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High winding number of topological phase
in non-unitary periodic quantum walk*
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Topological phases and their associated multiple edge states are studied by constructing a one-dimensional non-unitary
multi-period quantum walk with parity-time symmetry. It is shown that large topological numbers can be obtained when
choosing an appropriate time frame. The maximum value of the winding number can reach the number of periods in the
one-step evolution operator. The validity of the bulk—edge correspondence is confirmed, while for an odd-period quantum
walk and an even-period quantum walk, they have different configurations of the 0-energy edge state and 7w-energy edge
state. On the boundary, two kinds of edge states always coexist in equal amount for the odd-period quantum walk, however
three cases including equal amount, unequal amount or even only one type may occur for the even-period quantum walk.
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1. Introduction

Quantum walks (QWs) are the quantum analog of clas-

[1-3] where a walker propagates on a lat-

sical random walks,
tice and the direction of propagation is conditioned over the
state of its coin. Compared with classical random walks,
the mutual interference enhancement or cancellation of QWs
on different propagating paths makes it exhibit many differ-
ent dynamic behaviors,?! for example, a quadratically fast
spread of the walker over the lattice. Based on its superior-
ities, QWs are widely used in quantum computation,*! quan-
tum search algorithms,®! quantum simulations,®! and quan-
tum state transfer.[”]

More recently, it is shown that a QW is a versatile
simulator of some novel phenomena observed in condensed
matter physics.!®! Particularly, the realization of topological
phase using a discrete-time quantum walk has aroused great

[9-12

interests. 1 On aspects of experiments, QWs have been im-

plemented in many physical systems such as nuclear magnetic

resonance, |3~ trapped atoms!'®!7] and integrated optics. 8]

19211 offer a versa-

Among of them, photonic quantum walks!
tile platform to explore topological phenomena in the context
of non-unitary dynamics due to the ease of adjusting gain and
loss. 27241 PT-symmetric QWs with alternating gain and loss
have been investigated. 7]

For a Hermitian system, some states appearing in a band
gap are the edge states at the boundary of two deferent topo-
logical phase regions. The bulk—edge correspondence predicts
that the number of edge states is equal to the difference of
topological numbers in two regions.?®?°! In non-Hermitian
systems, however, the bulk—edge correspondence needs to fur-

ther verify because two kinds of band gaps, point and line

DOI: 10.1088/1674-1056/abf554

gaps, appear for complex energy. 3311 Moreover, the enlarged
symmetries in non-Hermitian systems also affect bulk—edge
correspondence. In this work, we classify a multi-period QW
with PT-symmetry into an odd-period QW and an even-period
QW, and demonstrate the validity of the bulk—edge correspon-
dence for the system with large winding number.

2. Periodic quantum walk

A discrete time quantum walk over a one-dimensional lat-
tice is dominated by a time-evolution operator U, which is im-
plemented by a concatenation of coin operation C and suc-
cessive position shift S.[? It takes place in the Hilbert space
Hp ® He, where the position Hilbert Hp is spanned by the
position basis states {|x),x € Z}, and the coin Hilbert space
He is spanned by the coin basis states {|1),|])}. Generally,
the coin operator has the form C = I, ® R(6), where I, is the
unit operator, and R () is the rotation operator in inner coin
space,

Ry — (cos@ —sin6> . n

sinf cos6

The shift operator S that translates the particle to the left and/or
right conditioned on the internal state of the particles has the
form

S=Y e+ hidm M+ k-n&elbdl. @
X X
A single step time evolution operator is given by

U = SC, 3)
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and the state of quantum walker after ¢ steps can be expressed
as

W (1)) =U"|#(0)) = (SC)'|¥(0)) @)

for a given initial state | (0)). The major point of difference
between the classical and quantum implementations of the dis-
crete time walk is the use of a quantum, rather than classical,
coin operator with the result that the walker now has the pos-
sibility of being in a superposition of possible coin states |1)
and ||) at every step.

