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SPECIAL TOPIC — Quantum computation and quantum simulation

Fine-grained uncertainty relation for open quantum system*

Shang-Bin Han(# [#%#), Shuai-Jie Li(Z=)l ), Jing-Jun Zhang(7KA%1R), and Jun Feng({%1&)"
School of Physics, Xi’an Jiaotong University, Xi’an 710049, China

(Received 25 January 2021; revised manuscript received 23 March 2021; accepted manuscript online 31 March 2021)

The fine-grained uncertainty relation (FUR) is investigated for accelerating open quantum system, which manifests
the celebrated Unruh effect, a crucial piece of the jigsaw for combining relativity and quantum physics. For a single
detector, we show that the inevitable Unruh decoherence can induce a smaller FUR uncertainty bound, which indicates an
additional measurement uncertainty may exist. For an open system combined with two detectors, via a nonlocal retrieval
game, the related FUR uncertainty bound is determined by the non-classical correlation of the system. By estimating the
maximal violation of Bell inequality for an accelerating system, we show that the FUR uncertainty bound can be protected
from Unruh decoherence, due to quantum correlation generated through Markovian dynamics.

Keywords: open quantum system, fine-grained uncertainty relation, Unruh effect
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1. Introduction

Since it was originally proposed by Heisenberg in
1927, the uncertainty principle has been a subject of recur-
ring interest for over ninety years. The principle bounds our
ability to simultaneously predict two incompatible observables
of a quantum particle, thus distinguishing the quantum world
from its classical complement. Nowadays, it has been re-
cast, in an information-theoretical framework, with the uncer-
tainty quantified by entropic measures,>*! and has many im-
portant applications in entanglement witnesses, >~ quantum

[10 121 (gee

metrology,!'! quantum cryptographic protocols!
Ref. [13] for a recent review).

However, even entropic formula of uncertainty principle
is fairly useful in various cases, it is still a rather coarse way of
measuring the uncertainty of a set of measurements. In partic-
ular, one cannot distinguish the uncertainty inherent in obtain-
ing any combination of outcomes for different measurements,
since an entropic function can only encode the probability dis-
tribution of outcomes as a whole. To overcome this defect,
Oppenheim and Wehner proposed a new form of uncertainty
relation, i.e., a fine-grained uncertainty relation (FUR).!'"* For
a set of measurements 7 = {¢}, associating with every combi-
nation of possible outcomes & = (x1), ... x(")), there exist a
set of inequalities

Plp;z) =Y p(t)p(xW|p) < Culz e B 5, (1)

.‘
™=
L

where B*" is the set involving all possible combinations of
outcomes, p(t) is the probability of choosing a particular mea-
surement, and p(x\")|p) is the probability that one obtains the

DOI: 10.1088/1674-1056/abf3b5

outcome x\*) after performing measurement ¢ on the state p.
To measure the uncertainty, the maximum in function §; =
max, Y7, p(t)p(x")|p) should be evaluated over all states al-
lowed on a particular system. It is easy to tell that one cannot
obtain outcomes with certainty for all measurements simulta-
neously when {, < 1. Like entropic formula, the FUR can
also be used as an entanglement witness in practice.!!”!

On the other hand, FUR becomes an important link part
between various disparate subfields. For instance, in their
original work,"*) Oppenheim and Wehner showed that FUR
can determine bipartite quantum nonlocality through a nonlo-
cal retrieval game, and further discriminate among classical,
quantum, and superquantum correlations involved in a multi-

(16,17

partite system. I Based on FUR, a steering inequality

has been given to capture bipartite Einstein—Podolsky—Rosen
steering from both theoretical and experimental views.!!3:1%]
Similar to entropic uncertainty, a quantum-memory-assisted
FUR is proposed to improve the lower bound of inequality,

