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The nanoparticles suspended in a shear flow are subjected to a shear lift force, which is of great importance for the
nanoparticle transport. In previous theoretical analysis on the shear lift, it is usually assumed that the particle temperature
is equal to the temperature of the surrounding gas media. However, in some particular applications, the particle temperature
can significantly differ from the gas temperature. In the present study, the effect of particle temperature on the shear lift
of nanoparticles is investigated and the corresponding formulas of shear lift force are derived based on the gas kinetic
theory. For extremely small nanoparticles (with radius R < 2 nm) or large nanoparticles (R > 20 nm), the influence of the
particle temperature can be neglected. For the intermediate particle size, the relative error induced by the equal gas–particle
temperature can be significant. Our findings can bring an insight into accurate evaluation of the nanoparticle transport
properties.

Keywords: shear lift force, nanoparticle, temperature effect, gas kinetic theory

PACS: 51.10.+y, 34.20.–b, 47.45.Dt DOI: 10.1088/1674-1056/abf351

1. Introduction

Nanoparticles (NPs) play a crucial role in many indus-
trial processes and natural phenomena in a variety of fields
including aerosol technology,[1,2] material synthesis,[3,4] envi-
ronmental science,[5,6] and biology.[7,8] In these applications,
the nanoparticles are usually suspended in a gas. Owing to the
gas–particle collisions, the nanoparticles are subjected to vari-
ous forces. The force perpendiculars to the flow direction due
to the flow velocity gradient in a shear flow is termed as shear
lift force and was first observed by Poiseuille.[9]

Since the shear lift phenomenon is of considerable im-
portance in practical applications, many previous theoretical
and experimental studies have been conducted to investigate
the lift force on particles in a shear flow.[10,17] The theoreti-
cal challenge is to calculate the momentum transfer from the
surrounding gas to the particle during the gas–particle colli-
sions, which strongly depends on the flow regime of the par-
ticle. Since the molecular mean free path is in the order of
100 nm for the gas in standard conditions. Thus for nanopar-
ticles with radius in a few nanometers, the flow regime should
be in the free molecule regime (Kn = λ/Lc ≫ 1, where λ is
the mean free path of a gas molecule and Lc is the character-
istic size of the particle). In the free molecule regime, the gas
kinetic theory can be employed to evaluate the forces on the
suspended particles.[18,19] For a spherical particle in a weak
shear flow of a highly rarefied gas (with Kn ≫ 1), the expres-

sion for the shear lift force is given by Liu and Bogy[13,14]

𝐹L =−1
3

πλρ𝐺R2V, (1)

where ρ is the density of the fluid, 𝐺 denotes the velocity
gradient of the shear flow, R is the radius of the sphere, and
V is the relative velocity between the particle and the fluid.
In Eq. (1), the calculations are restricted to the case of rigid-
body collisions (i.e., hard collisions) between the gas molecule
and the particle. However, it has been verified that the rigid-
body collision assumption can be invalid as the particle size
approaches to the nanoscale. The gas-nanoparticle intermolec-
ular interactions (for example, van der Waals interactions[20,21]

or the ion-induced dipole interactions when the particle is
charged[22]) should be taken into account.[23–26] Luo et al.[16]

theoretically investigated the shear lift of spherical nanopar-
ticles in a shear rarefied gas flow and obtained the analytical
expression for the shear lift force

𝐹L,nano =−1
3

πλρ𝐺R2V

(
6Ω

(1,2)*

s/d −5Ω
(1,1)*

s/d

)
Ω

(2,2)*
g

, (2)

where Ω
(1,1)*

s/d and Ω
(1,2)*

s/d are the reduced gas–particle colli-
sion integrals. The subscript “s” and “d” represent the specu-
lar and diffuse scatterings, respectively. Ω