The periodic quantum walk is defined by using two coin
operators C(6;) and C(6,). The single step evolution operator
of the two-period quantum walk is

Uy = SC(6,)SC(6,), ()
and of the three-period quantum walk is
U; = SC(6,)SC(6,)SC(6s). (6)
More generally, for the m-period quantum walk it is
Un = (SC(61))"~'5C(61). )

The periodic quantum walk defined above can be realized
in a quantum optical system, where the walker is shifted more

1321 However, the optical signal

than twice at each time step.
in an optical system will experience gain or loss. >3] Thus, we

introduce the gain and loss operator as follows:

e” 0
G=phuie (). ®
and construe the time evolution to be
U, =G 1(5C(6,))"1GSC(6). )

The G is a non-unitary operator when y # 0, and consequently
the time evolution operator U,, becomes non-unitary. If y > 0,
the non-unitary describes an amplified process for the walker’s
amplitude with coin state |1) and a simultaneously decayed
process with coin state ||). G~! has the reverse action with
respect with G; v is called the degree of non-unitary since the
strength of amplification or loss increases as y becomes larger
and larger.

3. Topological properties of the non-unitary pe-
riodic quantum walk with PT symmetry

The topological phase for non-Hermitian Hamiltonians,
especially with PT symmetry, has become a rapidly grow-
ing research field in the recent years.l'” A non-unitary two-
period QW as a quantum simulator has been used to study the
edge states of open quantum systems. In this paper, we fo-
cus on the topological phenomena of multi-period QWs with
PT-symmetry.

3.1. Dispersion relation

Since the operator U, has translation invariance, perform-
ing the Fourier transform, U,, in the momentum space is diag-
onal,

On = [ @kl (k0 1), (10)
Um (k) = dm0 (k) oo+ dml (k) Ox + dmZ (k) Gy
+dy3 (k) o7, (11)

where o; (i =x,y,z) is the Pauli matrix, which is a two-

dimensional identity matrix. From U, (k) U, ! (k) = 1, we get

that the coefficients dy,; (k) (j =0,1,2,3) satisfy the relation
dno” (k) — d* (k) — da® (k) —dy3® (k) = 1. (12)

The eigenvalues of U, (k) are given by

A (k) = e En = do (k) £ i/ 1 —dpo (k). (13)

To clarify the PT symmetry for the non-unitary QW, the
symmetric time frame is introduced for the time evolution
operator, 28! in which U, (k) is redefined as

0. (k) = C(G;) G [SC(91)]'"1GSC(922> . (14)

It is easy to verify that the PT symmetry relation holds
(PT) U, (k) (PT)"' = U, (k). (15)

where the PT symmetry operator has the form

PT =Y |-x) (x|® o.K, (16)

We state
that an eigenstate of the PT-symmetry time evolution opera-

with K being the complex conjugation operator.

tor U},(k) spontaneously breaks PT-symmetry if it is not the
eigenstate of the PT operator. In the PT-symmetry regime, the

1.3%1 Otherwise, some quasi-

quasi-energy are real and [A| =
energy becomes complex and |A| # 1 in the PT-symmetry bro-
ken regime.

In the following we use three-period and four-period
QWs as an example to investigate the topological properties
of the odd-period and even-period QWs. After some calcula-

tion, we obtain the coefficients dy,; in Eq. (11) as follows:

d3o (k) = — [cos 6,5in”0; + sin 6, sin(26)) cosh(2y)] cosk
+ cos Bycos 6y cos(3k),

ds; (k) = sin(26;) sinh(27) cosk,

dz> (k) = i [—sin6,sin’6; +cos 6, sin(26;) cosh(2y)] cosk
+ i sin @:c0s> 6, cos(3k),

ds3 (k) = isin6; sink — icos’ 6y sin(3k) 17)
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for the non-unitary three-period QW Uj. For the non-unitary
four-period QW U}, they are

dyo (k) = cos 8,[cos(360;)cos’k cos(2k)
— cos 0;sin’k(2 + 3 cos(2k))]
—cosh(2y) sin 6 sin 6 [cos(2k) +2cos’kcos(26;)] ,
da1 (k) = sinh(2y) (sin(36;)cos’k — sin By sin’k) ,
dy (k) = icos 6;cosh(2y) [cos(36, )cos?k — sin 0 sinzk]
+ i sin B,[cos(36; )cos’kcos(2k)
— cos B;sin’k(2 + 3 cos(2k))],
dy3 (k) = —icos @y sin(4k) + 2i cos 6;sin’6; sin(2k).  (18)