1201 Moreover, a

which may benefit quantum cryptography.
profound link between the FUR and thermodynamics has been
found,?1-?21 which claims that a violation of uncertainty rela-
tion implies a violation of second thermodynamical law.
While most studies focus on closed systems, a complete
account of FURs requires understanding them for open quan-
tum systems, due to inevitable decoherence or dissipation from
the interaction between systems and environment in any realis-
tic regime. In particular, such environment decoherence limits
the ability and task quality in various quantum computation
protocols. In recent years, particular interests have been at-
tracted for an accelerating quantum system through an external
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field.[23-23] Even when the environment in its vacuum state, it
is known %! that quantum system can be spontaneously ex-
cited as if it was in a thermal bath with temperature T = a /2,
proportional to its proper acceleration. This celebrated Unruh
effect is a key piece of the jigsaw for combining both relativity
and quantum physics,?”! which provides a strong motivation
to measure it and related phenomena in the laboratory. How-
ever, given the difficulty of direct observation (one needs an
acceleration of about 102 m/s? to reach room temperature),
alternative approaches using cutting-edge quantum technol-
ogy have been developed. For instance, with significant in-
fluence of Unruh decoherence on practical quantum informa-
tion tasks, it may be possible to measure indirectly the Un-
ruh effect on localized quantum systems, which in principle
can be measured, transformed and exploited for quantum in-
formation tasks.[28:291 In particular, for the localized detector
as an open system, its Berry phase!*°! and entanglement3!-33
depend sensitively on Unruh temperature, thus have been sug-
gested to be good probes on Unruh effect. For qubits restricted
in moving cavity, entropic uncertainty bound**! and FUR !
as the entanglement witnesses were also investigated, showed
a significant modification attributed to the (relativistic) motion
status of system may happen. On the other hand, it was sug-
gested to employ a quantum simulator to recreate a synthetic
Unruh effect in the laboratory by Bose—Einstein condensate
(BEC), 3% NMR, *7 and superconducting circuits,33! ezc.

In this paper, we explore FUR for open quantum sys-
tem under relativistic motion, and find the uncertainty bound
does depend on the motion state of the system. We work in
the detector-field picture and study a localized system com-
posed of multi-Unruh—De Witt detectors (UDD) in Minkowski
space, each modeled by an accelerating two-level atom. As-
suming a weakly interaction with a bath of fluctuating scalar
field, the detectors behave like an open quantum system, suf-
fering from an environment decoherence attributed to ther-
mality of Rindler vacua, a manifestation of the Unruh effect.
Without loss of generality, we particularly focus on two typical
scenarios with single-UDD and two-UDD respectively. For a
single detector, the Unruh effect is manifested by purely envi-
ronment decoherence, which forces the state of detector into
approaching an equilibrium thermal state. Once estimating
the FUR uncertainty bound ¢ for the single detector, we show
an increased uncertainty in quantum measurement would be
induced, which is a direct result of Unruh decoherence. On
the other hand, for a multi-detectors system, it was known!?3]
that the quantum correlation could be generated through its
Markovian evolution. With this novel feature of the multi-
partite open system, the Unruh decoherence may be overcome
in certain conditions. To demonstrate it, we particularly study
the FUR for a two-UDD system and find that the uncertainty
bound can be protected from the Unruh effect, due to the in-

trinsic correlation generated under the relativistic motion. For
a general case with n-UDD (n > 2), one may expect that a sim-
ilar reduced Unruh decoherence could also exist,!’) as an n-
UDD system shares the same collective correlation dynamics
like a bipartite system but can only be calculated numerically.

The paper is organized as follows. In Section 2, we
solve the master equation of multi-UDD system, and give
explicitly its density matrix. In Section 3, we evaluate the
FUR for single-UDD and two-UDD system respectively, and
show that how the uncertainty bound of FUR can be modified
by Unruh effect. In Section 4, the summary and discussion
are given. Throughout the paper, we use natural units with
G=c=h=kg=1

2. Master equation of accelerating qubits

To proceed, we first recall the full dynamics of multi-
UDD state in flat spacetime, which effectively is governed by
a Lindblad master equation. Without loss of generality, the
total Hamiltonian of the combined system (detectors + envi-
ronment) is

Hiot = Hy-atoms + Ho + Hy/l (2)

Here H,-3oms is the Hamiltonian of #n-UDD in the common
comoving frame, each modeled by a two-level atom with en-
ergy level spacing @. Hg is the standard Hamiltonian of
free massless scalar fields @(x), whose details do not need
to be specified in our approach.??! For later convenience, we
particularly consider n = 1,2 cases. Since each atom internal
dynamics is driven by a 2 x 2 matrix, we choose Hamiltonian
of UDDs in a concise form as