(2,2)*
g is the reduced

collision integral of gas molecules and approximately equals 1
under room temperature. It is shown that equation (2) can be
reduced to Eq. (1) in the limit of the rigid-body collisions.
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In previous theoretical analyses on the shear lift, it is usu-
ally assumed that the particle temperature Tp is equal to the
surrounding gas temperature T , which is reasonable in most
cases. However, in some particular cases, the suspended parti-
cles can be hotter or colder than the surrounding gas media.
Examples include the high-temperature metal nanoparticles
prepared by the vacuum evaporation method,[27] the heated
magnetic nanoparticles are injected into tumors to kill the can-
cer cells in clinical applications,[28,29] the cooled nanoparti-
cles in the optical tweezer technology,[30] and lower char sur-
face temperature prolongs the burnout times under O2/CO2

conditions.[31] Since there is a gas–particle temperature differ-
ence, the thermal energy can be transferred from the particle to
the gas (or from the gas to the particle) by thermal convection
and radiation.[32] In the free molecule regime, the forces on
the particle can be given by the gas–particle momentum trans-
fer in unit time, which is related to the gas–particle scattering
scenario.[33] A part of the collisions is specular, while the re-
maining part is diffuse (first absorbed on the particle surface,
and then re-emitted with a Maxwellian velocity distribution at
the particle temperature). So, the forces on the particle can
be affected by the particle temperature. It has been reported
that the gas–particle temperature difference has a significant
influence on the drag[34] and photophoresis of the suspended
particle in a gas.[35,36] Therefore, it is necessary to analyze
the shear lift force by considering the influence of the particle
temperature.

The present paper is devoted to the investigation of
the particle temperature effect for the shear lift of spherical

nanoparticles in a shear flow of rarefied gas. Based on the gas
kinetic theory, analytical formulas of the shear lift force are de-
rived under the non-rigid-body collision assumption, wherein
the particle temperature effect is considered. In Section 2, the
gas molecules–particle collision model is established, and the
generalized expressions for the shear lift force are obtained
based on the gas kinetic theory, in which the particle could
be hotter or colder than the surrounding gas. Further, taking
a spherical silver nanoparticle suspended in a diluted helium
gas as an example, we present the analytical results of the par-
ticle temperature effect on the shear lift in Section 3. Finally,
this paper is concluded with a brief summary and discussion
in Section 4.

2. Analytical expressions for shear lift forces on
the spherical nanoparticles

2.1. Analytical model

The gas molecules–particle collision model is established
in Fig. 1. Consider a spherical nanoparticle through into a
shear flow with velocity gradient 𝐺. The coordinate system
{X ,Y,Z} is established with the origin is located at the mass
center of the nanoparticle, where Z-axis direction coincides
with the direction of 𝑉 and 𝑉 is the velocity vector of particle
relative to the gas molecule. 𝑖, 𝑗, and 𝑘 are the unit vectors
along X , Y , and Z axes, respectively. The incoming velocity
and reflected velocity can be interpreted by 𝑔 = 𝑣−𝑉 and
𝑔′ = 𝑣′−𝑉 ′, which 𝑣′ and 𝑉 ′ presented as the reflected ve-
locity of the gas molecule and nanoparticle, respectively.
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Fig. 1. Collision model between gas molecules and a nanoparticle in a linear shear flow.

Since the mean free path of gas molecules λ is larger than
the characteristic length of particle Lc (here Lc = R, R is the
nanoparticle radius), the collisions between the impinging and
reflected molecules can be neglected, and the presence of par-
ticle does not affect the gas molecular velocity distribution.
According to the gas kinetic theory, the velocity distribution
of the gas molecules in the shear flow with velocity gradient is
given by[18]

f = f 0 (1+Φ) , (3)

where f 0 is the Maxwell velocity distribution of gas molecules
in equilibrium,[37] and Φ is the correction term owing to the
velocity gradient in the shear flow,

Φ =−4µβ 4

ρ

∘
𝑣𝑣 : ∇V0. (4)

Here µ is the viscosity of gas, and β =
(
2RgT

)−1/2 is the
reciprocal of the most probable molecular speed, in which
Rg = 8.314 J/(mol·K) is the gas constant. V0 is the local mass
velocity of gas molecules. The superscript ‘∘’ indicates that
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the divergence of the tensor
∘
𝑣𝑣 is zero. The scalar product of

the two tensors
∘
𝑣𝑣 : ∇V0 is defined as the scalar and is equal

to the divergence of
∘
𝑣𝑣 ·∇V0.

