CHinese PuysicaL Sociery | IOP Publishing

CPB

Chinese Physics B

http://cpb.iphy.ac.cn https://iopscience.iop.org/journal/1674-1056

Distributed optimization for discrete-time multiagent systems with nonconvex control

input constraints and switching topologies

Xiao-Yu Shen(¥L/N5%), Shuai Su(f5 )11, and Hai-Liang Hou({% 5 K )
Citation:Chin. Phys. B, 2021, 30 (12): 120507. DOI: 10.1088/1674-1056/abfb5b
Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb

What follows is a list of articles you may be interested in

Quasi-periodic events on structured earthquake models

Bin-Quan Li(Z=x& 4), Zhi-Xi Wu(=4% ), Sheng-Jun Wang(F £ %)
Chin. Phys. B, 2019, 28 (9): 090503.  DOI: 10.1088/1674-1056/ab3449

Energy-optimal problem of multiple nonholonomic wheeled mobile robots via

distributed event-triggered optimization algorithm

Ying-Wen Zhang(7K7% ), Jin-Huan Wang(E4:35), Yong Xu(#4: 5 ), De-Dong Yang(#% 1% 7<)
Chin. Phys. B, 2019, 28 (3): 030501. DOI: 10.1088/1674-1056/28/3/030501

Effect of exit location on flow of mice under emergency condition

Teng Zhang(7K %), Shen-Shi Huang(5 H £7), Xue-Lin Zhang(K#4K), Shou-Xiang Lu(Fi~F %), Chang-Hai Li(ZE &
)

Chin. Phys. B, 2019, 28 (1): 010505.  DOI: 10.1088/1674-1056/28/1010505

Time-varying formation for general linear multi-agent systems via distributed

event-triggered control under switching topologies

Jin-Huan Wang(F &), Yu-Ling Xu(¥F 53%), Jian Zhang(7K %), De-Dong Yang(#1% <)
Chin. Phys. B, 2018, 27 (4): 040504. DOI: 10.1088/1674-1056/27/4/040504

Average consensus of multi-agent systems with communication time delays and noisy

links

Sun Yong-Zheng, Li Wang, Ruan Jiong
Chin. Phys. B, 2013, 22 (3): 030510. DOI: 10.1088/1674-1056/22/3/030510


http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/abfb5b
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/abfb5b
https://doi.org/10.1088/1674-1056/abfb5b
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ab3449
https://doi.org/10.1088/1674-1056/ab3449
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/28/3/030501
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/28/3/030501
https://doi.org/10.1088/1674-1056/28/3/030501
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/28/1/010505
https://doi.org/10.1088/1674-1056/28/1/010505
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/27/4/040504
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/27/4/040504
https://doi.org/10.1088/1674-1056/27/4/040504
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/22/3/030510
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/22/3/030510
https://doi.org/10.1088/1674-1056/22/3/030510

Chin. Phys. B Vol. 30, No. 12 (2021) 120507

Distributed optimization for discrete-time multiagent systems with
nonconvex control input constraints and switching topologies*

Xiao-Yu Shen(ZL/N5%)!, Shuai Su(fgJ)>>7, and Hai-Liang Hou(f#F )

1Schoo] of Automation, Central South University, Changsha 410083, China
2Nationa] Engineering Research Center of Rail Transportation Operation and Control System, Beijing Jiaotong University, Beijing 100044, China

3State Key Laboratory of Rail Traffic Control and Safety, Beijing Jiaotong University, Beijing 100044, China

(Received 25 February 2021; revised manuscript received 2 April 2021; accepted manuscript online 26 April 2021)

This paper addresses the distributed optimization problem of discrete-time multiagent systems with nonconvex con-
trol input constraints and switching topologies. We introduce a novel distributed optimization algorithm with a switching
mechanism to guarantee that all agents eventually converge to an optimal solution point, while their control inputs are
constrained in their own nonconvex region. It is worth noting that the mechanism is performed to tackle the coexistence
of the nonconvex constraint operator and the optimization gradient term. Based on the dynamic transformation technique,
the original nonlinear dynamic system is transformed into an equivalent one with a nonlinear error term. By utilizing the
nonnegative matrix theory, it is shown that the optimization problem can be solved when the union of switching commu-
nication graphs is jointly strongly connected. Finally, a numerical simulation example is used to demonstrate the acquired

theoretical results.
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1. Introduction