Oy, 3)

H> atoms = )

W
Hi_aoms = 5637

where the symmetrized bipartite operators X3 = 0'3<A) ®1B) +
1Y 03(3) is defined by Pauli matrices 63(00

trix 1(%), with superscript & = {A, B} labeling distinct atoms.

and identical ma-

We assume the UDD couples to the massless scalar field,
through an 1-atom interaction H; = no3® or 2-atoms inter-

action with dipole form™"! H = n {(GZ(A) @18 (1, 2W) +

1w GZ(B))dﬁ(t,m(B))}, where 1 is a small dimensionless
coupling constant.

To derive the dynamics of detectors’ state, a separable ini-
tial state of total system is assumed, i.e., Por = Pr-atoms(0)
|0){0|, where |0) is the vacuum state of field ®(x). Then, in
a weak coupling limit, the Markovian dynamics of detectors’
density matrix can be induced from py(?), by tracing over all
field degrees of freedom, i.e., Pp-atoms(f) = TreProt(t). This
just means that in the limit of weak couplings, the changes in
the evolution of the system occur on very large time-scales,
that the details of the internal environment dynamics of the
scalar field @ become irrelevant. The detectors’ density ma-
trix now satisfies a master equation in Kossakowski-Lindblad
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form [41,42]

9 Py-atoms (1) .
ot =il

Here L[pp-atoms) s the decoherence term produced by the cou-

Heff7 pn—atoms (t)] + L[pn—atoms (t)} . (4)

pling with external fields. For n = 1,2, it reads respectively

as
L]Pi-atoms] = Z Cij Zc]p] -atoms 07 — {Gio-japl—atoms}],
l] 1,2,3
L[P2-atoms] = = Z C{(}?‘B) [ZG;ﬁ) 05-atoms Gi(a)
s
- {G G 7P2 aloms}] (®))

where the Kossakowski matrices are denoted as Cl(j ), with (e)

reads as (af}) for n = 2. Moreover, since Py_yoms NOW lives
in a 4-dimensional Hilbert space which is a tensor product of
single atom’s state space, we use the superscript o = {A, B} to

(a)

specify the subspace that Pauli matrices ;" live.[**! They are

P1-atoms (t) =5

) o2 +iQt

1 (14+e 1+ (R+5sinf)—
cos 6

determined by Fourier transforms of the Wightman functions
of scalar field G(*) (x —y) = (0|®@(x)D(y)|0), like G*) (@) =
[, dAre'®>G(*)(Ar), and can be written explicitly as

FJﬁ.) 6,1 — irj.)sijk63k +1—6(.) 63i63j (6)

Y =26 (@) =6" (), §Y=¢"0)-5. )

Let us express the density matrix pp-aoms in Bloch form,
e.g., for single atom, we have

<1+Zr, ) (8)

Substituting Eq. (8) into the master equation (4) and assuming
that the initial state of the atom is |y(0)) = cos(6/2)|+) +
sin(6/2)|—), one can easily work out the time-dependent re-

P1- atoms

duced density matrix

e—2tF+—i.Qt cos 6
4T : ©)
1—e ™+ (R+sinB)+R

where a ratio R = I"_ /I, is defined, and frequency @ is renormalized to by Lamb shift.[>*!

For a two-atoms system, the Bloch representation of its density matrix becomes

3
P2-atoms (t) = % ( Z

Just like before, one can substitute the above equation into
Eq. (4), and obtain cumbersome time-dependent solutions by
exactly integration. Nevertheless, what really attracts us in the
two-atoms case is the possible quantum correlation generation
during its Markovian evolution, 3! as well as its implication in
evaluating FUR bound. Therefore, we can simply investigate
the final equilibrium state of the two-atoms system. It was

(3+1)(R—1)2 0

Z—|—Zru

oV ool >>. (10)
i,j=1

shown!?] that there always exists a proper interatomic sep-
aration L, below which the generated correlation can persist
asymptotically in final equilibrium states under environment
dissipation. In such a case, all the Kossakowski matrices be-
)|C{}A _ C[_B}B _ C;KB CSA
ing the master equation (4), the final reduced density matrix of

come equal {Cl-(j' = C;;}. By resolv-

two-atom at asymptotic equilibrium is31:44]