When y = 0.1, Figs. 1(a)-1(d) and 1(e)-1(h) present the
energy dispersion relations under different coin parameters
(61,6,) for the non-unitary three-period QW and the four-
period QW, respectively. The real part of E,, is shown by the
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black solid curves and its imaginary part is shown by the red
dashed curves. As shown in Figs. 1(a), 1(b), and 1(e), the
quasi-energy is real and the gap does not close. The eigen-
state of the non-unitary time evolution preserves PT symme-
try. However, in Figs. 1(c)-1(d), the quasi-energy becomes
complex at some values of momentum, at which the eigenstate
breaks PT symmetry. Correspondingly, the gap of the real part
closes into a line segment with Re(E3) = 0 and 7. The number
of gap-closed line segments with Re(E3) = 0 is equal to that
with Re(E3) = m. The above situation can also appear for the
four-period QW. More interestingly, Fig. 1(f) shows that the
number of gap-closed line segments with Re(E3) = 0 is not
equal to that with Re(E3) = m. Even the gap closes only with
Re(E3) = & in Fig. 1(g), and closes only with Re(E3) =0 in
Fig. 1(h). These three situations do not appear for the three-

period QW.
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Fig. 1. The dispersion relation diagrams of the non-unitary three-period quantum walk (up pattern) and the four-period quantum walk (down
pattern) for different values of (6, 6,): (a) (6,,6,) = (—4n/5,-3%/5), (b) (6,,6,) = (—7/10,7/8), (c) (6,,6,) = (x/4,7/4),(d) (6,,6,) =
(4m/5,47/5), (e) (6,6,) = (—4m/5,—4x/5), () (6,,6,) = (-7/5,%/5), () (6,,6,) = (=3%/5,2x/5), (h) (6,,6,) = (—27/5,27/5).

In general, the band gap closes equally with both
Re(E;) = 0 and & for the odd-period QW, while for the
even-period QW the number of gap-closed line segments with
Re(E,;) = 0 and 7 may be unequal. The reasons why the re-
sults obtained from the three-period QW and the four-period
QW can be generalized to the universal odd-period QW and
even-period QW are given in the following. For the odd-period
QW, the time-evolution operator U,, changes the positions of
the walker from odd (even) sites to even (odd) sites at every
iteration. By changing the order of the basis to separate even
and odd sites, U, is described as the anti-block diagonal form

~ 0 0
Um:<Ue Oe>
o

19)

It is found that U, satisfies the relation

Tm ﬁme = *Um, (20)

where T, = < 0 > and [ denotes the identity operator that

1

0 -1
has the same dimension as U2 and U¢. This relation guaran-
tees the existence of an eigenstate with eigenvalue e i(EmtT)
if and only if U, has the eigenstate with eigenvalue e~ ifn
Hence the band gap closes at Re(Ej,) = 0 and Re(E,,) = 7 si-
multaneously. For the even-period QW, the time-evolution op-
erator U, changes the positions of the walker from odd (even)
sites to odd (even) sites at every iteration. Therefore, the ma-

trix of U, in the basis arranging in the order of odd and even
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sites is diagonal,

~ (00
U, = (0 Ué’) . 21
We can obtain the relation 7,,U,,T,, = U,,, which does not en-

force the constraint on the relation of 0-energy states and 7-
energy states.

3.2. Characterizing topological phases

Because the time evolution operator is a non-unitary oper-
ator, we cannot calculate winding numbers in an ordinary way.
We characterize topological phases using topological numbers
given by the global Berry phase.!**! The global Berry phase
@3 is defined as

Omp = Ot + Qp—,

O — 1?{ <Xmi‘%wfmi>

22
<Xmi ‘ V’mi> 22

where (Xm+| and |y,+) denote left and right eigenvectors of
a non-unitary time evolution operator U, with the eigenvalues
Am=+, respectively. It is straightforward to derive

) = e (2 )
" 2D%l + 2dm3Dm :l:Dm - de ’
| &, —id’, >
= P I X
o) = - /2D2 + 2dy3Dyy ( +D;, —dys @3

A«mj: = dmo + D, (24)
where Dy, = \/d2, +d?,+d>;. The winding number of

eiganstates of U/, is defined by the global berry phase as

/ Dms

v, = —. 25
When m is even, we can redefine U, to be U} in the other
symmetric time frame, for example,

(Z{’zC(Z])G1SC(61)SC(62)SC(91)GSC(621). 26)

This redefined U/ also has PT symmetry and the PT opera-
tor is still PT =Y |—x) (x| ® 0;K. The corresponding winding

number v/, is deircived from the analogy of Eq. (28). By con-
trast, we cannot find the other symmetric time frame to define
Ul when m is odd.