The distributed optimization problem of multiagent sys-
tems has already been one of the most popular problems in
the field of control.['=26] The aim of distributed optimization
is to minimize the global objective function in a distributed
manner, where the global objective function is the sum of the
local objective functions of all agents. Primary studies about
distributed optimization mostly focused on the unconstrained
case. For example, in Refs. [1-4], distributed optimization
problems with the convex or strongly convex objective func-
tions with locally or globally Lipschitz gradients were con-
sidered for optimal distribution convergence. Recent studies
about distributed optimization paid more and more attention
to the constrained case. For example, in Refs. [5-8], dis-
tributed discrete-time and continuous-time optimization prob-
lems with convex position-state constraints were investigated,
where the gradient stepsizes all are uniform, and those in
Refs. [7,8] are diminishing. Also, in Refs. [9-11], distributed
optimization problems with inequality constraints, positivity
constraints and coupled-constraints were studied. The con-
straints in the these existing works were usually assumed to
be convex. In reality, the agent systems are often subject to
nonconvex constraints rather than convex constraints. For ex-
ample, the quadrotors can move in every direction but the re-
gion formed by the driving forces is nonconvex. To deal with
the nonconvex constraints, some works have been performed

DOI: 10.1088/1674-1056/abfb5b

in Ref. [12]. However, the results in Ref. [12] were on the con-
sensus problem and the optimization problem was not consid-
ered. In Ref. [13], while distributed optimization with noncon-
vex constraints was studied, the nonconvex constraints were
only on the velocities of the agents.

Inspired by Refs. [12,13], in this paper, we address the
distributed optimization problem of discrete-time multiagent
systems with nonconvex control input constraints, switching
topologies and nonuniform stepsizes, where local objective
functions are general differentiable and convex. We first intro-
duce a novel distributed optimization algorithm with a switch-
ing mechanism to guarantee that all agents eventually con-
verge to an optimal solution point, while their control inputs
are constrained in their own nonconvex region. It is worth not-
ing that the mechanism is performed to tackle the coexistence
of the nonconvex constraint operator and the optimization gra-
dient term. Based on the dynamic transformation technique,
the original nonlinear dynamic system was transformed into
an equivalent one with a nonlinear error term. By utilizing the
nonnegative matrix theory, it is shown that the optimization
problem can be solved when the union of switching commu-
nication graphs is jointly strongly connected.

In contrast to Ref. [13], where the nonlinearities are
caused by the position constraints, the velocity constraints and
the local objective functions, in this paper the nonlinearities
are caused by the input constraints and the local objective
functions. As is well known, there are no general rules to de-
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termine whether a certain nonlinear system is stable, and any
small difference might lead to completely different dynam-
ics. Moreover, different from most of the existing works, e.g.,
Refs. [1-5,9], nonuniform stepsizes were taken into account,
which together with nonconvex input constraints destroy the
balance of the optimal convergence of the objective functions.
Hence, all the existing approaches based on the graph balance
cannot be applied in this paper.

Notation: R’ represents the real column vectors set with
r dimensions; R"™" represents the real matrices set with r x n
dimensions; I, represents the unit matrix with r dimensions;
xT represents the transpose of the vector x; ||x|| represents the
standard Euclidean norm of the vector x; Py (h) represents the
projection of the vector 2 on the closed convex set H, i.e.,

Py (h) = argminy,, ||h — h|; V f(x) represents the gradient of
the function f(x) at x; the symbol / represents the division
sign; [A];; represents the ijth entry of matrix A; and 1 rep-
resents a column vector whose dimension is compatible and

elements all are one.

2. Preliminaries

Let H(N,V) represent a directed graph, where N =
{1,...,n} denotes the set of nodes, and ¥V C N x N repre-
sents the set of edges. The edge (j,i) € V means that agent j
can transmit information to agent i. We use a;; to denote the
weight of edge (j,i), a;; > [ if (j,i) € V, and a;; = 0 other-
wise, where i is a positive constant. Let N; = {j € N': (j,i) €
V} be the set of neighbors of agent i and L denote the Lapla-
cian of the directed graph H. A sequence of ordered edges
(i1,i2), (in,i3),. ..
strongly connected if there exists a directed path from every

represents a directed path. A graph H is

node to every other nodes.