4(3+R2) 0 0
(‘C+1)R2 (’[‘ RZ)
B 0 (3+R2) 4(3+R2 0 (11)
P2-atoms = 0 (r Rz) 3—1—(t+1)R? 0
4(3+R2) 4(3+R%)
(B+7)(R+1)*
0 0 0 4(3+K2)

One can observe that the final equilibrium state of 2- 3. FURSs for open quantum systems

atoms system now depends on the ratio R = I /Iy charac- The main goal of the paper is to explore the FUR

terizing the scalar bath, as well as the choice of the initial state
encoded in T =Y, 7;(0), a dimensionless constant of motion

satisfying —3 < 7 < 1 to keep P2-atoms (0) positive.

for an accelerating open quantum system, whose Unruh ef-
fect may induce a nontrivial modification on the uncer-
tainty bound of FUR. In Minkowski spacetime, detector
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with acceleration a follows a hyperbolic trajectory x*(¢) =
(a~'sinh(at),a " cosh(ar),0,0), leading to a Wightman func-
tion as!?!

a2

l6m2sinh?[a(t—1') /2 —ig]

Substituting the Wightman function back into Eq. (7), we ob-
tain Iy = (0/47)[(eP®+1)/(eP®—1)], I = w/4x, and
R=(eP®—1)/(eP® 4 1) (apparently, R is a monotonic func-

G(t—1t)=

tion of acceleration a, e.g., R = 0 for infinity acceleration, and
R =1 for a = 0) with 8 is the inverse of Unruh temperature
B =1/T =2x/a, from which the explicit form of Egs. (9)
and (11) are obviously. With all these results, we are suffi-
ciently prepared to study the FUR for these localized quantum
systems.

3.1. FUR for accelerating qubit

We now evaluate the maximum of FUR (1) with uncer-
tainty bound read as & = max, Y p(t)p(x")|p). For sim-
plicity, we consider two projective measurements with two
outcomes, e.g., in eigenbases X = o, = {0, 1"} and Z =
o, = {0%,1?}, whose eigenstates in common convention are
{|+),]—)} and {|0),|1)}, respectively. Assuming each mea-
surement is chosen with probability 1/2, the FUR (1) can be
rewritten as

1

{Vp A (pXIp) +p(ZIp)) < Gy |y e {0,1}2}. (12)
For instance, for any pure state, it is known!?!! that
1 1 1
~(p(0¥|p) +p(0%|p)) < = + —=,
3 (PO) +p(Op)) < 55
which is also hold for all other pairs of outcomes
(0%,19), (1%,09), and (1%,1%).
states that saturate a particular inequality are maximally cer-

tain states (MCS).
Back to our model, we concern the open system consti-

In particular, we call those

tuted by a two-level single atom. As its initial state is a pure
state, the bound of FUR for the above measurements should
be1/24+1/ 21/2. However, once the atom is accelerating, the
state of the system becomes Eq. (9) due to the Unruh effect.
This therefore may alter the uncertainty bound of Eq. (12) into
motion-status-dependent.

From the density matrix Eq. (9), we can calculate straight-
forwardly the measurement probability for the outcomes
(0%,0%),

P(Oz‘pl—atoms) = tr(‘0> <O|p1—atoms)
1
=51+ e I (R+sin@) —R),
P(0%[p1-atoms) = tr (|4+) (+[P1-atoms)
1
= E(I—Fe*z”ﬂ*cosecosﬂt). (13)
Then, the uncertainty bound of FUR (12) is

1
C((}‘,OZ) = m;lx ) {p(oqpl—atoms) + p(ox|pl-atoms)} .

For a uniform accelerating detector at a fixed time, its density
matrix depends on different initial state preparation by param-
eter 6. This means that, to obtain the maximum of the left-
hand side of FUR, we should evaluate it for all 6 € [0,27]. We
can now write the uncertainty bound explicitly