As mentioned above, the effect of the gas–particle tem-
perature difference should be taken into account in the evalu-
ation of the forces exerted on the nanoparticles suspended in a
gas. In some applications, the gas–particle temperature differ-
ence can be maintained by a sustained external stimulus which
supplies/removes energy to/from the particle.[38,39] For exam-
ple, the particles can be heated up by the absorption of light[38]

or cooled down by the optical tweezer technology.[39] In other
cases, the energy source is not sustainable. Then, due to the
heat transfer (including thermal convection and radiation) be-
tween the particle and surrounding gas, the gas–particle tem-
perature difference decays exponentially with time. The char-
acteristic time for a nanoparticle to adjust its motion to a
new condition of forces is in the order of 10−8 s–10−7 s,[40]

while the characteristic time of heat transfer is in the order of
10−3 second.[32] Thus, the variation of the particle temperature
can be much slower than that of the motion of the particle. In
the present paper, to simplify the analytical mode, we assume
that the particle temperature is a constant, which differs from
the gas media temperature.

2.2. Shear lift force on nanoparticles in the free molecule
regime

Following the pioneering work by Luo et al.,[16] equa-
tion (4) can be reduced as

Φ =−5
√

π

4

(
mr

2kBT

)3/2
λvZvY

Ω
(2,2)*
g

G, (5)

where G = ∂V0z/∂y, mr is the reduced mass of the gas
molecule and particle, mr = mgmp/(mg + mp), in which mp

is the mass of the particle (mp ≫ mg), and kB = 1.380649×
10−23 J/K is the Boltzmann constant. vY and vZ are the com-
ponents of velocity v in the Y and Z axes, respectively.

According to the momentum transfer between gas
molecules and nanoparticle, the force on a nanoparticle can
be expressed as

𝐹 = mr

∫
v
g𝑔 f Q(g)d𝑣. (6)

Clearly, equation (6) includes two contributions. The first term
is the drag force

𝐹D =
∫

v
mrg𝑔 f 0Q(g)d𝑣, (7)

which has been proposed in our previous work.[34] The second
one is the shear lift force

𝐹L =
∫

v
mrg𝑔 f 0

ΦQ(g)d𝑣, (8)

where Q(g) is the collision cross-section, which depends on
the scattering scenarios of gas molecules upon the collision
with the nanoparticle.

The collision cross-section of the specular scattering is
given by

Qs (g) = 2π

∫
∞

0
(1− cos χ)bdb. (9)

Here χ is the scattering angle

χ (g,b) = π −2b
∫

∞

rm

[
r2

√
1− b2

r2 − W (r)
mrg2/2

]−1

dr, (10)

where b denotes the impact factor for the gas–particle colli-
sions and W (r) is the gas–particle long-range interaction po-
tential function.

For diffuse scatterings, the velocity distribution of the re-
flected molecules obeys the Maxwell distribution in equilib-
rium at particle temperature Tp,

f− = cg f exp
(
− mrg′2

2kBTp

)
, (11)

where c is a constant. According to the conservation of
molecules mass before and after the collision, we get c =

(mr/kBT p)
2/2π and g f =

∫
𝑔′ g

′ f−d𝑔′. The collision cross-
section for the diffuse scattering can be written as

Qd,Tp (g) = 2π

[∫ b0

0

(
1+

1
g

√
πkBTp

2mr
sin

χ

2

)
bdb

+
∫

∞

b0

(1− cos χ)bdb
]
, (12)

where b is the critical impact factor corresponding to the or-
biting scattering,[41] r is the separation distance, and rm means
the closest distance that the gas molecules and the particle can
approach. For simplicity, equation (14) can be rewritten as

Qd,Tp (γ) = 2π

[∫ b0

0

(
1+

√
π

2γ

√
ω sin

χ

2

)
bdb

+
∫

∞

b0

(1− cos χ)bdb
]
, (13)

where ω = Tp/T is the dimensionless temperature ratio and
γ = g/

√
2kBT/mr.