A matrix G = [g;;] € R™" is a stochastic matrix if all el-
ements of G are nonnegative and each row sum of Gis 1, i.e.,
gij=>0and G1=1.

3. Model and problem statement

The multi-agent system under consideration consists of n
first-order discrete-time agents. Let H (kT') represent the com-
munication graph of the system at time k7, where T is the
sampling time and each agent is regarded as a node in H (kT).
When no confusion arises, we use (k) instead of (kT') for sim-
plicity of expression throughout this paper.

Suppose that the dynamics of each agent is
xi(k+1) Zx,'(k)—FSUi(u,'(k))T, @))

where x;(k) € R" represents the position state of agent i ,
u;i(k) € R” represents the control input, and Sy, (-) denotes the

constraint operator of control input of agent i such that

b
T maxo<p< o {b | fioff € Ui, YO <a <1},

if u € R"and u # 0,
0, otherwise.

Sy, (u) =

It should be noted that the operator Sy, can be used to de-
scribe the nonconvex constraints while the existing convex op-
erators including the saturation operator and the projection op-
erator can only be used to describe the hyperplane constraints
or the convex constraints. In practical applications, the sys-
tems are often subject to nonconvex constraints.

Fig. 1. Some examples of the constraint operator.

Assumption 1['?1  Suppose that U; C R", 0 € U; is
a bounded nonempty closed set for agent i € N, and
inf, 0,10, (0)]] = 7, > 0 and max,eg Sy, ()] = 7 > 0 for
all i, where %; > Y. > 0.

In this paper, we aim to design a distributed control al-
gorithm to guarantee all constrained agents eventually achieve
the consensus, and find the optimal solution of the following

optimization problem:
n
minimize Y’ fi(x), 2)
i=1

where f;(x) : R” — R represents the local objective function
of agent i and is only known by agent i. Let f;(x) be convex
and differentiable. Hence, Y7, fi(x) is a convex differentiable
function.

For the following analysis, we use X; 2 {x|V f;(x) = 0}
and X £ {x| Y%, Vfi(x) = 0} to represent the optimal set of
the local objective functions f;(x) and the optimal set of the
global objective function Y7 | f;(x) respectively. Then, we
make the following assumption.

Assumption 2['*] Suppose that each set X; is nonempty
and bounded for all i € .

4. Main results
4.1. Algorithm and model transformations

(1) Algorithm

To solve the optimization problem, the proposed dis-
tributed control algorithm for each agent has the form given
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by

ei(k) =
JEN;(k)
0, if e;(k)— Vfﬁ #5Su, { i(k)— Vﬁiﬁ,’ﬂ
vilk)=190, if {/z:(k) < V£ (r:(k))],
Vfilri(k)) ,otherwise,
W/z(k)
ri(k) = xi(k) +ei(k)T,
zi(k+1) = z;(k) +arctan(el T, ,(0) >0, 3)

for all k > 0, where g;;(k) is the edge weight such that
a;j(k) > 1 if agent i can receive information from agent j, and
a;j(k) = 0 otherwise. In this paper, the stepsizes are adopted in
a general form 1/ ’{’/2,(7) , where 0 < m < M and M is a finite
positive constant.

The role of ¢;(k) is to guarantee the consensus of all
agents through local interactions. The role of the switching
mechanism in the update of v;(k) is to ensure all agents to stay
in a bounded region and to optimize the objective function.
The variable z;(k) is updated completely based on the states of
agent i, which is used to construct the stepsizes of agent i. It

can be proved by using the approach of Lemma 10 in Ref. [13]
m Z[ (k)
balance of the optimal convergence rate of all agents.

Remark 1 Note that § > arctan(e”xf(k)“) > Z for all i,

k. Hence, there must exist a positive constant Tp such that

8kT > zi(k) >

two bounded decreasing functions 0 < @ (k) < @* (k) with re-

ard to k such that , (k) < —~— < @* (k) for all k > T and
g (k) e (k) = 1o

that the stepsizes limg_, ;o = 1, which guarantees the

%T for all kK > Tj, which means that there are

0O<m<M.

In the following analysis, we only discuss the case of
r =1 for simplicity of expression, and the general case of r > 1
can be analyzed in a similar way.

(2) Model transformations

Due to the coexistence of nonconvex control input con-
straints and nonuniform gradient stepsizes, it is very hard to
analyze the system stability directly. To tackle this prob-
lem, we first make model transformations for system (1) with
Eq. (3) so as to fully explore the convexity of the closed-loop
system.

