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Terahertz radiation generation by beating of two chirped
laser pulses in a warm collisional magnetized plasma
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Analytical equations of terahertz (THz) radiation generation based on beating of two laser beams in a warm collisional
magnetized plasma with a ripple density profile are developed. In this regard, the effects of frequency chirp on the field
amplitude of the terahertz radiation as well as the temperature and collision parameters are investigated. The ponderomotive
force is generated in the frequency chirp of beams. Resonant excitation depends on tuning of the plasma beat frequency,
magnetic field frequency, thermal velocity, collisional frequency, and effect of the frequency chirp with the plasma density.
For optimum parameters of frequency and temperature the maximum THz amplitude is obtained.
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1. Introduction
In the last three decades, due to the features and potential

of the terahertz range, high absorption in water, high trans-
parency in non-conductive materials, and prevention of harm-
ful effects on biological tissues, the terahertz radiation gener-
ation have been much attended.[1–5] To produce terahertz ra-
diation energy sources, various methods have been proposed,
including the interaction of laser pulses with semiconductors
and electro-optic crystals, photoionization of laser pulses com-
posed of both fundamental and second-harmonic waves, laser-
plasma interaction, and the other plain.[6–13] As an ionized
media plasma has excellent potential for THz generation and
there are several schemes in which THz radiation is generated
via laser-plasma interaction.[14–20] To increase power and ef-
ficiency, in many types of research the external magnetic field
is applied to the plasma. The presence of an external mag-
netic field perpendicular to the direction of laser pulse prop-
agation could increase the radiation efficiency up to several
times more than the absence of a magnetic field.[21–26] Since
the resonance excitation depends on the tuning of pulse fre-
quency and plasma density, the different types of plasma den-
sity, for example, the ripple density, is used to increase the ter-
ahertz radiation efficiency.[27–29] The terahertz generation by
the beating of two Gaussian laser beams for periodically mod-
ulated density in the presence of a static magnetic field has
been studied by Malik et al.[14] Their analytical calculations
show that the resonant excitation of THz under the mentioned
conditions is quite effective. They have shown with the opti-
mization of these parameters, the efficiency can be achieved
on the order of 10−3 or more. On the other hand the ef-
fect of temperature and collision frequency in the processes

deal with laser–plasma interaction have been studied in sev-
eral investigations.[30,31] It has been shown that dependency of
THz radiation on collision frequency decreases with increas-
ing of the beat wave frequency.[32] Furthermore, THz radiation
in the warm collisional plasma by two Gaussian laser beams
has been investigated by Niknam et al.[33] They have shown
that a secondary resonant enhancement appears by consider-
ing thermal effects, temperature-dependent collisions at fre-

quency ω =
√

ω2
p+k2v2

th. The effect of frequency chirp has
been considered in many cases such as studies on particle ac-
celeration, wakefield generation and terahertz radiation.[34–38]

Zhang et al.,[34] studied the variation of the chirped 800-nm
pulse duration in both experiment and simulation. They re-
vealed that there is the optimum chirp to maximize the THz
yield so that extremely sensitive to the temporal propagation.
Mehta et al.,[39] investigated the sensitivity of the chirping
laser on THz generation in a magnetized plasma. It is shown
that the duration of nonlinear interaction of laser pulse can in-
crease the frequency chirp.

In the course of this paper, we study THz generation
from the chirped lasers beating in a magnetized rippled den-
sity plasma by considering collisional frequency and thermal
velocity. The static magnetic field applied perpendicular to the
direction of the propagation of the beating lasers. The plasma
density is periodically changed with wave number α where the
periodic plasma density helps to get phase-matching condition
and resonant excitation in the THz frequency range. The laser
pulses exert the transverse ponderomotive force to the elec-
trons which produces the nonlinear current and finally THz ra-
diation. This paper aims to investigate the effect of frequency
chirp on the amplitude of THz radiation in the plasma den-
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sity ripple which is affected by thermal effects, temperature-
dependent collisions, and external magnetic field.

This paper is organized as follows: in Section 2, the non-
linear current density produced by beating chirped laser pulses
is obtained. Then the THz field amplitude is analyzed by
calculation of the dielectric permittivity tensor in warm colli-
sional plasma. In Section 3, we examine the numerical results.
In Section 4, the conclusion is presented.