In the coin parameter space (61, 6, ), the topological phase
diagrams for the non-unitary three-period and four-period
QWs are plotted in Figs. 2(a) and 2(b), respectively. The
different topological phases are characterized by the wind-
ing number v; and (v},V}), which are marked on the relevant
phases of the figure. The shaded areas in the topological phase
diagram are the domains where the PT symmetry is broken.
The shaded area becomes larger and larger with the increas-
ing gain loss coefficient 7. It is observed that the topological

phase with a high winding number appears in our model. The
value of v} is either =1 or 3. Here v} and v/}, which come
from different symmetric time frames, have different ranges
of values; v may takes 0, £2 or +4; while v} takes 0 or £2.
Besides relying on the choice of the symmetric time, the max-
imum value of high winding number is relative with the num-
ber of shift operation in one-step evolution. Generally, for the
m-period quantum walk, the value of the winding number v/,
may take £1, +3,..., m if m is odd; and take 0, 2, £+4,...,

/!

> Which can

+m if m is even. However, the winding number v
be defined only if m is even, always takes 0, £2, in regardless

of the value of m.

(@) ™
3 -3
\< s
1

Fig. 2. Phase diagrams of (a) the non-unitary three-period quantum
walk and (b) the non-unitary four-period quantum walk in coin pa-
rameter space (6;,602) when y = 0.1. Different topological phases are

characterized by the winding numbers v}, in Fig. 1(a) and (V/,y,v" ) in

Fig. 1(b). The colored symbols indicate the coin parameters for observ-
ing the topological edge states.

The bulk—edge correspondence principle indicates that
the difference in the winding numbers on either side of the
boundary should be equal to the number of edge states. 8!
To distinguish the edge state with Re(E,,) = 0 (0-energy edge
states) and the edge state with Re(E,) = @ (n-energy edge
states), we introduce another definition of winding number for
the even-period QW

/ 1 r
(Vg“v::l):<vm+v m’Vm Vm). (27)

2 2

The number of edge states with quasienergy Re(E,) = 0
(Re(E,,) = m) is equal to the difference of topological num-
bers 0, (v7) on either side of the boundary. For the odd-period

100301-4



Chin. Phys. B Vol. 30, No. 10 (2021) 100301

QW, although we cannot find the other symmetric time frame
to define U,, and v/, a definite result is that both O-energy edge
states and 7m-energy edge states occupy the topological phase
boundary in Fig. 2(a) and the number of 0-energy edge states
always equals that of m-energy edge states. The difference
of v/, on either side of phase boundary is the total number of
two kinds of edge states. From the view of energy gap, the
band gap closes at Re(E,;) = 0 and 7 simultaneously, and the
two kinds of topological numbers 10, and v* take the same
value. Thus we do not distinguish the two kinds of topologi-
cal numbers and denote them as v/, for the odd-period QW. As
a comparison, even 0-energy edge states and 7m-energy edge
states coexist on the phase boundary for even-period QW, but

the number of 0-energy edge states may not equal that of 7-
0

energy edge states, i.e., the difference of winding numbers v,

may not equal that of v/, on either side of boundary.

3.3. Topological edge states

To verify the bulk—edge correspondence of the QW with
high topological numbers, we still use the inhomogeneous
three-period and four-period QW as an example. We consider
the QW to be on a lattice with N sites and a periodic boundary

0Ly, N/2+1<x<N,

condition is used. Take
(2)
6F,, 1<x<N/2,

01(2)(x) = {
(2)

where N is assumed to be an even number without losing gen-

(28)

erality. In the following, we take N = 400. The circular lattice
have two boundaries near x = 1 and x = N/2 when G]L(Z) and

GR

1(2) are different.