Let p;(k) be the scaling operator, which is defined as

[1Su; (wi(k)) ||
lwi (RN

for all k. Under Assumption 1, it is clear that p;(k) = 1 if
ui(k) =0or SUl.(ui(k)) = ui(k), 0< ﬁ,(k) <1lif Mi(k) 75 0 and
SUi(ui(k)) < u,(k)

pi(k) = “4)

Then, the system (1) with Eq. (3) can be converted into
the following equivalent system:

xi(k+1) = xi(k) + pi(k)ui (k)T

= xi(k) + pi(k)[ei(k) = vi(k)]T Q)
Define  w(k) = [xi(K)7,....x,(k)"T, Pk) =

diag[p1(k),.... pa(k)] and F (k) = [p1 (k) -vi(K)T,... pu(k) -
vu(K)T]T. Then, the system (4) can be rewritten in a compact

form as

y(k+1)=0OK)y(k) - FK)T (©)
for all k, where ® (k) = I, — P(k)L(k)T. For the following

analysis, we use Z (k,s) = [[*.,0(i) = O (k) ..

sent the transition matrix of the system (5).

.0 (s) to repre-

4.2. Main theorem

Before giving the main theorem, the following necessary
assumptions and lemmas are first introduced:

Assumption 313

Suppose that there exists a positive
constant p such that 1 > p > ¥ ;e aij(k)T for all i and
k>0.

Assumption 4!31  Suppose that there is an infinite
time sequence ko,ky,k,. ..

Hk), Hk+1),...
I, where ko =0, 0 < k11 —k; < a, o is a positive integer.

such that the union of the graphs
,H(k;+1 — 1) is strongly connected for all

Assumption 5131 Suppose that # (k) are balanced for all
k,ie., X aij(k) =Yy aji(k) forall i, j and k.

Remark 2 The role of Assumption 3 is to ensure the sys-
tem matrix to be nonnegative. The role of Assumption 4 is to
ensure the persistence of the information flow between agents.
In Assumption 4, the union of the graphs is only required to
be strongly connected every « time and the graph at each time
might not be strongly connected. The role of Assumption 5 is
to ensure the balance of the optimal convergence of all agents.

Lemma 1?71 Let fy(x) : R” — R be a differentiable con-
vex function. Then, fj(x) is minimized if and only if V fj(x) =
0.

Lemma 21281 Let H # ( be a convex closed set in R,

(1) For any h € R", ||h— Py (h)|| is continuous with regard
to h and V% |h— Py (h)|*> = h— Py (h).

(2) Forany h,y € R" and all { € H, [h— Py (h)]T(h—{) >
0, [1Pu(h) — LI < o — LI = [Pu(h) — hII* and [P (h) —

Pyl < [ =yll.
Lemma 34l Suppose that f(x) : Q +— R is a convex

differentiable function and H is the minimum set of f(x)
in 2, where 2 C R" is a convex closed set and H C  is
closed and bounded. There exists a constant ) € (0, 1) for any

z=nPy(h)+ (1 —n)h such that
h— Py (h) h— Py (h)
O <SG =R = = Ra ]

120507-3
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foranyhe Q —H.

Lemma 4% Under Assumptions 1 and 2:

(1) X and all X; for i € N are all closed nonempty convex
bounded sets.

(2) im0 fi(x) = oo and limyy 5 o Xty filx) =
+-oo for all i.

Lemma 5! From the proposed algorithm z;(k + 1)
zi(k) +arctan (el T for all i. Tf limy_, o [x; (k) — x;(k)] =
0, we have

ailk) _
zj(k) 7

limk%er

for all i and j.

Lemma 6 Let Assumptions 1 and 2 hold, the position
state of each agent is constrained in a bounded region.

