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This paper is concerned with the adaptive synchronization of fractional-order complex-valued chaotic neural networks
(FOCVCNNs) with time-delay. The chaotic behaviors of a class of fractional-order complex-valued neural network are
investigated. Meanwhile, based on the complex-valued inequalities of fractional-order derivatives and the stability theory
of fractional-order complex-valued systems, a new adaptive controller and new complex-valued update laws are proposed
to construct a synchronization control model for fractional-order complex-valued chaotic neural networks. Finally, the
numerical simulation results are presented to illustrate the effectiveness of the developed synchronization scheme.
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1. Introduction

In recent years, the theory of fractional calculus and its
application have become a most intense research topics. Com-
pared with traditional integer calculus, fractional calculus and
related models can better describe certain actual physical sys-
tems and capture their essential properties and behaviors. So
far, it has generally become an efficient tool in physics, arti-
ficial intelligence, mathematical science, chemical engineer-
ing science, control engineering science, optimization com-
bination, material science, electronic information, digital sig-
nal processing, cognitive science, and other fields.[1–6] Some
interesting results about the dynamic behaviors of fractional-
order systems have been derived.[7–16] Thus, the study of the
theory and applications of nonlinear fractional-order differen-
tial systems are of high theoretical and significant practical im-
portance.

Complex-valued neural networks (CNNs) are the pro-
gressive forms of real-valued neural networks (RNNs). Com-
pared with RNNs, the CNNs have the advantages of simple
network structure, concise training process, and strong abil-
ity to handle complex signals, which can be used to solve
problems that cannot be solved by real-valued neural net-
works. Hence, it is widely used in physical systems deal-
ing with electromagnetic, optical, ultrasonic, and quantum
waves as well as in fields such as filtering, speech synthe-
sis, and remote sensing. Owing to the memorability and her-
itability of fractionalorder models, fractional calculus is com-
bined into complex-valued neural networks to form fractional-
order complex-valued neural network models, which further

expands the basic theory and application capability of neural
networks.

Over the last few years, the dynamical behaviors, sta-
bility analysis and synchronous control of neural networks
have become an area of particular interest and active research,
and some excellent outcomes have been achieved.[17–28] For
instance in Refs. [17,18], the projection synchronization
and adaptive synchronization of fractional-order memristor
neural networks were discussed. In Ref. [19], the syn-
chronization of fractional-order complex-valued neural net-
works (FOCVNNs) was studied with linear delay feedback
control. In Refs. [20–22] the global Mittag–Leffler syn-
chronization of fractional-order neural networks was investi-
gated. In Refs. [23–28], the the stability, finite-time stability,
and global Mittag–Leffler stability of fractional-order time-
delayed complex-valued neural networks were analyzed, re-
spectively. Most of the literature in this area, however, was
devoted to the study of stability analysis and periodic oscilla-
tions of various neural networks, only a few researches was
involved with the study of fractional-order complex-valued
chaotic neural networks (FOCVCNNs). However, the en-
gineering applications of chaotic systems have been studied
widely and intensively in recent years.[29–31] Furthermore,
fractional-order complex-valued chaos can generate complex
and unpredictable dynamic behaviors, which will enhance re-
sistance to attacks, and achieve higher transmission efficiency
in secure communications. This property extensively broadens
the application of fractional-order neural networks. Owing to
the limited speed of signal transmission between neurons, de-
lays usually occur in neural networks. The time delays will
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affect or even destroy the dynamic properties of neural net-
works. Nevertheless, to the best of our knowledge, there are
very few studies on the chaotic dynamics of fractional-order
complex-valued neural networks with time delays. Based on
the above discussion, this paper is to investigate the chaos in
FOCVCNNs and the synchronization problems of FOCVC-
NNs. Fractionalorder complex variable differential inequali-
ties, stability theory and adaptive control methods for fraction-
alorder complex-valued systems are used in order to achieve
the synchronization of FOCVCNNs.