2. Theoretical consideration

We consider two Gaussian lasers of same intensity (I ∼
1014 W/cm2), frequency chirp ω j and wavenumber k j (where
j = 1,2) are propagating across (in the x direction) the mag-
netic field in z direction. The laser beams produce space-
periodically density n = n0 + n where n = nα eiαx, n0 is uni-
form plasma density and nα is amplitude of the ripple. The
electric field for laser pulses are given by

𝐸 j = ŷE0e−y2/a2
0ei(k jx−ω jt), (1)

where a0 is the laser beamwith. Laser pulses are positively
chirped as ω1 = ω0 + βω2

0 (t− x/c), where ω0 is initial fre-
quency of the laser in the absence of chirp, β is chirp parame-
ter, and ω2 is given as ω = ω1−ω2, in which ω is frequency

of the oscillation. The laser fields impart oscillatory velocities
to plasma electrons as

𝑣1 =
e𝐸1

me
(

iω0 +β iω2
0 (t− x/c)+υe

) ,
𝑣2 =

e𝐸2

m
(

iω0 +β iω2
0 (t− x/c)− iω +υe

) ,
where υe is the total electron collision frequency including
electron–ion and electron–neutral frequencies and written in
the form as υe = υen +υei. The electron ion frequency gen-
erally depends on ion density ni, the degree of the plasma
ionization Zi, the electron temperature Te, and the Coulomb
logarithm lnΛ . We choose lnΛ = 10, and the electron–ion
collision frequency is given as[40]

υei =
4(2π)1/2 Z2e2ni lnΛ

3
√

me (KBTe)
3/2

≈ 2 ·9×10−6 Z2ni
(
cm−3

)
lnΛ

[Te (eV)]3/2
[
s−1] . (2)

Since the neutral density is very low, we neglect the
electron–neutral collision (υen). The ponderomotive potential
is defined by ϕp =−(m/2e)𝑣1 ·𝑣∗2 , and the nonlinear pondero-
motive force f NL

p = e∇ϕ = −(m/2)∇(𝑣1 ·𝑣∗2) is modified as
follows:

f NL
p =−

e2E2
0

2m
(

i
(
ω0 +βω2

0 (t− x/c)
)
+υe

)(
−i
(
ω0 +βω2

0 (t− x/c)−ω
)
+υe

) (ik′x̂−
(

4y
a2

0

)
ŷ
)

e−2y2/a2
0 ei(k′x−ωt), (3)

where ω = ω1−ω2 and k′ = k1− k2 are beat frequency and wavenumber.
By making use of ponderomotive force the equation of motion in magnetized plasma is written as

∂𝑣NL

∂ t
=

e
m

(
∇ϕp

)
−
(
𝑣NL×𝜔c

)
− KT

mn0

(
∇nNL)−υe𝑣

NL, (4)

where 𝜔c = (eB/mc)ẑ is the cyclotron frequency. The nonlinear electron density obeys the continuity equation (∂nNL/∂ t) =
−n0∇ ·𝑣NL.

By solving Eq. (4) and making use Eq. (3) and nonlinear continuity equation, the nonlinear density perturbation is obtained
as

nNL =
n0

miω
(
(iω−υe)

2 + KT
miω k2 (iω−υe)+ω2

c

) ((iω−υe)∇ ·𝑓NL
p −

KT k2

mω

∂𝑓NL
py

∂y
+∇ ·

(
𝑓NL

p ×𝜔c
))

. (5)

The nonlinear perturbations are affected by ponderomotive force, magnetic field, collisional force, and thermal quiver velocity.
Therefore, the space charge field (corresponding potential ϕ) is generated and then the linear density perturbations is induced,
which is given by

nL =
ω2

p

4πeiω
(
(iω−υe)

2 + KT
miω k2 (iω−υe)+ω2

c

) ((iω−υe)∇ · (∇ϕ)− KT k2

mω
(ik)

(
∂ϕ

∂y

))
, (6)

where ωp =
(
4πe2n0/m

)1/2 is the plasma frequency. Now by employing the Poisson’s equation, ∇2ϕ = 4π ñe, where ñ= nL+nNL

together linear and nonlinear density perturbation, the linear force is obtained as

f L = e∇ϕ =
ω2

p(
iω
(
(iω−υe)

2 +ω2
c

)
+ KT

m k2 (iω−υe)−ω2
p (iω−υe)