Proof Consider the following Lyapunov candidate func-
tion

Y (k) = maxi{[|xi(k) — o]},

where ¢ € X. Consider the case that v;(k) # 0 for some i. Ac-
cording to the definitions of v;(k) and p;(k), we have p;(k) = 1.
Then, it follows from Eq. (5) that

B Vfi(ri(k))T'

xi(kJrl):ri(k) n Z(k)

)

Since p;(k) = 1 and ||V£i(r;(k))||> < %/zi(k), it can be de-
duced from Eq. (7) that

(k1) o 2
— (o)~ o> + ]Vf;(z(("]j)”
GG CoL
< Inft) =01+ L~ 20r) ~ T AT,

According to the convexity of function f;(-), i.e., —(ri(k) —
o)V fi(ri(k)) < fi(o) = fi(ri(k)), it follows that
lxi(k+1) - o]?
() _ 12
< [lri(k) —ol*+ — 0
+2fi(0)*fi(0i + fi(oi) — filri(k))
Vzi(k)

T

)

where o; € X;.
Note that @, (k) <

L < o(k) and fi(0)  filo7) >
Ly Z,'(k)
0, fi(o;) — fi(ri(k)) < 0. It follows that
bxi(k+1) — o||?
< |lritk) = o[> + @. (k)T + 0.(k) (fi(0) — fi(0)T
+ " (k) (fi(or) = fi(ri(k))T (8)

for k > To. Since lim|y|_, .o fi(x) = oo for all i from Lemma
4, there must exist a convex closed bounded region Ag =
{y e R"™ | |ly— || <di} for a positive constant d; such that
o* (k) (fi(ri(k)) = fi(ai)) > @w(k)(max;[fi(c) — fi(oi)] + T)
for any r;(k) ¢ Ag. Then, if r;(k) € A for all i, from Eq. (9),
we have
lxi(k-+ 1)~ o
< dj +o.()T? + o' (K)[fi(0) - fi(0)]
< di +max;[@, (k)(T? + fi(o) — fi(o1))].

If r;(k) ¢ Ao, we have

@*(k)(fi(ri(k)) — fi(01)) > . (k) (max;[fi(o) — fi(0i)]| + T).

Therefore, together with Eq. (8), it can be obtained that
lxi(k+1) — o] < [|ri(k) — of| < Y1 (k).

Consider the case of v;(k) = 0 for some i. It follows
from Eq. (4) that 0 < p;(k) < 1, then we have x;(k+ 1) =
xi(k) + pi(k)e;(k)T. Thus,

Yi(k+1)
max;||x; (k) + pi(k)e;(k)T — 5|
(1= pi(k) ¥ jen;(x) @ij(k)T) max;[|x;(k) — o|

+pi(k) ¥ jen; (k) @ij (k)T max;|lx;(k) — o]
max,-||x,-(k) — GH

IN

IN

Summarizing the above analysis, it is clear that the posi-
tion state of each agent is constrained in a bounded region.

Lemma 7 Let Assumptions 1, 2 and 3 hold:

(1) The lower boundedness of the scaling operator p;(k) is a
positive number for all 7 and k.
(2) The system matrix ® (k) is stochastic for all .

Proof Now, based on the Lemma 6, we study the lower
boundedness of p;(k) and the stochasticity of system matri-
ces O (k) and E(k). Since ||x;(k)|| is bounded, it follows that
llei(k)|| and ||r;(k)|| are also bounded. In addition, f;(-) is
differentiable, and thus ||V f;(r;(k))|| is bounded. Recall that
o, (k) < ,{/211(7) < w*(k) for all k > Ty and 0 < m < M. There-
fore, there must exist an integer 7; > Ty for any positive con-
stant & > 0 such that ||e;(k)|| < & and ||v;(k)|| < & for all i
and k > Ty. From Assumption 1, we have Sy, (u;(k))| = 7, It

can be obtained from the definition of j;(k) that p;(k) is larger
than a positive constant for all i, k.

Note that a;;(k) > p and 0 < p;(k) < 1. Under Assump-
tion 3, we have 1 — ﬁ,(k) Yjen (k) @ij(k)T > 0. Clearly, all
nonzero entries of ®(k) are larger than a positive constant.
Moreover, © (k)1 = 1. It follows that @ (k) is a stochastic
matrix and hence Z(k) is also a stochastic matrix, for all
k>s>0.

Lemma 8 Let Assumptions 1, 2, 3 and 4 hold, all agents
eventually converge to a common point.