2. Problem formulation and preliminaries
In this section, we first address some definitions and the-

orems about fractional calculus.
Definition 1[1] The fractional-order integral of a function

f is defined as

Iα f (t) =t0 D−α
t f (t) =

1
Γ(α)

∫ t

t0
(t− τ)α−1 f (τ)dτ, (1)

where t ≥ t0, α > 0.
Definition 2[1] The Caputo fractional-order differentia-

tion of a real-variable function f is described by the following
equation:

C
t0Dα

t f (t) =
1

Γ(n−α)

∫ t

t0

f (n)(τ)
(t− τ)α−n+1 dτ, (2)

where t ≥ t0, n is a positive integer and n−1 < α < 1.
Lemma 1[32] Assume z ∈ C to be a differentiable

complex-valued function. If there are t ≥ t0 and α ∈ (0,1],
the following inequality holds:

C
t0Dα

t z(t)z(t)≤ z(t)C
t0Dα

t z(t)+
(

C
t0Dα

t z(t)
)

z(t). (3)

Lemma 2[33,34] (stability theory for fractional-order sys-
tems) Assume V1(t) to be a uniformly continuous and deriv-
able Lyapunov function and V2(t) is a derivable non-negative
function.

If

V (t) =V1(t)+V2(t), (4)
C
0 Dα

t V (t)≤−θV1(t), (5)

where θ is a positive constant, then lim
t→∞

V1(t) = 0.

Lemma 3[35] Assume V (t) and U(t) are two nonneg-
ative continuous functions, and satisfy C

0 Dα
t (V (t) +U(t)) ≤

−σV (t)+ρ where 0 < α < 1, σ > 0 and ρ > 0, then V (t)≤
(V (0)+U(0)− (ρ/σ))Eα,1(−σtα)(ρ/σ).

Remark 1 Since Eα,1(−σtα)→ 0(σ > 0) and t → ∞, if
ρ = 0, we can derive Lemma 2 from this lemma.

Lemma 4[36] For any α,β ∈ C, and any δ > 0, the fol-
lowing inequality will hold: αβ̄ + ᾱβ ≤ δαᾱ +(1/δ )ββ̄ .

3. Main results
3.1. Model description

We consider a class of FOCVCNN described by the fol-
lowing equations:

C
0 Dα

t 𝑧i(t) =−ci𝑧i(t)+
n

∑
j=1

ai j f j (𝑧 j(t))

+
n

∑
j=1

bi jg j(𝑧 j(t− τ))+ Ii(t),

zi(s) = φi(s), (6)

where t ≥ 0, i = 1,2, . . . ,n, s ∈ [−τ,0], 0 < α < 1, 𝑧i(t) ∈C is
the complex variable of the i-th neuron at time t, f j(·),g j(·) ∈
C denote the activation functions without and with timede-
lay, ai j,bi j ∈ C represent the connection weights and delayed
connection weights respectively, ci ∈R,τ > 0 are the constant
delay times, Ii denotes the corresponding external input. The
complex-valued functions f j(·), g j(·) and Ii satisfy the follow-
ing assumptions.
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Fig. 1. Dynamic behaviors of FOCVNN (7), showing (a) maximal Lyapunov
exponents and (b) bifurcation diagram.

Assumption 1 For any µ,ν ∈C, there exist real numbers
l j,h j > 0 that satisfy the following inequalities:

| f j(µ)− f j(ν)| ≤ l j|µ−ν |,
|g j(µ)−g j(ν)| ≤ h j|µ−ν |.

Assumption 2 For any v ∈ C, there exist real num-
bers γi > 0 and εi > 0 that satisfy the following inequalities
| f j(ν)| ≤ γi and|Ii(ν)| ≤ εi.