) ((iω−υe)𝑓
NL
p + i

KT k2

mω
𝑓NL

py +
(
𝑓NL

p ×𝜔c
))

. (7)
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Therefore, the nonlinear velocity components are obtained by using Eq. (4) as

vNl
x = − (iω−υe)

(iω−υe)
2 +ω2

c

(
f NL
px

m
+

f L
x

m

)
− ωc

(iω−υe)
2 +ω2

c

[(
f NL
py

m
+

f L
y

m

)
− KT

mn0

(
∂nNL

y

∂y

)]

+
(iω−υe)

(iω−υe)
2 +ω2

c

KT
mn0

(
∂nNL

x

∂x

)
, (8a)

vNl
y = − (iω−υe)

(iω−υe)
2 +ω2

c

(
f NL
py

m
+

f L
y

m

)
+

ωc

(iω−υe)
2 +ω2

c

[(
f NL
px

m
+

f L
x

m

)
− KT

mn0

(
∂nNL

x

∂x

)]

+
(iω−υe)

(iω−υe)
2 +ω2

c

KT
mn0

(
∂nNL

y

∂y

)
. (8b)

Now, the nonlinear current density is obtained by 𝐽NL =−(1/2)n′e𝑣NL. It is clear that the nonlinear current is modified by
external magnetic field, thermal velocity, nonlinear ponderomotive force, and the linear force due to the self-consistent space-
charge field.

The complete form of nonlinear current density components is written in the form as

JNL
x = −

e3E2
0 nα

4m2
(

i
(
ω0 +βω2

0 (t− x/c)
)
+υe

)(
−i
(
ω0 +βω2

0 (t− x/c)−ω
)
+υe

) (−iω +υe)(
(−iω +υe)

2 +ω2
c

)e−(2y2/a2
0)

×

[
− ik′+

(
4y
a2

0

)
−
(

4y
a2

0

)
ωc

(−iω +υe)
+λ1

(
ωcω2

p(
iω
(
(iω−υe)

2 +ω2
c

)
+ KT

m k2 (iω−υe)−ω2
p (iω−υe)

))

+λ2

(
ωc

K
mT(

iω
(
(iω−υe)

2 +ω2
c

)
+ KT

m k2 (iω−υe)
))]ei(kx−ωt), (9)

JNL
y = −

e3E2
0 nα

4m2
(

i
(
ω0 +βω2

0 (t− x/c)
)
+υe

)(
−i
(
ω0 +βω2

0 (t− x/c)−ω
)
+υe

) (−iω +υe)(
(−iω +υe)

2 +ω2
c

)e−(2y2/a2
0)

×

[(
4y
a2

0

)
− ik′

ωc

(−iω +υe)
+λ3

(
ωcω2

p(
iω
(
(iω−υe)

2 +ω2
c

)
+ KT

m k2 (iω−υe)−ω2
p (iω−υe)

))

−λ4

(
ωc

KT
m(

iω
(
(iω−υe)

2 +ω2
c

)
+ KT

m k2 (iω−υe)
))]ei(kx−ωt), (10)

where

λ1 =

(
8y
a2

0

)
− KT k′2

mω (−iω +υe)

(
4y
a2

0

)
− ik′

(
ωc

(−iω +υe)
+

(iω−υe)

ωc

)
,

λ2 =

(
1+

KT k′2

mω (−iω +υe)

)(
32y
a4

0
+

16y
a4

0
− 64y3

a6
0

)
+ ik′

ωc

(−iω +υe)

(
− 4

a2
0
+

16y2

a4
0

)
+ k′2

(
4y
a2

0

)
− ik′3

(iω−υe)

ωc
,

λ3 = 2ik′+
(

4y
a2

0

)(
iKT k′2

mωωc
− ω2

c +(iω−υe)
2

ωc (iω−υe)

)
,

λ4 =

(
KT k′2

mωωc
− (iω−υe)

ωc

)(
32y
a4

0
+

16y
a4

0
− 64y3

a6
0

)
+ ik′

(
− 4

a2
0
+

16y2

a4
0

)
− k′2

(
4y
a2

0

)
ωc

(−iω +υe)
− ik′3,

and k ≡ k′+α = k1− k2 +α is wavenumber of THz oscillation. We know the nonlinear current responsible for the emission of
THz radiation.