By substituting Eqs. (5) and (9) into Eq. (8), we can obtain
the shear lift force on nanoparticles for the specular scattering
case

𝐹L,s =−1
3

πλρ𝐺R2V

(
6Ω

(1,2)*
s −5Ω

(1,1)*
s

)
Ω

(2,2)*
g

, (14)

Similarly, by using Eqs (5), (13), and (8), the shear lift force
on nanoparticles for the diffuse scattering case can be written
as

𝐹L,d =−1
3

πλρ𝐺R2V

(
6Ω

(1,2)*

d,Tp
−5Ω

(1,1)*

d,Tp

)
Ω

(2,2)*
g

, (15)
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where the reduced collision integral is defined as follows:

Ω
(1,l)* =

2
∫

∞

0 γ2l+3 e−γ2
Q(g)dγ

(l +1) !πR2 , l = 1,2. (16)

Based on Eqs. (14) and (15), it is clear that the particle temper-
ature only takes effect in the case of diffuse scatterings. This
is because the incoming gas molecules are first absorbed on
the particle surface (associated with momentum transfer from
the gas molecules to the particle), and then re-emitted with an
equilibrium Maxwell distribution at the particle surface tem-
perature for diffuse scatterings. For specular scatterings, the
collision between the gas molecule and the particle is elastic
and the reflecting molecules still obey the velocity distribution
at the gas temperature.

It should be noted that equations (14) and (15) are ex-
pressed in the limiting cases of different scattering kernels.
A momentum accommodation coefficient ϕ should be intro-
duced to represent the proportion of reflected molecules in a
diffuse manner.[42] ϕ = 0 and ϕ = 1 correspond to the spec-
ular and diffuse limiting cases, respectively. Commonly, ϕ

increases with the particle size. ϕ = 0.9 for R > 20 µm was
obtained from the Millikan’s oil drop experiment.[43,44] Ex-
cept for the particle size, ϕ also depends upon many other fac-
tors, including surface property, temperature, and gas–particle
interactions.[45,46]

By using the momentum accommodation coefficient, a
generalized expression for the shear lift force can be given by

𝐹L =−1
3

πρ𝐺R2
λV

(
6Ω

(1,2)*
avg −5Ω

(1,1)*
avg

)
Ω

(2,2)*
g

, (17)

where the average reduced collision integral term

Ω
(1,l)*
avg = ϕΩ

(1,l)*

d,Tp
+(1−ϕ)Ω

(1,l)*
s , l = 1,2. (18)

As the particle size increases, the effect of the gas–
particle interaction is gradually suppressed and the rigid-body
collision assumption is valid. In this case, the reduced colli-
sion integrals for specular and diffuse scatterings can be writ-
ten as

Ω
(1,1)*
s = Ω

(1,2)*
s = 1, Ω

(1,1)*

d,Tp
= 1+

π

8

√
Tp

T
,

Ω
(1,2)*

d,Tp
= 1+

5π

48

√
Tp

T
. (19)

Then,

6Ω
(1,2)*
s −5Ω

(1,1)*
s = 6Ω

(1,2)*

d,Tp
−5Ω

(1,1)*

d,Tp
= 1. (20)

As a result, equation (17) can be reduced to Eq. (1) in the rigid-
body collision assumption when Ω

(2,2)*
g =1 under the room

temperature and the lift force is unaffected by the particle tem-
perature. Therefore, equation (17) is considered as a general-
ized expression for the shear lift force on spherical particles in
the free molecule regime.

3. Evaluation of the shear lift force on spherical
nanoparticles
Based on Eq. (17), the shear lift force on a silver nanopar-

ticle suspends in a shear flow of dilute helium gas is eval-
uated as an example to analyze the effect of particle tem-
perature on the lift force. Rudyak–Krasnolutski (RK) poten-
tial function[47,48] is employed to represent the gas–particle
interactions between the polyatomic nanoparticle and gas
molecules, which is constructed by the summation of the
classical Lennard–Jones (LJ) interactions between the gas
molecules and each constituent atom of the particle. The RK
potential consists of a repulsive potential term W9(r) in the
short-range and an attractive potential term W3(r) in the long-
range,

WRK (r) =W9 (r)−W3 (r) , (21)

where

W9 (r) =
4πεσ12

45VNP

{[
1

(r−R)−9 − 1

(r+R)−9

]
− 9r

8

[
1

(r−R)−8 − 1

(r+R)−8

]}
, (22)

W3 (r) =
2πεσ6

3VNP

{[
1

(r−R)−3 − 1

(r+R)−3

]
− 3r

2

[
1

(r−R)−2 − 1

(r+R)−2

]}
. (23)

