0.65. In addition,
the simulation results of the digital circuit proposed in this ar-
ticle are consistent with the computer numerical simulation re-
sults, that is, the chaotic oscillation of the system is verified on
the circuit. Finally, the PRNG based on the FOLCS has passed
the NIST-800-22 test. In short, the theoretical and numerical
simulation have proved that the FOLCS has rich chaotic char-
acteristics. In the future, we will explore applications of this
system in the field of image encryption.
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