120503-2



Chin. Phys. B Vol. 30, No. 12 (2021) 120503
R
e
(z
2
)

Re(z2)

Re(z1)

(a)

(b)

(c)

(d)

0.8

0.4

0

-0.4

-0.8
-15 -10 -5 0 5 10 15

Re(z1)

-15 -10 -5 0 5 10 15

-0.05

0.05

0.15

-0.15

0.25

-0.25

Im
(z
2
)

Im
(z
1
)

Im(z1)

Im
(z
2
)

-0.8 -0.4 0 0.4 0.8

1.5

0.5

-0.5

-1.5

0.25

0.15

0.05

-0.05

-0.15

-0.25
1.50.5-0.5-1.5

Fig. 2. Chaotic attractors of FOCVCNN (7), showing (a) Re(z1)–Re(z2), (b)
Re(z1)–Im(z2), (c) Re(z2)–Im(z1), and (d) Im(z1)–Im(z2).

Equation system (6) can exhibit chaotic behaviors if ap-
propriate network parameters and delay times are chosen. We

consider the following FOCVCNN:

C
0 Dα

t 𝑧1(t) = −c1𝑧1(t)+a11 f (𝑧1(t))+a12 f (𝑧2(t))

+b11 f (𝑧1(t− τ))+b12 f (𝑧2(t− τ)),
C
0 Dα

t 𝑧2(t) = −c2𝑧2(t)+a21 f (𝑧1(t))+a22 f (𝑧2(t))

+b21 f (𝑧1(t− τ))+b22 f (𝑧2(t− τ)). (7)

We choose τ = 1,

a11 = 1+
π

4
−0.2i, a12 = 20−2i,

a21 = 0.1−0.1i, a22 = 1+
π

4
−0.2i,

b11 =−1.5+0.5i, b12 = 0.1−0.1i,

b21 = 0.1−0.1i, b22 =−1.5+0.5i,

f (z) =
1
2
(|z+1|− |z−1|).

The maximum Lyapunov exponent (MLE) spectrum is shown
in Fig. 1(a), and the bifurcation diagram is presented in
Fig. 1(b). From Figs. 1(a) and 1(b), it can be seen that equa-
tion system (7) is chaotic when the fractionalorder is at some
specific values. Figure 2 shows the chaotic attractor trajectory
of each complex state quantity of system (7) when α = 0.96,
which also verifies the correctness of the above conclusion.

3.2. Adaptive synchronization of fractional-order
complex-valued chaotic neural networks

System (6) is chosen as a master system and the con-
trolled response system is described by

C
0 Dα

t 𝑤i(t) =−ci𝑤i(t)+
n

∑
j=1

αi j f j(𝑤 j(t))

+
n

∑
j=1

βi jg j(𝑤 j(t− τ))+ Ii(t)+ui(t),

wi(s) = φi(s), (8)

where t ≥ 0, i = 1,2, . . . ,n, s ∈ [−τ,0], wi(t) ∈ C is the com-
plex variable of the i-th neuron of the response system, and
u(t) = (u1(t),u2(t), . . . ,un(t))T is the controller to be deter-
mined.

The synchronization error between master system (6) and
slave system (8) can be written as ei(t) = wi(t)− zi(t). The
fractional-order error dynamic system is determined from the
following equation:

C
0 Dα

t 𝑒i(t) = −ci𝑒i(t)+
n

∑
j=1

[ai j f j(𝑤 j(t))−ai j f j(𝑧 j(t))]

+
n

∑
j=1

[bi jg j(𝑤 j(t− τ))−bi jg j(𝑧 j(t− τ))]

+ui(t). (9)

Theorem 1 If Assumptions 1 and 2 hold, the asymptotic
synchronization of systems (6) and (8) can be implemented
under the following adaptive controller:

ui(t) =−ki(t)ei(t)−mi
ei(t)

ei(t)ei(t)
ei(t− τ)ei(t− τ), (10)
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where i = 1,2, . . . ,n.

The adaptive laws are as follows:

C
0 Dα

t ki = σiei(t)ei(t), (11)
C
0 Dα

t mi = εiei(t− τ)ei(t− τ), (12)

where σi and εi are the positive constants.