Here, r denotes the distance between the gas molecule and the
particle mass center, and VNP is the volume of the nanoparti-
cle. ε and σ are LJ potential parameters, which ε =

√
εgεp

and σ = (σg +σp)/2 according to the mixing rules. The LJ
potential parameters are given as εAg/kB = 3995.4 K, σAg =

2.574 Å,[49] and εHe/kB = 10 K, σHe = 2.55 Å.[50]

0.125 0.5 1 2 4 8 16 32 64
0

0.2

0.4

0.6

0.8

1.0

Kn/

ϕ=0.9

ϕ

R (nm)

Fig. 2. The size-dependence of momentum accommodation coefficient when
Kn = 20. The blue dotted line denotes ϕ = 0.9, which is corresponding to
Millikan’s data.
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The size-dependent momentum accommodation coeffi-
cient is expressed as follows:[42]

ϕ =
1+0.9Kn

{
1−1/

[
1+(R/2.5)15

]}
1+Kn

. (24)

According to the above formula, the variation of ϕ with in-
creasing particle size R is plotted in Fig. 2, wherein Kn = 20.
It can be seen that there exists a transition from specular to
diffuse scattering in the range of R = 2 nm–3 nm. ϕ is ap-
proximately close to 0 for small particles (R < 2 nm), and ap-
proaches to 0.9 for large particles (R > 4 nm), which is the
classical Millikan’s result for large particles according to the
famous oil-drop experiment.

3.1. Effect of the gas–particle interactions on the shear lift
force

As shown in Eqs. (2) and (17), the gas–particle non-
rigid-body interactions have to be taken into account in the
evaluation of the shear lift force on nanoparticles. Compared

with Eq. (1), the shear lift force given by Eq. (17) has a col-
lision integral term

(
6Ω

(1,2)*
avg −5Ω

(1,1)*
avg

)
/Ω

(2,2)*
g , which is

attributed to the gas–particle non-rigid-body collisions. Fig-
ure 3 shows the dependence of the average reduced colli-
sion integral term

(
6Ω

(1,2)*
avg −5Ω

(1,1)*
avg

)
/Ω

(2,2)*
g on the non-

dimensional gas temperature T * for varying temperature ratio
ω and particle size R. Here, ω = T *

p /T *, T * = kBT/ε , and
T *

p = kBTp/ε . With increasing T *, the gas molecules strike
the particle with higher kinetic energy, so the gas molecules
can easily overcome the potential barrier around the particle,
and the gas–particle collisions approach the rigid-body colli-
sion limit. Besides, the gas molecular reduced collision inte-
gral Ω

(2,2)*
g , which depends on the interactions between gas

molecules, is inversely proportional to the gas viscosity.[18]

The viscosity of the gas can be enhanced because the fre-
quency of the gas molecular collisions is increased as the gas
temperature increases. Hence, the reduced collision integral
term

(
6Ω

(1,2)*
avg −5Ω

(1,1)*
avg

)
/Ω

(2,2)*
g gradually increases with

increasing T *. For small particles (see Figs. 3(a) and 3(b)),
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the gas–particle specular scattering dominates, which is also
shown in Fig. 2. Therefore, the curves for varying temperature
ratio ω almost overlap with each other. For the intermediate
particle size (see Figs. 3(c)–3(e)), the diffuse scattering begins
to contribute to the gas–particle collisions and the particle tem-
perature also takes effect. For large particles (see Fig. 3(f)),
the rigid-body collision assumption is valid, and the particle
temperature effect can be neglected.

The size-dependence of the relative error ∆R that is
caused by neglecting the gas–particle interactions is shown in
Fig. 4. Here, ∆R = (𝐹T/𝐹T,rigid)− 1, 𝐹T and 𝐹T,rigid are re-
spectively given by Eqs. (17) and (1), and σ ′ = σ/R. Due to
the particle size is comparable to the characteristic scale of van
der Waals interaction, therefore the gas–particle interactions
are significant for small particles (R < 2 nm), and the relative
error ∆R is far beyond the acceptable range. ∆R gradually goes
down and fluctuates slightly in the range of 2 nm–20 nm. The
fluctuation of the ∆R value in this range is due to the transi-
tion from specular to diffuse scattering. With increasing R,
the momentum accommodation coefficient increases and the
diffuse scattering gradually dominates the gas–particle colli-
sions. On the other side, according to Eq. (13), the contribu-