The wave equation of THz radiation is obtained by using the Maxwell’s equation and can be written as

−∇
2𝐸+∇(∇ ·𝐸) =−4π iω

c2 𝐽 +
ω2

c2 ε𝐸, (11)
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where, ε is the plasma permittivity tensor and given as follow:

ε =



1+
ω2

p(
iω(iω−υe)+

KT
m k′2+ iωω2

c
( iω−υe)

) −
ω2

p
ωc

( iω−υe)(
iω(iω−υe)+

KT
m k′2+ iωω2

c
( iω−υe)

) 0

ω2
p

ωc
( iω−υe)(

iω(iω−υe)+
KT
m k′2+ iωω2

c
( iω−υe)

) 1−
ω2

p

(
1+ KT

m iω( iω−υe)

)
(

iω(iω−υe)+
KT
m k′2+ iωω2

c
( iω−υe)

) 0

0 0 1− ω2
p

ω2


. (12)

By substituting dielectric tensor Eq. (12) in the wave equation of Eq. (11), the wave equation is obtained as

∂ 2E0y

∂x2 +2ik
∂E0y

∂x
+

(
ω2

c2

(
ε2

xy + ε2
xx

εxx

)
− k2

)
E0y

= λ5E0

[((
4y
a2

0

)(
1+λ8

(
1− ωc

(−iω +υe)

))
− ik′

(
ωc

(−iω +υe)
+λ8

)
+λ6 (λ3 +λ1λ8)−λ7 (λ4−λ8λ2)

)]
e−(2y2/a2

0), (13)

where

λ5 =
ieωω2

pE0nα

4mn0c2
(

i
(
ω0 +βω2

0 (t− x/c)
)
+υe

)(
−i
(
ω0 +βω2

0 (t− x/c)−ω
)
+υe

) (−iω +υe)(
(−iω +υe)

2 +ω2
c

) ,
λ6 =

ωcω2
p(

iω (iω−υe)
2 +(KT/m)(iω−υe)k′2−ω2

p (iω−υe)
) ,

λ7 =
ωc(KT/m)(

iω
(
(iω−υe)

2 +ω2
c

)
+(KT/m)(iω−υe)k2

) ,
λ8 =−

ω2
p ωc(

iω
(
(iω−υe)

2 +ω2
c

)
+(KT/m)(iω−υe)k′2 +ω2

p (iω−υe)
) .

Following the phase matching condition in rippled density plasma we use

ω2

c2

(
ε2

xy + ε2
xx

εxx

)
− k2 = 0,

and obtain the normalized THz radiation field as∣∣∣∣E0y

E0

∣∣∣∣= ∣∣∣∣λ5x
2k

[((
4y
a2

0

)(
1+λ8−λ8

ωc

(−iω +υe)

)
− ik

(
ωc

(−iω +υe)
+λ8

)
+λ6 (λ3 +λ1λ8)−λ7 (λ4−λ8λ2)

)]∣∣∣∣e−(2y2/a2
0). (14)

3. Results and discussion

In order to examine the effect of frequency chirp, colli-
sion frequency, and electron temperature on amplitude of ter-
ahertz radiation generated by beat of two chirp laser beams
in a magnetized plasma with a ripple density, the numeri-
cal analysis of Eq. (14) is investigated. The typical laser
and plasma parameters are used to presentation numerical be-
havior of THz radiation are as follows, IL ≈ 1014 W/cm2,
ω0 = 2.4×1015 rad/s, ωp = 3π×1013 rad/s, t−x/c = 0.5

/
ωp,

a0 = 0.08 cm, y
/

a0 = 0.5, nα = 0.1n0, |𝑣∗2 | = 0.3c. Fig-
ures 1–8 are plotted to show the influence of the thermal
effect, temperature-dependent collision frequency, and fre-
quency chirp. Figure 1 shows the variation of THz radiation
on the beat frequency for different temperatures. It is seen

that THz radiation amplitude decreases rapidly for the higher
values of beating frequency. In other words when ω ∼ ωh,
the resonance condition takes place and THz field amplitude
reaches its largest value. It can also be seen that normal-
ized THz amplitude is higher at the lower temperatures. Since
that, ωh ≈

√
ω2

p +ω2
c + k2 (KT/m) is upper hybrid frequency,

the THz field amplitude acquires a larger value when ω ap-
prroches ωp and for low temperature, ω ∼ ωh and close to the
resonance condition. To solve the problem more accurately,
we analyze the profile of the field amplitude of the THz radia-
tion as a function of temperature for different values of beating
frequency in Fig. 2. It seems that THz radiation amplitude in-
creases by increasing the temperature and for a given specific
temperature the radiation amplitude is maximum. The opti-
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mum temperature for each frequency is different and the op-
timal value occurs at a higher temperature with the approach-
ing resonance condition. For example, for ω