Proof The Lyapunov candidate functions can be pre-

sented by

V1(t) =
n

∑
i=1

ēi(t)ei(t) = eH(t)e(t),

V2(t) =
n

∑
i=1

[
1
σi
(ki− k∗i )

2 +
1
εi
(mi−m∗i )

2
]
,

where k∗i and m∗i are two positive constants to be determined.
According to Lemma 1, we have

C
0 Dα

t (V1(t)+V2(t)) = C
0 Dα

t

n

∑
i=1

ēi(t)ei(t)+C
0 Dα

t

n

∑
i=1

[
1
σi
(ki− k∗i )

2 +
1
εi
(mi−m∗i )

2
]

≤
n

∑
i=1

ēi(t)
C
0 Dα

t ei(t)+
n

∑
i=1

ei(t)C
0 Dα

t ei(t)+
n

∑
i=1

[
2
σi
(ki− k∗i )

C
0 Dα

t ki +
2
εi
(mi−m∗i )

C
0 Dα

t mi

]
.

From Lemma 4 and Assumption 1 it follows that

C
0 Dα

t (V1(t)+V2(t)) ≤ −
n

∑
i=1

2ciēi(t)ei(t)+
n

∑
i=1

n

∑
j=1

[
(ai jāi j + l2

j )ēi(t)ei(t)+bi jb̄i j ēi(t)ei(t)+h2
jei(t− τ)ei(t− τ)

]
−

n

∑
i=1

2
[
k∗i ē(t)iei(t)−m∗i ei(t− τ)ei(t− τ)

]
=

n

∑
i=1

[
−2ci−2k∗i +

n

∑
j=1

(ai jāi j + l2
j +bi jb̄i j)

]
ēi(t)ei(t)+

n

∑
i=1

(
n

∑
j=1

h2
j −2m∗i

)
ei(t− τ)ei(t− τ).

Let

k∗i =
1
2

n

∑
j=1

(
ai jāi j + l2

j +bi jb̄i j
)
− ci +1,

m∗i =
1
2

n

∑
j=1

h2
j ,

we have the following inequality C
0 Dα

t (V1(t)+V2(t))≤−V1(t).
According to Lemma 2 or Lemma 3, we can obtain cc

lim
t→∞

V1(t) = lim
t→∞

eH(t)e(t) = 0, which indicates lim
t→∞

e(t) = 0
that shows that the synchronization between systems (6) and
(8) can be achieved.

Remark 2 According to previous researches in Refs. [27,
37,38], a common approach to analyzing the fractional-
order complex-valued neural networks is to decompose the
complex-valued neural network into two fractional-order real-
valued neural networks according to their real part and imag-
inary part, and then obtain a criterion about synchronization
by investigating these real-valued neural networks. Unfortu-
nately, there are two disadvantages in this approach. First,
the dimensionality of the real-valued neural network is twice
that of the complex-valued neural network, thereby increasing
the complexity of computation and analysis. Moreover, not
all complex functions can be divided into real part and imagi-
nary part in practical applications. Unlike previous researches,
the whole analysis process is performed in the complex-valued
domain in our proposed method. The synchronization condi-
tions are derived by using the complex function theory, with-
out dividing the original complex-valued neural network into

two real-valued networks, which effectively reduces the com-
plexity of analysis and computation. In addition, the proposed
method can be applied to other complex-valued systems, such
as fractional-order complex-valued chaotic systems.

Remark 3 Compared with feedback control, adaptive
control in this paper can automatically adjust the certain pa-
rameters of system to accomplish synchronization, thereby
greatly reducing the control cost.

4. Numerical simulations

In this section, numerical simulations of fractional-order
complex-valued chaotic neural network (FOCVCNNs) syn-
chronization is provided in order to demonstrate the validity
of the previously proposed scheme. We use the prediction-
correction method to numerically solve these problems.[38]

The FOCVCNN (7) is selected as the driving system, and the
controlled response system is described as follows:

C
0 Dα

t 𝑤1(t) = −c1𝑤1(t)+a11 f (𝑤1(t))+a12 f (𝑤2(t))

+b11 f (𝑤1(t− τ))+b12 f (𝑤2(t− τ))+u1(t),
C
0 Dα

t 𝑤2(t) = −c2𝑤2(t)+a21 f (𝑤1(t))+a22 f (𝑤2(t))

+b21 f (𝑤1(t− τ))+b22 f (𝑤2(t− τ))

+u2(t). (13)

Let the synchronization error be ei(t) = wi(t)− zi(t),
(i = 1,2) and according to Theorem 1, the controller is se-
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lected as

ui(t) =−ki(t)ei(t)−mi
ei(t)

ei(t)ei(t)
ei(t− τ)ei(t− τ), i = 1,2.