For the three-period QW, we fix (8F,0F) = (-2, %)

and consider several cases of (BIR,G%{) = (—2?”,3?”),
(745—”,7%”), (f%”,%”), (f%”,f%”). In the phase diagram

shown in Fig. 2(a), the positions of these parameter values are
marked by the black circle dot, the red circle dot, the blue cir-
cle dot, the purple circle dot and the yellow circle dot, respec-
tively. We calculate the eigenvalue of the evolution operator of
this inhomogeneous QW, and its distributions in the complex
plane are shown in Figs. 3(a)-3(d). Some isolated eigenvalues
A appear on the real axis in Figs. 3(b)-3(d) and consequently
real part of the quasi-energy E3 is O or 7. In Fig. 3(a), there
are no isolated eigenvalues on the real axis, which means that
the edge state does not exist. As the same as the prediction of
bulk—edge correspondence, the parameters of the coin at both
sides of the boundary lead to the same topological phase with
the topological number v4 = —1 (see Fig. 2(a)).

Eight isolated eigenvalues with Re(E3) = 0 and 7 appear
in Fig. 3(b). Figure 3(e) presents the corresponding eigen-
states, two O(m)-energy edge states appear at the boundary
x = 0 and two others appear at the boundary x = N /2, which
illustrate that the number of 0-energy edge states equals that
of m-energy edge states at each boundary for the odd-period
QW as mentioned above. On the other hand, the winding
numbers corresponding black circle dot and the blue circle dot
in Fig. 2(a) are —1 and 3, respectively. The difference be-
tween them is 8V = 4. The total number of edge states at
each boundary equals 8V}, also satisfying the prediction of the
bulk—edge correspondence.

1.0} (a) 1.0} (b) 1.0t (c) 1.0f(d)
05 0.5 0.5 0.5
= 0 = 0 = =
= <l 12 ok 1
E g B &
—-0.5 —-0.5 —-0.5 —-0.5
-1.0 -1.0 —1.0 -1.0
—1.0 0 1.0 —1.0 0 1.0 —1.0 0 1.0 ~1.0 0 1.0
Re(\) Re(\) Re(A) Re(M)
(e) 1 (8) 1
t e L | |
S 0 [ 1 > 0 [ > 0 ’ ]
| | | |
1 -1
1 1
50 l { , [l s o | ! 5 0 L : J
| | el
—1 —1
1 200 4001 200 4001 200 4001 200 400 1 200 4001 200 400 1 200 4001 200 400
xT xT X

Fig. 3. The distributions of eigenvalue A of the time-evolution operator U3 are plotted in the complex plane for the case of (a) (BF, 6;) =
(=22,32), (b) (6R,0R) = (=27, =37), (o) (BR,08) = (=2%,2%) and (d) (OR,68) = (=2%, =2%). As a comparison, the black solid cycle
represents an unit circle. Here, 0-energy edge states (top pattern) and 7-energy edge states (bottom pattern) are shown in (e), (f) and (g), which
are the eigenstates corresponding to the isolated eigenvalues in (b), (c) and (d), respectively.

100301-5



Chin. Phys. B Vol. 30, No. 10 (2021) 100301
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Fig. 4. The distributions of eigenvalue of the time-evolution operator are plotted in the complex plane for the cases of (a) (BF, 6;) = (Tv <)

(6) (6%, 08) = (2%, %), (o) (6%, 6%) = (=4, =2%) and @) (6F %)

= (T—(’)‘, %3”) The eigenstates corresponding to the isolated eigen-

value on the real axes of (b), (c) and (d) are shown in (e), (f) and (g), respectively. The entire subfigure (e), the top pattern of (f) and the top
pattern of (g) show the 0-energy edge states, and the other patterns show the 7-energy edge states.

Figure 3(c) includes four isolated eigenvalues with
Re(E3) = 0 and 7. Two edge states with Re(E3) =0 and ©
exist at each boundary as shown in Fig. 3(f), which is con-
sistent with the difference 8V = 2 of the winding numbers
marked by the black circle dot and the purple circle dot shown
in Fig. 2(a). Due to the difference of the winding numbers
marked by the black circle dot and the yellow circle dot in
Fig. 2(a) also being 6v’3 = 2, Figs. 3(d) and 3(g) present the
result similar to Figs. 3(c) and 3(f).