tion of diffuse scatterings mainly takes effect in the range of
b < b0. However, with increasing R, the critical impact fac-
tor b0 decreases,[41] which reduces the contribution of diffuse
scatterings. Therefore, these two effects compete with each
other, by which there exists a fluctuation of ∆R value. For
large R (R > 20 nm), ∆R approximately goes to a constant
value which depends on the gas temperature under the rigid-
body collision assumption.
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3.2. Effect of the particle temperature on shear lift force

Figure 5 depicts the variation of the reduced collision
integral term

(
6Ω (1,2)* −5Ω (1,1)*

)
/Ω

(2,2)*
g as a function of

the temperature ratio ω . It can be seen that, for specular
scatterings,

(
6Ω

(1,2)*
s −5Ω

(1,1)*
s

)
/Ω

(2,2)*
g is independent of

the temperature ratio ω since the particle temperature can-
not take effect in the specular case. For diffuse scatterings
the value of

(
6Ω

(1,2)*

d,Tp
−5Ω

(1,1)*

d,Tp

)
/Ω

(2,2)*
g varies with ω ap-

parently. As the particle temperature increases, the trans-
formation of the atomic packing structure occurs within the
particle and its potential energy is increased.[51] So the gas
molecules leave the particle surface with higher kinetic en-
ergy, which correspondingly lead to a descending trend in
net momentum transfer from the gas molecules to the par-
ticle. Therefore, the average reduced collision integral term(
6Ω

(1,2)*
avg −5Ω

(1,1)*
avg

)
/Ω

(2,2)*
g decreases as ω increases. Note

that the value of
(
6Ω

(1,2)*
avg −5Ω

(1,1)*
avg

)
/Ω

(2,2)*
g is close to that

of the specular scattering case for small particles (R < 2 nm),
while approaches the value of diffuse scattering as the particle
size R increases.
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Fig. 6. Variation of ∆T as a function of the particle size R for different tem-
perature ratio ω .

To evaluate the influence of temperature difference on the
shear lift force, figure 6 plots the relative error ∆T as a func-
tion of particle size R for varying temperature ratio ω , which
∆T = (𝐹T/𝐹T,Tp=T )− 1, and 𝐹T,Tp=T means the lift force in
Eq. (17) in the case of Tp = T . It is reasonable that ∆T = 0
for ω = 1. For other values of ω , the relative error ∆T varies
with the particle size. For small particles, the specular scat-
tering dominates the non-rigid-body collision. According to
Eq. (14), the lift force for the specular limiting case is in-
dependent of the particle temperature Tp, so |∆T| < 0.01 for
R < 2 nm. In the particle size range of 2 nm< R < 20 nm, the
diffuse scattering gradually dominates over the gas–particle
collisions with increasing R and the effect of the particle tem-
perature begins to take effect. So, |∆T| is larger than that of the
small particles. Here the wave-like curves are the result of the
transition from specular to diffuse scattering. As R increases,

it should be noted that |∆T| decreases and approaches 0 again
in the range of R > 20 nm. It has been illustrated that the
gas–particle non-rigid-body collision could be neglected for
R > 20 nm. Therefore, the particle temperature does not influ-
ence the lift force in this particle size range and ∆T approaches
to 0.

4. Conclusion
In summary, this work presents an analytical investigation

on the effect of particle temperature on the shear lift force of
nanoparticles. The generalized formula of shear lift force on a
nanoparticle has been proposed based on the gas kinetic the-
ory. As an example, the shear lift force on a silver nanoparti-
cle suspended in a shear flow of dilute Helium gas is evaluated
to analyze the effect of particle temperature on the shear lift
force, which depends on the scattering scenario, particle size,
and gas–particle interactions. Because the specular scattering
dominates the molecular reflection scenario for small particles
(R < 2 nm) and the rigid-body collision assumption is valid
for large particles (R > 20 nm), the influence of particle tem-
perature on lift force is weak and can be neglected. For the
intermediate particle size (2 nm< R < 20 nm), the relative er-
ror |∆T| is significant.
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