Proof From Egq. (5) and the definition of = (k), we have

(ki) = E(kir —1,k)w(k)

120507-4
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ki1 —1
- Y E(ks—1s)F(s—1)T
s=k;+1
—F (ki1 —1)T. ©)

From the proof of Lemma 7, we have that each ||r;(k)|| and

IV fi(ri(k))| are bounded for some positive constant. From the

1
definition of z;(k) and Lemma 5, we have lim_, o, ——— =

Vzik)

0. It follows that limy_, o ||F (k)|| = 0. Therefore, there exists
a constant Ty > 0 for any positive constant € > 0 such that
IF (k)| < & for all k > Tp. Then, it follows from Assumption
4 that

ki1 —1

Y, Etker—1,8)F(s=1)T = F (ki — )T
s=k;+1

< (a+1)g (10)

for all k; > T. From Lemma 2 in Ref. [12], it can be deduced
that there exists a positive number 8 < 1 and an integer jo > 0
such that | = (k;16, — 1,k;) |ij, > B for all i and all k; > 0. Let
k; > Tp. Then, from Eq. (9), we have

Wi (kison) = Y LZ (kiren — 1 ki) Jijwri(ki)
J#Jjo
=& (kion — 1.k1) |ijo Wi (ko) |
< 6n(a+1)e. (11)

Since E(k,s) is a stochastic matrix from Lemma 7, it fol-
lows that

max; Y; (ki+6n)
< (1= B)max; yi(k) + By, (ki) +6n(a+ e,
min; Y;(Ki+6n)
> (1= B)min; yi(k;) + By (ki) —

Thus,

on(a+1)g

max; Y; (ki16n) — min; Y;(ki1.6n)
< (1—B)[max; y;(k;) — min; y; (k)] + 12n(0t + 1)g;
Let M;(k) = max; y;(k) — min; y; (k).
12n(a+ 1)g; /B, we have

Then, when M;(k;) <

Mi(kl+6n) < 1271((1 + 1)81/ﬁ.

When M;(k;) > 12n(o+1)e; /B, we have

Mi(lirﬁn) —Mi(k[) <0.

It is easy to see that for all i, M;(kj16n) < 12n(a+ 1)e;/B
if M;(k;) < 12n(a+ 1)&; /P holds. In addition, if M;(k;) >
187’1(06 + 1)81/ﬁ, then Mi(kl+6n) — M,'(kl) < —12n(a+1)g
Therefore, it follows that there must exist a constant 77 > Ty
such that M;(k;6n;) < 18n(oc+1)&; /B for all k;16,; > T1. In
view of the arbitrariness of the constants k; and €1, letting k; —
+eco and £ — 0, it follows that limy, o [Wi(k;) — Wj(k;)] =0
for all i, j. Recall that ||y(k+ 1) — w(k)|| < | = (k, k) w(k;) —

y(k)|| +6n(a+ 1)g
k > k;, we have

Since E(k,k;) is stochastic for all

(k)] =0

for all i and j, which means that all agents eventually converge

limye, oo [Wi (k) —

to a common point.

Theorem 1 Let Assumptions 1, 2, 3, 4 and 5 hold. For
the system (1) with Eq. (3), all agents will reach a consensus
point in the optimal set of the global objective function (2).

Proof Based on Lemmas 6-8, we will prove that all
agents eventually minimize the optimal objective function (2).

Let (k) = —Y" ,yi(k). Based on the proof of
Lemma 8, we have limy_, ..[y;(k) — y;(k)] = 0. Recall
that limg_, o F(k) = 0 and 0 < p;(k) < 1, it follows that
limy_, o u;(k) = O for all i. Thus, there must exist a positive
constant 7o such that |[u;(k)|| <y, for all i when all k > T,
which implies that p;(k) = 1 for all k > Tj. Under Assumption
5, we have 17@ (k) = 17 for all k. Then, we have

Ylk+1)=w(k) - %ITF(k)T. (12)

Consider the following Lyapunov function

Ya(k) = || (k) — Px (y(k))|?
for all £k > Typ. According to Lemma 2, it can be obtained that

[W(k+1) = P (§ (k)" [Px (w(k)) — Px (W (k+1))] < 0. From
the proof of Lemma 6 and Lemma 7, x;(k) and ||V fi(r;(k))||
are bounded for all i,k. According to the definition of z;(k),

< w*(k) for all k > T; and

it follows that @, (k) <
V/zi(k)
0 < m < M. Calculating Y»(k+ 1), we have

(k+1)
= Bk 1)~ (B (0) + P (B (00) —~ Pe(pll+ D)
= I9lE ) = A(HOI £ 1P (PG DI
2k 1)~ Pe (W) % [Be(W(K)) ~ By (W(k+ 1))
< Ioies = BB+ P60~ plh D
< 19 )— LTF T — (P2 + | T F TP
< ||u7(k>—Px(w<k>>H2—§<w<k>—Px<w<k>>>T

for all k > Ty, where A is a positive constant.