For the four-period QW, we also fix (6,65) = (—%,%)
and consider several cases of (9}{, 9%{) to be (f
(=%,-%), (—%2,-2F), (—&,—3Z). The coordinate posi-
tions of these parameter values are marked by the black circle
dot, the red circle dot, the blue circle dot, the green circle dot
and the purple circle dot, respectively, in Fig. 2(b). For such
inhomogeneous coin parameters of Eq. (21), The eigenvalue
distributions and the eigenstates corresponding to those iso-
lated eigenvalues are plotted in Fig. 4.

For the case of (8R,08) = (—Z,2%), there are no iso-
lated eigenvalues in the real axis in Fig. 4(a). That is to say,

there are no eigenstate located at the boundary. The coin pa-
rameters on both sides of the boundary belong to the same
topological phase with the topological numbers (V'4,v"4) =
(—2,2), which also predicts that no edge state exists. Tak-
ing (95,9;) = (f%”,fg), Fig. 4(b) displays that four iso-
lated eigenvalues with Re(E4) = & are on the real axes. The
corresponding four eigenstates are all w-energy edge states as
shown in Fig. 4(e). Half of them locate at the boundary and
the other half locate at the boundary x = N /2. The position of
selected coin parameters (6, 6)) and (6},6%) in Fig. 2(b)
are marked by the black dot and the blue dot, where the wind-
ing numbers (V/4,v"4) are (—2,2) and (0,0), respectively. It is
obvious that 6v} = 2, the difference of winding numbers, is
equal to the number of 7-energy edge states at each boundary,
and &) = 0 is consistent with the case having no O-energy
edge states.

When taking (QIR, 95) = (%"“, _TM) , the positions of two
points (6,6)) and (6R,6%) in Fig. 2(b) are marked by the
black dot and the green dot. The differences of the winding
numbers at these two positions are 81 = 2 and v} = 2. For
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this case, Fig. 4(c) shows that four isolated eigenvalues are on
the real axes. They are all dually degenerate and the corre-
sponding eigenstates are plotted in Fig. 4(f). Two 0-energy
edge states and two m-energy edge states lie in each boundary.
The numbers of the edge states are agreement with 5\/2 =2
and oV} =2.

Figures 4(d) and 4(g) with (6R,68) = (=%, —31)
present the interesting results. Eight isolated eigenvalues with
Re(E4) = m and four isolated eigenvalues with Re(E4) = 0 ap-
pear in Fig. 3(d). Four m-energy edge states and two 0-energy
edge states exist at each boundary as shown in Fig. 3(f). Con-
sistently, the difference of the winding numbers is 5\12 =2and
Ovy =4, for the black circle dot and the purple circle dot in
Fig. 2(b). The feature that the number of 0-energy edge states
does not equal that of m-energy edge states at each boundary
is unique for the even-period QW. What is more, sometimes
only O-energy edge states or -energy edge states locate at the
boundary.

4. Conclusion

In summary, we construct a one-dimensional multi-period
non-unitary QW with PT symmetry. For simplicity and with-
out losing generality, we take a non-unitary three-period QW
and a four-period QW as examples to investigate the topologi-
cal characteristics, and topological phases with large topolog-
ical invariants are obtained. The results can be generalized
to two types of multi-period QW, old-period QW and even-
period QW. The values of the winding number can take +1,
+3,..., &m for odd-period QW, and 0, £2, £4,..., £m for
even-period QW under appropriate time frame, where m is in-
dex of the m-period QW. Depending on the choice of time
frame, the maximum of high winding number can reach the
number of shift operations in one-step evolution.

The distinction of two types of the multi-period QW is
that the band gap closes equivalently at Re(E,) =0 and ©
for the odd-period QW, while the number of gap-closed line
segments with Re(E,,) = 0 and that with Re(E,,) = = may be
unequal for the even-period QW. The validity of the bulk—edge
correspondence is numerically confirmed, the number of mul-
tiple edge states agrees well with the difference in topological
numbers. It is worth noting that 0-energy edge states and 7-
energy edge states only coexist equally on the boundary for
the odd-period quantum walk. However, for the even-period
quantum walk, O-energy edge states and 7w-energy edge states
can exist unequally or even only one kind of edge states exist

on the boundary. Our research has deepened the understand-
ing of topology phenomena with large topological invariants
in non-unitary or non-Hermitian systems.
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