1
Clov ey = ngx[2—R+ e 2+ (cos B cos Q1

+e 2 (sin6 +R))], (14)

where I} and R have been given before, which depend on the
detector’s acceleration a and evolution time ¢. By extending
the above calculation for other possible pairs of outcomes,
like (0%,1%),(1%,0%), and (1*,1%), we obtain three other un-
certainty bounds

1

Cova) = Zmealx[2+R+ e 2% (cos B cos Q1
—e 2 (sin@ +R))],
1

Chrpey = nglx[Z—R— e 2T (cos 6 cos Q1
—e 2 (sin6 +R))),
1

Ciee) = Zm;lx[2+R—e’zrn(cos@cos.()t

+e 2 (sin6 +R))|. (15)

After substituting the explicit representations of I’y and R de-
rived before into Eq. (15), we can depict four FUR uncertainty
bounds in Fig. 1.

For the accelerating single atom, we observe a clear de-
crease of { compared with those of its initial pure state, i.e.,
Caccel < 1/2+1/2+/2, which means a larger FUR uncertainty
bound. This is not surprising as the thermality from inevitable
Unruh decoherence just introduces classical noise in quantum
measurement. In particular, as t — oo, the off-diagonal terms
of density matrix (9) is vanishing, and state of single atom
becomes thermal, pj_aoms(°) = 3diag(1 —R,1+R). Asymp-
totically, the FUR uncertainty bounds (15) become

2—R
Cov,00) = Cir00) = 0
2+4+R
Cov15) = Ce1e) = 7 (16)

where R € [0,1] is a monotonic function of acceleration. On
the other hand, while larger acceleration means greater Unruh
decoherence, we observe a drastically increase of { with grow-
ing acceleration for specific measurement outcomes (0*,0%)
and (1%,0%), as shown in Figs. 1(a) and 1(c), that implies a
degradation on the measurement uncertainty. However, from
the asymptotic value of FUR bounds (16), we know that
the upper bound of {igro:) and §(jx ey can at most reach to
0.25 < 1/241/2v/2 as a — o. Therefore, no violation of
standard uncertainty principle can happen.
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85

¢(0-,1%)

Fig. 1. The FUR uncertainty bound § for pair measurement outcomes (a) (0%,0%), (b) (1*,1%), (¢) (0%,1%), (d) (1*,0%), respectively, and all of which
are the functions of detector’s acceleration a and time ¢. With larger acceleration a, a greater Unruh decoherence is triggered, inducing a nontrivial
modification on the uncertainty bound §. For simplicity, we adopt the parametrization in natural units as in Ref. [29] and evaluate both uncertainty

bounds for 2 = 1.

3.2. FUR for accelerating two-atoms

For the case of a bipartite system of UDD, each mod-
eled by a two-level atom, the upper bound on their FUR has
a profound link with quantum nonlocality between atoms. In
particular, by displaying a nonlocal retrieval game, the FUR
uncertainty bound can discriminate different theories with the
help of Bell-like inequalities.!'*! On the other hand, it is

(23451 that nontrivial quantum correlation can be gen-

known
erated through the competition between Unruh decoherence
and the Markovian dynamics of the system. Therefore, we
expect that a similar modification on FUR uncertainty bound
may also exhibit under the relativistic acceleration.

Let us recall that how to display the nonlocal retrieval
game proposed in Ref. [14] on the two-atoms system. Accord-
ing to the game, Alice and Bob receive questions “s” and “¢”
with some probability distribution, e.g., p(s,t) = p(s)p(t), and
their answer “a” or “b” will be winning answers determined by
the set of rules. In the prescribed game, Alice and Bob receive
respective binary questions s,z € {0,1}, and win the game if
their respective outcomes a,b € {0, 1} satisfy a®b = st. Then,
the probability of winning the game for a physical theory de-

scribed by bipartite state P oms 1S given by
PEMC(p;5.1) :Zp(s,t)z:p(a,b|s,t)p a7
st a
with

plab]s.), =;V(a,b | s,t)<(Ag®B§’)>p,

where A and B? are projectors of observable s and ¢ with out-

come a and b, could be AY = [+ (—1)%s-o]/2 and B’ =

[I+(—1)"t-o]/2 respectively. The condition function is
given as V(a,b | s,t) = 1(iff a® b = st). Given p(s,t) =
p(s)p(t) = 1/4, it was shown that the FUR can be expressed
in terms of the maximum winning probability of prescribed
retrieval nonlocal games, and the degree of nonlocality of the
underlying physical theory. Therefore, we have an FUR bound
like1¢]