Since limy_, ;. [Wi(k) — y;(k)] = 0, it can be obtained
that limy_, o [r;(k) — W(k)] = 0 and for all i and j. Then
there exists a constant 7, > 77 for arbitrary positive constant
& such that |y;(k) — W(k)| < &,|ri(k) — w(k)| < & for all
k > T». Note that all functions f;(-) are differentiable, we have
|fi(ri(k)) — fi(W(k))| < & for all k > T». Recall that m, (k) <

a0 < o*(k) for all k > T} and 0 < m < M. According
z

to the convexity of f;(+), i.e., (r;j(k) — Py (W (k)))TV fi(ri(k)) <
fi(ri(k)) — fi(Px(@(k)), we have
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Ya(k+1) —Ya(k)
2 n

< —;;(l/_/(k)—”i(k)‘f'ri(k)_PX(V_/(k)))T
Vfl(rt(k)) %2
/) ———= T+ 4o (k)
e o VAR
< - ; i(k) — Px (w(k))) \/Z,(T)
+Aio ( )—|—2)~282(U*(k)
- Zi — fi(y (k))+f,(1;/( ) — [iPx (W(K))) .
T oonfE Y/ zi(k)
+h 0" (k) 2h 80" (k)
fi(w (k) — fi(Px (¥ (k)))
L
+ M 02 (k) + 480" (k) (13)

for all k > T,, where A, is a positive constant.

From Lemma 5, limy_, . ¥ % =1 for all i,j and
./

m > 0. Then, there must exist a positive constant 73 > 75 such

that | ¥/ Z((i)) - 1‘ < & and hence

w8~ e § 24 1)

< &

for all k > T3. Let T3 be large enough such that ©* (k) < &, for
any k > T3. Thus,

k+1)—Yy(k)

2T o, . ak) Ji(w(k) — fi(Px (p(k)))
= n Ll zi(k) 2 ¥/ z1 (k)
_len Ji(w(k)) — fi(Px (P(k)))
n i=1 ” Z](k)

2T, fi(w(k) — fi(Px (p(k))) —ne
— n i=1 m Zl(k)
+A1 80" (k) +48,0* (k)

20O wn)

—fi(Px (¥(k)))) — Ase2]

for all k > T3, where A3 is a positive constant.

Lety = Jx— P(@)l|.
itive constants d» > dy + 4&; such that min,_g Y7 (fi(x) —
fi(0)) = A3&, + 4& for any o € X. According to Lemma
3, we have Y' | (fi(x) — fi(o)) > A3&, + 4&, for any x that
|lx— Py (x)|| > d,. Note that limy_, .. F (k) = 0. Let T3 be fur-
ther large enough such that ||y (k+1) — @(k)|| < || %F(k)TH <
& for all k > T3. It is easy to see that |y(k+ 1) — Px(p(k+
1))|| < dp when ||W(k) — Px(w(k))|| < d, for k > T3. When
d < [9(K) — Pe (W) < da, we have X7, ((9(K))
fi(0)) > A3& +4&. It follows that Y» (k+ 1) Y>(k) <0 and

IN

Suppose that there exist two pos-

[ (k+1) = Py (§(k+ 1) < [[¥(k) — Pe (¥(k))||, which im-
plies that |y (k+1) — Px(Y(k+1))| < d>. y(k+
1) =Px(@(k+1))[| < da holds when ||y (k) —Px (w(k ))H <d

for all k > T3. Moreover, if ||@(k) — Px(W(k))|| > dp for

k > T3, we have Y (fi(W(k)) — fi(Px(W(k)))) > As&r +
4g,, and hence Yg(k—i— 1) - Yk) < — 4\8/2%. By simple
analysis, there must be an another constant 7; > 73 such

that ||y (k) — Px (p(k))|| < di, and we have ¥, [fi(¥(k)) —
fi(Px(W(k)))] < Azey +4¢; for all k > Ty. In view of the arbi-
trariness of the constants k and &, letting k — +o0 and & — 0,

from Lemma 3, it can be deduced that

limy, oo Y72 [fi(P(K)) — fi(0)] =

where ¢ € X. This implies that all agents will eventually reach
a common point in the optimal set of the objective function (2).