The adaptive laws are shown below:

C
0 Dα

t ki = σiei(t)ei(t),
C
0 Dα

t mi = εiei(t− τ)ei(t− τ).

Set the delay τ = 1, and the connection weights will be as
follows:

a11 = 1+
π

4
−0.2i, a12 = 20−2i,

a21 = 0.1−0.1i, a22 = 1+
π

4
−0.2i.

Also, set the delayed connection weights to be below:

b11 =−1.5+0.5i, b12 = 0.1−0.1i,

b21 = 0.1−0.1i, b22 =−1.5+0.5i.

The activation function is

f (z) =
|z+1|− |z−1|

2
,

and the fractional-order is α = 0.9. The initial conditions are
set to be as follows:

[z1(s),z2(s)]T = [0.01+0.01i,0.1−0.1i]T,

[w1(s),w2(s)]T = [0.1i,0.1]T,

∀s ∈ [−1,0], ki(0) = mi(0) = 0.1, σi = εi = 1, i = 1,2.
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Fig. 3. Synchronization errors of fractional-order complex-valued chaotic
neural networks with control parameters σi = εi = 6 (i = 1,2) for (a) Re(e1)
and Im(e1), and (b) Re(e2) and Im(e2).

The numerical results are depicted in Fig. 3, indicating
that error dynamic system (9) converges to zero. The drive
system (7) and response system (13) can be asymptotically
synchronized under the action of the adaptive controller (10).
The simulation results confirm the effectiveness of the pro-
posed scheme.

R
e
(e
1
)

Im
(e
1
)

R
e
(e
2
)

Im
(e
2
)

     
↩.

0.2

.

.

.

0.1

↩.

↩.

t

t

     

0

-0.1

0.04

0.02

0

-0.02

     

     

(a)

(b)

Fig. 4. Synchronization errors of fractional-order complex-valued chaotic
neural networks with control parameters σi = εi = 1 (i = 1,2) for (a) Re(e1)
and Im(e1), and (b) Re(e2) and Im(e2).

R
e
(e
1
)

Im
(e
1
)

R
e
(e
2
)

Im
(e
2
)

     
↩.

0.10

.

.

0.10

0.05

0.05

-0.05

t

t

     

0

-0.05

0.10

0.05

0

-0.05

     

     

(a)

(b)

0

Fig. 5. Synchronization errors of fractional-order complex-valued chaotic
neural networks with control parameters σi = εi = 20 (i = 1,2) σi = εi =
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In order to investigate the synchronization performance
of the proposed method, numerical simulations are conducted
by setting the control parameters to beof σi = εi = 1 (i = 1,2)
and σi = εi = 10 (i = 1,2), respectively. The synchronization
results are shown in Figs. 4 and 5, indicating that the increas-
ing of the control parameters can speed up the synchronization
of system, but the synchronization parameters should not be
too large or too small. In addition, through the simulation, we
find that when the control parameters are set to be εi = 0, the
two systems can still achieve synchronization. We will further
attests to this in our future research work.

5. Conclusion

In this paper, the synchronization problem of fractional-
order complex-valued chaotic neural networks is discussed.
The chaotic behaviors of a class of fractional-order complex-
valued neural network are investigated, and the synchroniza-
tion of FOCVCNNs is accomplished in the complex domain
by an adaptive controller. The effectiveness of the proposed
scheme is further confirmed by numerical simulations. In the
future research, we will study the synchronization problem
of fractional-order complex-valued chaotic neural networks
with external disturbances and unknown parameters. We will
also further investigate how to implement this synchronization
scheme with actual circuits and how to apply it to the secure
communication.
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