1
game _ game is,1) = 1
4 IIl;lX'P (p;s,t) max ( + 7

(BCHSH>p> a9
where Bcpspy corresponds to the well-known Bell-CHSH
operator.*®l As Bell inequality is bounded by 2 classically,
we have {84 =3 /4. For quantum physics, we have {8 =
1/24+/2/2 read from Tsirelson bound (Bcush) = 2v/2.

To calculate the maximal violation of Bell inequality
that determines the FUR uncertainty bound, we employ the
Horodeckis’ theorem of bipartite system.*”! Then the maxi-
mum of (Bcpsy) is given as (Byax) p= 2y/Vi + v», where vy,
v, are two largest eigenvalues of matrix Té Tp, and the com-

ponents of correlation matrix T, = (t;;) are defined as ¢;; =
Tr [P2-atoms Oi @ ©;]. From the final equilibrium state (11), we

can straightforwardly obtain a diagonal T;,  Tp, .- matrix
with three eigenvalues
T-R*\’ T+ (t+2)R)
M=h=—%] . =|—0—7 ., (19
e <3+R2> : [ 3+R? (19)

which indicates that (Bmax),,
state of detectors labeling by 7 and system’s acceleration a.

. should depend on the initial

For different values of acceleration, we need to select the
two largest eigenvalues in {11, A3, A3}, that gives the probabil-
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ity of winning the retrieval game

) 1 1
peame _ 5 + 3 mfx {241, M + A3} (20)

In Fig. 2 we depict the winning probability P&™ as a func-
tion of initial state preparation encoded in T and two-atoms
system’s acceleration a. Apparently, as the evaluation runs
over all possible states, the maximal value of P£2™¢ happens at
T = —3. Substituting this back into (Bmax) p» W find that the
violation of Bell inequality can reach Tsirelson bound 2v/2.
Hence, the FUR uncertainty bound {*™ allowed for acceler-
ating two-atoms open system is 1/2 ++/2/2. In other words,
it is independent of the Unruh decoherence attributed to accel-
eration, the FUR uncertainty bound 1/2 4 +/2/2 can be pro-
tected for the accelerated bipartite system. This is quite dif-
ferent from the single atom case, where Unruh decoherence
induces a significant increase in the measurement uncertainty.
As mentioned before, in two-atoms system, however the Un-

ruh decoherence can be overcome by the Markovian evolution
[45]

of bipartite system,'*! manifested by the generation of quan-

tum correlation.

=
, 071
2 0.6
& 0.5',;

Fig. 2. The probability of winning the retrieval game P& as a func-
tion of detectors’ acceleration « and the initial state preparation charac-
terized by the dimensionless constant T = Y ,; 7;(0) satisfying —3 <7< 1to
keep Pz-atoms (0) positive. One can observe that the maximal value of P&™me
can reach for initial state satisfying T = —3. For simplicity, we adopt the
parametrization in natural units as in Ref. [29] and evaluate both uncertainty
bounds for Q = 1.

4. Conclusion

To summarize, in the present work we explore the FUR
uncertainty bound for the open quantum system under rela-
tivistic acceleration, which is modified by the celebrated Un-
ruh effect.
the time-dependent uncertainty bound is a function of atom’s

We found that for the single detector system,

acceleration. With nonvanishing acceleration, the inevitable
Unruh decoherence induces a larger uncertainty in quantum
measurements than the inertial detector case, which gives a
smaller bound yecel < 1/24 v/2/2. For a two-detectors sys-
tem, via a nonlocal retrieval game, the bipartite FUR uncer-
tainty bound is determined by the violation of Bell inequality
for the open system. Due to the quantum correlation gener-
ated during the system’s Markovian evolution, we found that
with a particular choice of initial state, the FUR uncertainty
bound for inertial case!'*! can be protected from Unruh deco-
herence.
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