Remark 3 The advantages of our results are mainly in
three aspects. First, in our algorithm, nonuniform stepsizes
are considered. In most of the existing works, the stepsizes
were usually assumed to be uniform at any time. In Ref. [17],
nonuniform stepsizes are considered, whereas the stepsizes
are given in the form of square root which is a special case
of ours. Second, the communication graphs considered are
jointly strongly connected. Only a few of existing works have
considered such switching graphs. Third, nonconvex input
In Ref. [13], non-

convex constraints have been considered, but the nonconvex

constraints are considered in this paper.

constraints are on the velocity state rather than the input con-

straints.

5. Simulation example

Consider a multi-agent system consists of 12 first-order
discrete-time agents. The communication topology of the sys-
tem switches among a group of the directed graphs in Fig. 2,
as long as the union of the switching communication graphs
is balanced and strongly connected. The sample time T is
0.1 s and the weight of all edges is 0.5. The local objec-
tive functions for the agents are f¥(x)) = x3, +x3,, fX(x2) =
(x21 +0.9 +0.1k)> + x3,, fX(x3) = 23, + (x32 + 0.9+ 0.1k)?,
¥ (xa) = (xa1 + 0.9 + 0.1k)* + (xa2 + 0.9 + 0.1k)? for k =
1,2,3, where x;; and x;» represent two components of x;, re-
spectively. Suppose that the nonconvex input constraint set
of all agents is U; = {u|||u— [0,0]T|| < 1} U{u||lu—[1,1]T]| <
DUl a1, =117 < 1y Ul lu— [~ 1,17 < 1}U{uflu—
[—1,—1]T|| < 1} for all i. The only optimal solution that min-
imizes the global objective function (2) is x = [~0.6,—0.6]T.

Figures 3 and 4 show the simulation results for the system
(1) using algorithms (3). Itis clear that all agents cooperatively
reach a consensus point in the optimal set and all control inputs
are in the bounded nonconvex set, which is consistent with
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Theorem 1. Another objective of Figs. 5 and 6 is to compare
the convergence rates of the algorithm when the parameter m
is adopted as different values. From the simulations, it can
be observed that the convergence rate of the algorithm when
m = 5 is faster than the case of m = 2. Also, we consider the
impact of the initial values on the convergence rate in Figs. 6
and 7. From the simulations, it can be observed that the con-
vergence rate is sensitive to the initial values of the stepsizes.

-0 O-© OO

ONOLONORONO
LW O ©

ONOLO020N0
WO O O

OO0 O-O-O
© 0 G0 OO

Fig. 2. A group of directed graphs.

6 b 4
—agent 1
4+ —agent 2
—— agent 3
— agent 4
2t agent 5 |
— agent 6
—agent 7
Q — agent 8
8 Or — agent 9
— agent 10
agent 11
—2+ — agent 12
“eoptimal
4} J
—6F 4

8 -6 -4 -2 0 2 4 6 8
Ti1

Fig. 3. The position trajectories of all agents.

2

231

Fig. 4. The control inputs with nonconvex constraints of all agents.

6

4

0 100 200 300 400 500
Time (s)

Fig. 5. The optimal convergence of agents when m = 2 and the initial
value of the stepsizes is 0.1.

4 4

0 100 200 300 400 500
Time (s)

Fig. 6. The optimal convergence of agents when m =5 and the initial
value of the stepsizes is 0.1.

6

L L L L

400 500

— L

0 100

200 300
Time (s)

Fig. 7. The optimal convergence of agents when m = 5 and the initial
value of the stepsizes is 10.

6. Conclusion

We have solved a distributed optimization problem of the
first-order discrete-time multi-agent systems with nonconvex
control input constraints, nonuniform stepsizes and switching
topologies. The proposed distributed algorithms ensure that
all agents cooperatively reach a consensus point in the opti-
mal set and all the agents’ inputs are constrained in their own
nonconvex region. A switching mechanism was introduced
to tackle the coexistence of the nonconvex constraint operator
and the nonuniform gradient term. It is proved that the con-
strained distributed optimization problem can be solved when
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the union of the switching communication graphs is balanced

and jointly strongly connected.
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