/
ωp = 1.1 and at

T ≈ 0.4 eV the maximum radiation amplitude is 2×10−3.
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Fig. 1. Normalized amplitude of THz radiation field as a function of normal-
ized beat frequency for different values of temperature when ωc

/
ωp = 0.1

and β = 2.
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Fig. 2. Normalized amplitude of THz radiation field as a function of temper-
ature for different values of normalized beat frequency. The parameters are
the same as those in Fig. 1.

In Fig. 3, we plotted the radiation field amplitude on beat
frequency for different values of frequency chirp parameters.
We see that for different chirp parameters the maximum am-
plitude of the THz field accrues still as the beating frequency
ω approaches to plasma frequency ωp, so that the gradient of
the curve is sharper for the smaller chirp parameter. The THz
field amplitude increases by applying the appropriate chirp pa-
rameter where the interaction of beating wave and plasma be-
comes more effective. The THz field amplitude variation with
respect to frequency chirp parameter for different normalized
cyclotron frequencies is plotted in Fig. 4. The figure shows
that the normalized THz field amplitude increases by decreas-
ing positive chirp and it is more noticeable when the higher
magnetic field is applied. The presence of magnetic field helps
to tune the frequency and amplitude of the emitted THz. The
behaver of curves is in good agreement with three-dimensional
(3D) simulation results of Nguyen et al.[41]
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Figure 5 depicted the THz amplitude as a function of β

for different values of temperature. It is lucid that the influ-
ence of the frequency chirp parameter is dominant for lower
temperatures. At the lower temperatures the electron collision
frequency is increased and tuned with the frequency chirp.
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In Fig. 6 we analyze the variation of THz amplitude as
a function of temperature for different values of negative β .
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It is clear that, the THz field attains a peak at a particular
value of T . In this region the optimum temperature increases
at higher |β |. Figure 7 shows the dependent of the THz field
amplitude on beat frequency and chirp parameter at temper-
ature 0.1 eV. Here, it is observed that a peak appears for the
THz field in a value of negative chirp parameter β ≈−0.008.
In Fig. 8 we show the variation of THz amplitude with the
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Fig. 8. Spatial normalized amplitude of THz radiation field as a function of
temperature and frequency chirp parameter for ω

/
ωp = 1.1, ωc

/
ωp = 0.1.

temperature and frequency chirp parameter. We find that the
THz field amplitude is maximized at the specific negative fre-
quency chirp parameter, so that by increasing the temperature
and consequently closer to the resonant excitation the opti-
mum frequency chirp becomes more effective.

4. Conclusion
In this paper, we analytically studied resonant excitation

of THz radiation generation by beating two chirped frequency
laser beams in the magnetized plasma by considering ther-
mal and collisional effects. In this regard, linear and non-
linear density perturbations and nonlinear current density in
frequency chirp are obtained by including thermal velocity
and collisional effects in the equation of motion. The ampli-
tude of THz radiation generation by chirped frequency laser
is obtained by using the modified permittivity tensor of the
plasma and wave equation in the presence of the thermal ef-
fect and collision frequency. It was shown that by increasing
the magnetic field frequency, temperature (to about 0.4 eV),
and consequently decreasing the collision frequency, the res-
onance excitation is maximized in two frequencies ωp and

ωh =
√

ω2
p +ω2

c + k2 (KT/m). We know the electron colli-
sional frequency decreases by increasing the temperature, so
the electrons move faster and have no chance to collide ions
and neutrals. We have shown, that by increasing the posi-
tive chirp parameter and consequently decreasing the pondero-
motive force and nonlinear current density, the terahertz field
amplitude decreases. Also, by increasing of the frequency
chirp parameter, the role of temperature becomes less effec-
tive. Moreover, we found out a particular region in the neg-
ative frequency chirp that the THz amplitude increases with
increasing chirp frequency and by approaching to the resonant
excitation this increasing becomes more perceptible. This be-
cause the frequency chirp allows the electron to remain in the
resonance state longer time so that the terahertz amplitude in-
creases as the chirp parameter increases.
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